(1) Series, Integral, and Transform (z% € &)
TRl transform [ Fl}ﬁf P P R RIS A g

(1) Laplace Transform | L { f (t)} = IOOO e f(t)dt

interval: x € [-p, p]

f(x)= azo+i(an cos%xjtb sm%x]

n=1

(2) Fourier series
L[ _1

=4 d d

(standard form) a, » j_p S (x) X, I f cos » Z xdx,

b, = lJ‘p f (x)sin%xdx ,  ao, dy, by:  Fourler coefficients
P

interval: x € [0, L]

a4 | < ( 2n7r 2nxw )
=+ a,cos=—=x+b sin="*x|,
(2-1) Fourier series 2 HZ:;‘ L
(half range extension (L 2 (L Inr
form) ao—zjo f(x)dx, an—zjo f(x)cos <L 7 xdx,
_2(F 2nx ) . .
b, = " IO f(x)sin =% 7 xdx, ao, an b,: Fourier coefficients
— + Z a, cos '
n=l1
) ) 2 (7 2 (7
(3) Fourier cosine a :;JO f(x) dx, a, :;JO f(x)cos%xdx

series (cosine series) el ﬁ 7
(1) interval: x € [-p, p], fix)=A—x)
(2) interval: x € [0, p] (half range extension fi)

Zb sin %

n=l1
P
(4) Fourier sine series b, = 129.[0 f ( Sln?xdx
sine series .
( ) i%a ”‘ﬁﬁ&/ :

(1) interval: x € [—p, p], fix) = —f—x)
(2) interval: x € [0, p] (half range extension [f)




(5) Fourier integral

interval: x € (—oo, )

- %jow[A(a)cos(ax) +B (a)sin(ax)] da

= [ f(x)cos(@x)ydx  B(a)=]" f(x)sin(ax)dx

(6) Fourier cosine
integral (F% cosine

f(x)= %J-:A(a)cos(ax)da . Ala)= I:f(x)cos(ax)dx
ﬁa”ﬁﬁ&/ :

integral) (1) interval: x € (—0,0),  f(x) =f—x) (standard)
(2) interval: x € [0, o) (half range extension Eﬁ )
=2 J‘ a)sin(ax)da, B(a)= J:f(x)sin(ax)dx
(7) Fourier sine integral el ? o
(¥ sine integral) . I
(1) interval: x € (—0,0),  f(x) =f(—x) (standard)
(2) interval: x € [0, ) (half range extension )

(8) Fourier transform
(d]] Fourier integral
of complex form » H5
Fourier integral of

exponential form)

interval: x € (—o0, )

=] f(x)edx=F()

(8-1) inverse Fourier

transform

S [F(a)]=5-[" F(a)e’™da=f(x)

277 J—o

(9) Fourier cosine

transform

I f(x)cos(ax)dx =F ()
el Tﬁﬂg :

(1) interval: x € (—0,0),  fx) =f(—x) (standard)
(2) interval: x € [0, o) (half range extension Eﬂf )

(9-1) inverse Fourier

cosine transform

3! [F(a)] =%J.:F(a)cos(ax)da = f(x)

(10) Fourier sine

transform

3, [ f(x j £ (x)sin(ax)dx = F (o)
P -

(1) interval: x € (—0,0),  Ax)=—f—x) (standard)
(2) interval: x € [0, o) (half range extension E\HT )

(10-1) inverse Fourier

sine transform

R [F( =2 J a)sin(ax)da = f(x)




(2) 4= Laplace Transform #p B ch2 58 (X € &)

Laplace transform

L{f(@t)}= j: e f(t)dt

Difterentiation
L{f(”) (t)} _ SnF(S)—sn_lf(())—s"_zf’(())_ ...... _Sf<n—2> (O)_f(n—l) (0)
Multiplication by ¢
_yrdl
L{rf (o)) = 5 )
Integration L{I;f(r)d } = @
Multiplication by exp L {e‘“ f (;)} =F(s—a)

Translation (I)

L{f(t—a)u(t—a)} = “F(s)

Translation (IT)

L{g(t)u(t-a)f=eL{g(t+a)}

Convolution property

convolution: y(t)= f(¢)*g(t)= J.Ot f(r)g(t—r1)dr

Periodic input

If Ay=At+7) e’
L{l} = 1/s
L{u(t)} = /s
L{"}= S’Zfl
L{exp(at)} = sla
L{sin(kt)} = 2 sz
L{cos(kt)} = ENyE
L{sinh(kt)} = l_c




L{cosh(kf)} = 2 = 2
) 2ks
L{tsin(kt)} = (s> +k°)
B s* —k*
L{tcos(kt)} = (s’ + k%)
3% L{rsinh(kr)} = (S22_k;2)2 % AR L > Y
. P4k’
3% Litcosh(kt)} = (Sz _+k2)2
Liu(t— 1)} = e
s
L{&n)} = 1
L{&Xt—t)} = e’
% L)}
L tanh (@)
fiy=1for0<a<l1 S 2
fiH=0forl1 <a<2
A1) =f(t+2a)
B) ¥ fpa
1
—dx= Injx| + ¢
x
e” 1
jxeaxde —(x——j%rc
a a
P .[x2eaxdx= © (x2_2_x+%]+c
a a a
j 21 > dx= ltan_l£+c
X +a a a
.[ 21 = dx= sin” X4
a —X a
_[ sinx dx = —cosx + ¢
_[ cosx dx = sinx + ¢




(4) Hyperbolic functions

coshx = ¢ te
2
sinhx = ¢ -¢
2
cosh(—x) = cosh(x)
sinh(—x) = —sinh(x)
sinh(0) = 0
cosh(0) = 1
i coshx| = 0
dx x=0
d
—coshx = sinh(x)
dx
d .
—sinhx = cosh(x)
dx

(5) Chapter 6 chip M 2 B2 HK (F 5 3P X ¥ - EPFFF 'L 07 FH @)

f(xo),f'(xo), f"(xo),f’"(xo) """" JFTE':, finite

U fx) & x=xo x5~ Kt analytic  (Section 6.1)
ju}{ﬁ' DE 7@ standard form

Analytic Ut

YR (x)3 e B (1) B (1) =0

i) ordinary point " ient A
(i) ordinary poin "™ BY coefficient @5 1)
(i) F) Po), Pi), ... Paa(0), T x =0 i~ BfitD analytic,

11) regular singular
(i) reg & HIl xo £% ordinary point

point

(i) F, Po(x), Pr(x), .... Poa(x), Tt x=xo £ analytic,
(1 (x=x0)"Po(x), (x—=x0)" ' P1(X), ...... (x=x0)Pp1(x) T+ x =205}
analytic, Hll xo £% regular singular point

(ii1) irregular singular

point

(i) 1) -2 IR PR B xo 53 irregular singular point




regular singular point

Flfj‘[‘ﬁ A Ve T - [ Pexyax
integer [5 F[(72R | y, ()=, (x) [ S —d
) A ()
AT (x)

Bessel’s equation of Y+ (F =)y =0

order v

Legendre’s equation of

order n

(1-x*)y"=2xy" +n(n+1)y=0

%€ Gamma function

x) = J: e dt

Gamma function {r n!

2 B enhd %

F(n+1)=n! when n is a positive integer F(1)=0!=1

F(x+1)=

xF(x)

%€ Gamma function

A EIRE

r (n) — oo when 7 1s a negative integer or n =0

2
% Bessel functions of i (-1)" ( x )2"”
the first kind of order v imo I 1"‘ v+ ") 2
% Bessel function of cosvzJ, (x) -J, (x)
the second kind of L (x) - sinvr
order v v RLIERERE > % L’Hopital’stule % &
Solutions of Bessel’s c1Jy(x) + Y (x)
equation of order v
spherical Bessel Ty, V=412, 432,52,

functions

¢ Bessel functions 7

Jo(0) %0, Ju(0) =0 i m=1,2,3, ...,

0 i = i limY, (x)=—off m=0,1,2,3, ...,
J,(-x)= "7, (x)  (f m ELER)

Bessel function [iigh

B ()

XYy +(atxt v )y =0 UL

ciSy(ax) + Y (ax)




¢ Bessel function Elfj
aEl (7))

Xy +(1-2a)xy" +(b*c*x* +a’ — p’c?)y =0 [UiEs]

y=x" I:ClJp (bx°)+c,Y, (bxc)J

% Modified Bessel

function

X'y +xy (x> +v)y=0 FVEEEY c1L( x) + 2K (x)

%€ modified Bessel
function of the first

kind of order v

1,(x)=i""J, (ix)

v

%€ modified Bessel
function of the second

kind of order v

_x L, (x)-1,(x)

K, (x) 2 sinvrr

Legendre polynomial

One of the solution of the Legendre’s equation of order n
Denoted by P,(x)

Py(—x) = (=1) " Pu(—x)
P (0)= 0  whennisodd
P'(0)= 0  when 7 is even

% orthogonality for

Legendre polynomials

J._l] P (x)P (x)dx =0 ifm#n (orthogonality)

n

(6) Chapter 7 &fufp Bf = 3% 82 T &

of exponential order

‘f(t)‘ < Me

Step function

ut—a)=1 fort>a, u(t—a)=0fort<a,

—t=la lW=b
I'] step function -

u(t—a)—u(t—>b)

Dirac delta function
(<~ unit impulse
function )

o for t =t¢,
0 for t #¢,

5(t—t0)={

convolution (h=%#)

F(0)*g(0) =],/ g-r)dz  SFHI* g

SER - R

Integration for &t—t)

[“o(t-t,)ar=1

—00




Sifting property for
At—to)

Relation between
XAt—ty) and the step
function

(7) Chapter 8 cjp B = 5% 87 T &

(a) solutions for homogeneous linear system X'=AX

Aq: eigenvalue of A,

K,: the corresponding eigenvector

Case 1:
Ae @ 5 EFE L real

(multiplicities s 1)

XazKaeﬂazﬂ X'=AX pytl H" f[ﬁiﬁfé

Case 2:
A, = multiplicities

b
a m

4)) %k;z“ﬂiﬁjiﬂ A« m {[&t linearly independent eigenvectors
Xa :Kaelat (Ka éJ m l’[:E{FIJFJ:E]Zi{)

BLX'=AX pUE 1 om e
(ZYFERA 541-544 FIAURT)

() A5 Ao TRV~ 6 linearly independent
elgenvectors Ka1

Xa,l = Ka,leﬂ[

X,, =K, e +K,, "

m—1 m—2
t At +K t iut eeenen +K eﬂut

al( -n1° 2 (m=2)1°
RL X'=AX pUE T om i

a,m

Hir (A-4DK,, =K,,. (A-ADK,;=K,,,
(A-ADK,, =K, ,
(ZYFHF 548-550 FIAVfI=)
@) Ff-1YE A EPERY G5 1 - (BT E] m linearly

independent Eigenvectors :

A rifif [ F'J_iﬁi

% 551,554 FIfUE)




Case 3:
Ag=a+jp ip=a-

jB ¥ % eigenvalues

3 Ka=Bi1+/By 5 A, #T¥ &0 eigenvector
Ay #7460 eigenvectors ¢ i Kp=B; —/jB;

X, =[B, cos St —B, sin fit] e’

X, = [B2 cos fft + B, sin ﬂt]e“’fql_ X'=AX pUE 1 flali

(b) solutions for nonhomogeneous linear system X'=AX+F >

43— undetermined

coefficients

Particular solution

F {1E (/e [l particular solution = TEJﬁBFZIfj (e
(EHFEA 566-570 FIpVEI(Y])

F|¥p homogeneous jﬁﬂﬁ fiv solution » A[J$

B X'=AX+F

i X(1)= (I)(t)C+(I)(t)J.(I)_1 (t)F(¢)dr

parameters (with initial

conditions)

G X, (@) x,(@) - x,(0)
+3E T variation of c X, (1) x,(t) - x, (2
1 C=| 7| constants (I)(t) = 21.( ) 22.( ) . 2".( )
parameters : : : . :
cn xn] (t) ‘an (t) T xrm (t)
(I)(t) e% — & column #_ X'=AX [V — f[ﬁi)?fé
(A1l solutions of the homogeneous part)
H3E T tvariation of | FUIFY 1 X'=AX+F  X(4)=X,

(c) Matrix Exponential

¢
ad . At c2 i
X' =AX o X()=e"C C= - | Fb constants
cn
X'=AX+F e X(t)zeA’C+eA’Ie_AtF(t)dt

X =AX+F, X(1,)=X,




eAt Elgjﬁ?ik

HE-

eM=r" [(sl - A)*l] L' inverse Laplace transform

HiET ¢ eigenvector-eigenvalue decomposition

(d) f&:= ] 37

fa b 1 d b
c d| ad—-bc|—c a
fa b]| | +, eigenvalues £} A4, E[‘ b # 0, eigenvector £ [-b a—/l]T
e
eigenvectors A’fll[ b=0,c#0, eigenvector £} [d—ﬂ, —c]T.

(8) Chapter 11 ip b 2 & 27 2

inner product (i £2) = (x) £ (x)a

orthogonal (s fa) =], () fo(x)ax =0

square norm @ = () f () =[] £ ()
norm 7= () () = 72 ()

inner product with

weight function

orthogonal with respect

to a weight function

%% square norm with
respect to a weight

function

% norm with respect

to a weight function

normalize




If (¢, (x),(ﬁn (x)) =0 form#n
orthogonal set {d(x), d1(x), A(x), #3(x), ...... } 1s an orthogonal set

(9, (x),¢n (x)) Ap A @u(x) v @u(x) £ inner product

If (¢,(x).4,(x))=0 form=n (4,(x).4,(x)) =1
{d(x), d1(x), A(x), #3(x), ...... } 1s an orthonormal set

orthonormal set

orthogonal series < (f (x).4, (x))
- h AP RT))
eXpanSiOH f(X) nzz(;c”¢n (X) Where c” (¢n (x)7¢n (x))
& Fourier coefficients b , boob o,
B Lu(t)v (t)dt =u(t)v(r) —L u'(¢)v()de
If f(x) is not continuous at xy
43 o and fl(x)=%+g(a cos?x+b sin ];T j
e (o) L2020

Iffx)iseven, [° f(x)dx=2["f(x)dx
even and odd
If Ax) is odd, j f(x)dx=0

cos(nx) and sin(n ) cos(nz) = (-1)" sin(nm) =0

(9) Chapter 12 #jp b 2 ;8 &7 7.5

for 40U 4 p0u  cOu,pou, pou, g
hyperbolic ox’  xdy g’ x oy
B*—-4A4C>0
elliptic il F o (F B*—44C<0
parabolic il F o (F B*=44C=0
heat equation ibzl _ou >0
(one-dimensional heat ox® o

equation)

wave equation , ,
g2 0u _0u

(one-dimensional wave =
ox* o

equation)




Laplace’s equation , ,
(two-dimensional form 27? + % =0
of Laplace’s equation)
2 2
vzu(x,y)_g%%y_g
Laplacian: V? IR
R e e
Dirichlet condition U=........
Neumann condition g—u =
n
Robin condition g—u +hu=-----
n
X"(x)+2X(x)=0
i X(x)=c,sinZx /1:”272'2 n=1,273
. 2 L 5 L2 5 Ly Dy vnnnn
X(0)=0 Xx(L)=0
X"(x)+2X(x)=0 i X(x)=¢ A=0
X'(0)=0 X'(L)=0 7 X, (x)=coosTrx A= ”275 n=1,2,3, ...
(10) Chapter 14 iip i =58 & 2 %
Differentiation property | _r ., _ ~ 4(m) o
J[f (x)]:—]aF(a) J|:f (x)]:(—]a) F(a)

for Fourier transform

Differentiation property
for Fourier cosine

transform

Differentiation property
for Fourier sine

transform

% Integral for sinc

functions




(11) Taylor series

) = ’;)(x—’;!o) 7 (%)

exp(x) = mz_(:)%
o D" o
sin(x) = ,,,Zg Qm+
_ S (_l)m 2m

cos(x) = mZ::') (2m)! X

(12) = & 3% 4
cos(atb) = cos(a)cos(b) — sin(a) sin (b)
sin(atb) = sin(a)cos(b) + cos(a)sin (b)
cos(a—b) = cos(a)cos(b) + sin(a) sin (b)
sin(a—b) = sin(a)cos(b) — cos(a)sin (b)
cos(a)cos(b) = [cos(a + b) + cos(a — b)]/2
sin(a)sin(b) = [—cos(a + b) + cos(a — b)]/2
sin(a)cos(b) = [sin(a + b) + sin(a — b)]/2
cos(2a) = cos’(a) —sin’(a) or 1-—2sin’(a) or 2cos’(a)—1
sin(2a) = 2sin a cos a
cos’a = [cos(2a) + 1]/2
sin’a = [1 —cos(2a)]/2

SR o R I RFOR G I B




Part2 ' fz;: | WEE

-) nth order linear DE 7 series solutions f&i*

HE G BE y(x Z
=0

FhA © 5 {ld steps,
Y] ¢ FEFE 345-353 Fl
Interval of convergence FUZ{[#rH 1k :

(1) 4581 Tim 2 <1 FOFER (8 - 0 i)
n— c”

T 344 1o

(2) [14#+*! interval of convergence Fi5Y |x—x0|<R,R Fl xo HHYTHY singular
point [ fE|pYREEE
(Case 2) [%fF : ?l[ xo Eb regular singular point Eﬂj

ke IE?F% y(x)=> ¢, (x—x,)
n=0

ViR © 7 {fi steps, ZHFEH 362-363 [l

B3y © s 370-378 Fl

n+r 7 R oY
U R

=+ Case2 (xo £ regular singular point i) <A indicial equations 7355 = 71§
indicial equations:  (r —xo)’ il p W TG~ PRV
(= indicial equations » %% 364 Fl

—.E

I &85 2" order DE pf JJI/ [ —Tﬁ i
(ﬁ“ﬁﬁ indicial equations ¥| 71,72 [{[if roots)

(Case2-1) r#r, andry, rp;arereal, r,—ry#integer

P Tt £ y(x)= ¢, (x—x,)"" [UBIE S [
n=0

BRI 362 TIiv ik



(Case 2-2) ry #r, andry, rparereal, r,—r;=integer

00

(A) PGS 362 P MRGE R y(x)=Dc, (x—x, ) PURIERR

n=0
independent solutions
(B) ¥ HIFEF 362 FIpViE Ali ke (i independent solution y(x)

o0
_ )1+I‘l
x) = ch (X_XO)
n=0

.[P(v)dA
EU’U‘%TT/E@%: v, (x)=y (X)Iey (%) dx FIRREFREEETS {7 independent

solution y,(x)

(Case 2-3) 1 # 72 and ry, r; are complex » 7 4 | [ﬁﬁﬁﬁ EL

=

(Z ) Laplace transform # DE - 2

=
DE — Laplace transform — Ff 5T — 75 RN (FE, P E/IE VS HF,) — inverse Laplace transform

HI] S 442,443 FI
= E[*ﬁi@ : Tg[f%'fj}ﬁﬁ["*%;/@ﬁ

e DE — Laplace transform :
a,y” (x)+a, y" (x)+ - +ay () +a,y=g(x) = P(s)Y(s)=0() + G(s)

P(s): J[] auxiliary function, Q(s): FE! initial conditions
FHET O(s) Py
YA 444,445
o ;i EENZVEYT3E (Cover up method)
K(s) 4 4 A+B(s-a), 4y

(s—a)(s—=a)(s=a,)’ (s—ay) $-a s-a (s—a,)’ S—ay

H A4 = K{(s) |
Tsma)(s—ay) (= a, s a5 = a,,)
_d K(s) |

B =4
" (s=a)(5 =) (5=, (5= )



(=) Systems of Linear First-Order Differential Equations £1f%;

I'E%I%‘«W (SRRl < e
(1) =y (0% (1) s (1) (1) -+, (0)5, (04 £, (1)

o (1) = ay ()3 (1) (1) (1) 4 a, (1), (1) + 15 1)

Al Ey Y X'=AX+F

_xl(t)_ _all(t) a, () - aln(t)_ _fl(t)_
x, () ay, (t) a,@) - - a, () f>(0)
X=| : A=| : : : F=| :
| Xn (t)_ _anl(t) a,@® - - a, (t)_ _fn(t)_

[5T— 7EEEE] ¢ 1P| Sections 8-2, 8-3
R - 2 R 2

(A) Homogeneous Elfﬂﬁﬁﬁ fUEZ  (Section 8-2)
X'=AX
A_FS eigenvalues and eigenvectors of A
AK, =1 K, a=1,2,...,n

A, eigenvalues, K,: eigenvectors,
FIEUEGESR 526-528 FIpvIfl]] > 4580 n {li linearly independent eigenvectors
(B) Particular solutions (Section 8-3)
(t3F 1) Undetermined coefficients (E'Pﬁ FY)  (FEF 564-570 1)
(}3# 2) Variation of parameters (F7 571-576 1)

(C) Homogeneous Elfﬂﬁlzi} FYEZF] Particular solutions fE[1 > A8} X'=AX+F fAviE



[57= FEEREE]
Matrix exponential ¢* (Section 8-4) > TERARE]
(FﬁfﬁV*EIiﬁ Al ﬁ%":ﬁ‘@ﬁ'ﬁ IHIEZRIp 2t )

(¥ ®| Fourier Series “kﬁ}ii Particular Solutions

i E:[ [y =ft-p) I ) Fa 5y cos(%t}, sin(%t} fi) linear combination

A FLEEZ 645,646 [l
) Pl 647-650 Tl

(1) Partial Differential Equations hfz;x (- )

H'| Separation of Variables
el ﬁwﬁ'f?"{ independent variables £% x and y E%‘j: ’

(=t u(x,y)=X(x)Y(y) s R

f
i PDE » ODE
WAL 7 [ Steps, @E 717-719 FI CHlEIR - fiEE)

TR (1) Hilr Steps3,4,5 RI5755 TV cases it
(2) %E! boundary value problems Eﬁ ;
%'}{’j’ Steps 3,4, 5 ﬁ’?”éjf’l@fj%ﬁ]?ﬁpﬂél‘*{é (Step 6)
(3) %’;”'JT” de* +d,e”™ FA5 ¢, cosh(2ax)+c, sinh(2ax)
(4) “SHF” 9 IVP J BVP “L47 Steps 3,4 HLf!
I w(l,y)=0—->XL)=0

ou

oy =0 —->Y'(h)=0.

y=b

“PEFH [ IVP FS BV Bive Step 7 Hil e

Q) fgl{ IVP, BVP ’F‘, T HLFT > 17 superposition principle j}@ﬁxjf[ﬁ'gﬂﬂﬂg
(EHFESA 771,772

(6) H PR ApvEs T, « gCRRTREA 775-778 |

(Y] © FEF 722-725 FI (5. boundary condition)



FFs 745-753 [IfY wave equation
maF 761-769, 770, 772-774 F1fY Laplace’s equation
Sections 12.1, 12.2,12.4, 12.5 Eﬁﬁﬁﬂ@

(7+) Partial Differential Equations hjfz;x (=)

H| Fourier Transform (8¢ Fourier Cosine, Sine Transforms)

¥ 2 F[N Fourier transform (5 Fourier cosine transform , Fourier sine transform) - }Iﬁ’ &t
SHFEF[1- [y |’ﬂ (o) Ay etk
H¥E ¢ (A)interval 3 —o<v<w PF — * Fourier transform
(B)interval 3 0<v <o
Mm% wu(v,...)=0whenv=0 ¢ initial condition F¥
— * Fourier sine transform
(C)interval 3 0<v<ow
@24 Lu(v)=0 whenv=0 s initial condition ¥
— * Fourier cosine transform
WA © 5l Steps, FFH 696 [I (F|— EHEFEE ﬁ% ‘%;‘EWT?[')
Y] ¢ FEF 697-703 F1 R Section 14-4 Eﬁﬁﬁﬂ@
%Tﬁj—fﬁlfl@i"ﬁﬂj : _PFEZIE,IJFJ‘{‘\E%§§ 704, 705 EJ
(P E=EE 7= %!T)



Part 3 ?F']:ﬂﬂ

s 1 L e e s
IR R ) OB SRR 2 5+ 3 i TSR A |



