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ABSTRACT  
 
Golomb coding is a special case of Huffman coding that is 
optimal for the data with geometric progression distribu-
tion probability. In this paper, we will generalize the Go-
lomb coding by joint probability. In image progression, 
there are many conditions that the probability of a data not 
only has geometric distribution probability but also de-
pends on another data. (For example, the difference be-
tween the intensities of two pixels is highly dependent on 
their distance) Based on the requirement, we improve the 
Golomb codes by considering the joint probability and 
make Golomb coding more flexible and efficient. The 
proposed modified Golomb codes will be useful in digital 
signal and image processing. For example, after perform-
ing the DCT, we can use the high correlation between the 
average amplitudes of low frequency components and 
middle frequency components to improve the compres-
sion ratio by the proposed coding scheme.             
 
 

1. HUFFMAN CODING  
 
The Huffman algorithm was first proposed by D. A. 
Huffman [1], and it is a variable length coding algorithm. 
This data compression algorithm has been widely adopted 
in many image and video compression standards such as 
JPEG and MPEG. The Huffman algorithm is proved to 
provide the shortest average codeword length per symbol.  
    There are three important properties of the Huffman 
algorithm [1]-[7].  
1. Unique Prefix Property: This property means that no 

any Huffman code for a particular symbol is a prefix 
of that for the other symbols. We take Fig. 1 for ex-
ample, the code 1 assigned to the symbol a2 is not a 
prefix of the other codes. The code 00 assigned to the 
symbol a6 is not a prefix of the other codes. 

2. Instantaneous Decoding Property: The decoder can 
efficiently decode the received code because of the 

unique prefix property. We take Fig. 1 for introduc-
tion again. If the decoder received code 1, then the 
decoder can immediately decode 1 to the symbol a2 
without waiting for the later received codes. 

3. Optimality: It has been proved that Huffman code is 
optimal for a given data model with accurate proba-
bility distribution. 

 
However, the Huffman coding has some disadvantages. 

First, it is only suitable for data with finite number of 
possible values. If the possible value of a data is from 0 to 
∞ (such as the distance between two points), or from −∞ 
to ∞ (such as the AC value of a data), the Huffman coding 
algorithm falls to work. Second, although Huffman coding 
can minimize the coding length, we require extra memory 
to record the “Huffman table”, which shows the corres-
ponding relations between codes and data values. This is 
not good for compression.  

In [8], Golomb proposed a new type of codes, which is 
a lossless data compression algorithm designed to encode 
the positive integers with the one-sided geometric distri-
bution, i.e.,   
               1( ) ,     1kp x k p q q p−= = = − , (1) 

                k = 0, 1, 2, ….., N,  N → ∞ 
Golomb found a regularity: When 
                                   p = (1/2)(1/n),  (2) 
then after the 

2log ( )n  
th  layer, each layer should have n 

leaf nodes (see Section 2). Then, in [9], they proved the 
theory proposed by Golomb and modified the relation 
between p and n is modified as 
                           pn + pn+1 ≤ 1 ≤ pn + pn −1.   (3) 
In [10], Rice proposed the adaptive prefix coding scheme 
using the subset of Golomb coding where n is a power of 
2. In [11] and [12], the Golomb coding was extended to 
the two-sided case and the offset case.  

Note that the geometric distribution sequence in (1) is 
an infinite sequence. Therefore, it is impossible to use the 
conventional Huffman coding algorithm to code this type 
of data. However, Golomb et. al [8]-[12] found the way to 



encode it and proved that the results satisfy the require-
ment of Huffman coding, i.e., the node in the Lth layer 
always has the probability no less than that of the node in 
the (L+1)th layer. Even if the data do not have geometric 
distribution probability, we can use a geometric progres-
sion sequence to approximate its probability then encode 
it. Thus, the Golomb code provides a way to encode the 
data with infinite possible values.  

Another important advantage of the Golomb code is 
that no table is required to retrieve the original data. 
Since the coding structure is dependent only on n, we only 
have to store the value of n. In the heading of JPEG and 
MPEG, we always need some bytes to store the table for 
Huffman coding. Now, with Golomb coding, these tables 
can be saved and the size of heading can be smaller.                   
 

In this paper, we will use the concept of the joint 
probability to further extend the Golomb coding algo-
rithm. In nature, there are many conditions that a data not 
only has the probability near to geometric distribution but 
also depend on another data. For example, if x is the 
hamming distance between two points in a curve and y is 
the number of pixels between the two points along the 
curve, then the probability of |y − 0.8x| not only has geo-
metric distribution but also varies with x. In these cases, 
the probabilities can also be expressed as the form in (1), 
but p is not a constant and is dependent on other data.  

We will modify the Golomb codes according to the 
joint probability. We will also modify the coding scheme 
and showed that, even with the joint probability, we only 
have to store one extra parameter (no table is required) to 
encode and retrieve the original data.  

In Section 2, we review the Golomb coding algorithm 
for a geometric distribution sequence. In Section 3, we 
will propose the modified Golomb codes based on the 
joint probability. We also propose the coding scheme for 
the modified Golomb codes. In Section 4, we perform 
several simulations and show that the coding algorithm is 
indeed useful in image processing. 
 

2. CODING FOR GEOMETRIC DISTRI-
BUTION SEQUENCE  

 
Suppose that the data y has infinite number of possible 
values (y = k , k can be 0, 1, 2, ….., N, N → ∞.}. We use 
sk to denote the event of y = k and use P(sk) to denote its 
probability. Suppose that   
              P(s0) > P(s1) > P(s2) > P(s3) > ………     (4) 
If P(sk) is a geometric progressing series, i.e.,    

                             ( ) (1 ) k
kP s p p= − .  (5)   

                      k = 0, 1, 2, ….., N,  N → ∞ 
When      

                        1 11n n n np p p p+ −+ ≤ ≤ + ,  (6) 

 
Fig. 1:  The results of Huffman coding for the data whose 

probabilities form a geometric progression series 
P(sk) =  0.2(0.8)k,  k = 0, 1, 2, ….., N,  N → ∞. In 
addition to layers 1-3, other layers all have 3 leaf 
nodes and 3 internal nodes.                

 
Fig. 2:  The Huffman coding results for the data whose 

probabilities are P(sk) =  0.15(0.85)k, k = 0, 1, 2, …... 
In addition to layers 1-3, other layers all have 4 leaf 
nodes and 4 internal nodes.                

 
in other words,   

                      
log( 1)

1
log( )

p
n n

p
+− ≤ − ≤ ,    (7) 

the Huffman coding of {sk} will obey the following rules: 
 

(Rule 1) If   
                            12 2H Hn− < ≤                                (8) 
then the first H layers has no leafs. That is, when 1 ≤ L ≤ 
H, the Lth layer contains exactly 2L−1 internal nodes.          

1st layer 

2nd layer 

3rd layer 
s0 

4th layer s1 s2 s3 

5th layer 

6th layer 

s4 s5 s6 

s7 s8 s9 

: leaf 

: internal nodes (The following layers all have the 
same structure as the 4th layer) 

0 1 

0 1 0 1

0        1      0      1        0      1

0        1      0      1        0      1

0        1      0      1        0      1



(Rule 2) The (H+1)th layer contains           
                    2H n−    leaf nodes   
        and       n            internal nodes,  (9) 
and the leaf nodes correspond to  0 1 2 1

, , H n
s s s

− −
 .              

(Rule 3) In the Lth layer where L > H+1, there are always 

           n   leaf nodes    and      n  internal nodes,   (10) 

no matter what the value of L is. Moreover, the leaf nodes 
correspond to the data of 
      ( 2) ( 2) 1 ( 1) 1, , ,L M n a L M n a L M n as s s− − + − − + + − − + − , (11) 

where     2Ha n= − .         (12) 
 

We give an example as follows. If p = 0.8, then since 
from (5),  

                        
log( 1)

2.6341
log( )

p
p
+− = ,      (13) 

n should be equal to 3. Then, from (8), H should be equal 
to 2. Therefore, the first two layers have no leaf. The 3rd 
layer has 2H − 3 = 1 leaf node and 3 internal nodes. For 
the layer below the 3rd layer, there are always 3 leaf nodes 
and 3 internal nodes.  Therefore, the result of Huffman 
coding for the data with the probabilities of 0.2(0.8)k 
should have the form as in Fig. 1                  

Similarly, when p = 0.85, since 

                        
log( 1)

3.7853
log( )

p
p
+− = ,     (14) 

n should be 4 and H should be 2. Therefore, the first 2 
layers have no leafs. From (9), the 3rd layer has 0 leaf 
nodes and 4 internal nodes. From (10)-(12), the Lth layer 
(L > 3) always have 4 leaf nodes and 4 internal nodes, as 
in Fig. 2.  
 
(Rule 4)  After determining how many leaf nodes in each 
layer, we determine the codes corresponding to sk. In fact, 
there are many ways to encode sk.. Two of the ways are 
describe as follows.  

The first one is to calculate the quotient q = /k n    

and the remainder r = mod(k, n). The quotient q is en-
coded by q ‘1’s followed by one ‘0’. The remainder r is 
encoded by H−1 bits if r < a where H and a are defined in 
(8) and (12). If r ≥ a, we encode r + a instead of r by H 
bits. The coding result for q is placed in the prefix and the 
coding result for r (or r + a) is placed in the suffix.   

We give a simple example where the parameter n is 5. 
Therefore, we can obtain 

2log (5) 3H = =   , and the thre-

shold for the remainder is a = 2H-n = 23-5=3. Based on 
these parameters, we can encode one positive integer 4 as 
q=0 and r=4. Because r = 4 > a = 3, r is encoded as r + a 
= 7. Finally, we can convert q and r + a into binary form 
as 0 and 111. Thus, the Golomb code for integer 4 is 0111. 
Follow the similar procedure, we can obtain the final Go-
lomb code as shown in Table 1. 

Table 1:  Golomb Codes for n = 5 (type 1) 

k q r Codeword k q r Codeword
0 0 0 000 8 1 3 10110 
1 0 1 001 9 1 4 10111 
2 0 2 010 10 2 0 11000 
3 0 3 0110 11 2 1 11001 
4 0 4 0111 12 2 2 11010 
5 1 0 1000 13 2 3 110110 
6 1 1 1001 14 2 4 110111 
7 1 2 1010 15 3 0 111000 

 

Table2:  Golomb Codes for n = 5 (type 2) 

k q r Codeword k q r Codeword
0 −1 5 101 8 1 0 00010 
1 −1 6 110 9 1 1 00110 
2 −1 7 111 10 1 2 01010 
3 0 0 0000 11 1 3 01110 
4 0 1 0010 12 1 4 10010 
5 0 2 0100 13 2 0 000110 
6 0 3 0110 14 2 1 001110 
7 0 4 1000 15 2 2 010110 
 

Another coding method is to calculate q from q = 
( ) /k a n−   . If q = −1, then r = 2H − a+ k. If q ≥ 0, then r 

= mod(k−a, n). Then, we code r by H bits in the prefix 
and when q ≥ 0 we code q by q ‘1’s followed by one ‘0’ in 
the suffix. An example where n = 5 is shown in Table 2. 
Note that this coding method is used in Figs. 1 and 2.   
 

3. IMPROVED THE GOLOMB CODE  
BY JOINT PROBABILITY  

 
The Golomb code provides an efficient way to encode a 
data with geometric progression probability. However, 
sometimes although the probability of a data has geome-
tric distribution, but the value of p in (5) depends on 
another data. In this case, we should modify the Golomb 
code and consider the joint probability to encode the data.            
 

The examples that the probability of y is near to geo-
metric distribution as in (5) but the value of p varies with 
another data x are listed as follows.  
 
(1) x is the distance between two locations and y is the 

difference of temperatures of the two locations 
 
(2) x is the number of days and y is the variation of the 

prices of commodities after x days.    
 
(3) x is the height of a person and y is the difference be-

tween the standard weight and the weight of the person. 



(4) x is the time duration and y is the moving distance of 
an animal.     

 
(5) x is the distance between two pixels and y is the differ-

ence of intensities between the two pixels.     
 
(6) x is the lower frequency AC values and y is the higher 

frequency AC values of the DCT for a 8×8 block (This 
will be illustrated in Section 4)   

 
(7) x is the area of a pattern and y is the difference be-

tween the circumference of the pattern and 2 xπ .  
 
(8) x is the hamming distance between two dots on a curve 

and y is the difference between round(0.8x) and the 
number of pixels between the two dots on the curve 
(This will be illustrated in Section 4)  .  

 
(9) In video compression, x can be the time difference 

between two pictures and y is the change of the direc-
tion of a moving object. Moreover, y can also be the 
amount of motion compensation.    

 
In these cases, although y has geometric distribution prob-
ability, the probability is dependent on x. Therefore, to 
code the data, we should modify the Golomb coding. 
Suppose that the values of y are integers and the mean of 
|y| is proportional to a function of x:  

                         ( ) ( )mean y f x∝ ,  (15) 

then we can use the following process to code y[τ].            
 
(Step 1): Choose 
                        { }1 max | ( [ ]) |X f x τ= .          (16) 

 
(Step 2): Then, scale the value of y according to   

                       [ ] 1
1

[ ]

| ( [ ]) |

y X
y

f x

ττ
τ

= .             (17) 

 
(Step 3): Find the best value of p1 such that the probabili-
ty of |y1[τ]| can be approximated by a geometric progres-
sion series:   

                    ( )1 1 1[ ] (1 ) kP y k p pτ = ≈ − .    (18) 

 
(Step 4): Then, the probability of |y[τ]| = k can be approx-
imated by:   

                 ( )[ ] (1 [ ]) [ ]kP y k p pτ τ τ= ≈ − , (19) 

where  

                      
1

1

1
[ ]

1 1 1
| ( [ ]) |

p
X

f x p

τ

τ

=
 − + 
 

. (20) 

p[τ] can also be expressed by the simpler form:    

                            
1

| ( [ ])|
1[ ]

X

f xp p ττ = .          (21) 

 
(Step 5): Therefore, we can determine n[τ] (the number of 
leaf nodes in each layer) according to  

                 [ ] [ ]log( [ ] 1)
1

log( [ ])
p

n n
p
ττ ττ

+− ≤ − ≤ .        (22) 

 
(Step 6): After n[τ] is determined, we can use Rules 1-4 
described in Section 2 to encode |y[τ]|. Moreover, since 
y[τ] can be positive or negative, we use an extra bit to 
encode the sign if y[τ] ≠ 0.     
 

There are some things to be noticed. First, the parame-
ter p[τ] in (19) and (20) is not a constant and varies with 
x[τ]. Second, since n[τ] is not a constant and varies with 
x[τ], thus, for different x[τ], we use different method to 
encode y[τ]. In other words, we adjust the number of leaf 
nodes in each layer and encode y[τ] adaptively according 
to the value of x[τ].  

 
Step 4 is illustrated as follows. First, for a data with 

geometric distribution probability as  
                   ( ) (1 ) kP z k p p= = −   (23) 

               k = 0, 1, 2, ….., N,  N → ∞,   
then    

          ( ) ( )
0k

mean z kP z k
∞

=

= =     

       ( ) ( ) ( )1 2 3P z P z P z= ≥ + ≥ + ≥ +      

       2 3

1

p
p p p

p
= + + + =

−
 .        (24) 

In Step 3, we have estimated that when f(x[τ]) = X1, the 
probability of y[τ] is near to (1−p1)p1

k. Thus, from (24),         

        ( ) 1

1

[ ]
1

p
mean y

p
τ =

−
     when  |x[τ]| =  X1.  (25)         

In the case where f(x[τ]) < X1, from (15), the mean of 
|y[τ]| is  

              ( ) 1

1 1

| ( [ ]) |
[ ]

1

p f x
mean y

p X

ττ =
−

.             (26) 

If the probability of |y[τ]| can be expressed as the form in 
(19), then from (24), p[τ] should satisfy   

                    1

1 1

[ ] | ( [ ]) |

1 [ ] 1

pp f x

p p X

τ τ
τ

=
− −

.      (27) 

After some calculation, we obtain (20). Eq. (21) comes 
from the fact that if 
                      p1 = 1− ε    where ε ≅ 0,  (28) 
then from (20),  



    

( )
1

1

1
[ ] 1

| ( [ ]) |
1 1 1

| ( [ ]) |

X
p

X f x
f x

τ ε τετ

≅ ≅ −
+ − +

.  (29) 

Moreover,  

      ( )
1 1

| ( [ ])| 1| ( [ ])|
1 1 1

| ( [ ]) |

X X
f x f x X

p
f x

τ τε ε
τ

= − ≅ −       (30) 

when ε ≅ 0. Thus, from (29) and (30), (21) is proved.  
Then, we discuss the problem about how to choose the 

value of p1 in Step 3. There are two methods. The first one 
is to try several possible values and find which one has the 
best compression ratio. We suggest that the candidates of 
p1 are  

                            1

16

1 2 cXp
−

= ,                 (31) 

where c = 1, 2, 3, …., 16, 18, 20, 22, ….32, 36, 40, 48, 56, 
64, 80, 128, or 256. Note that c and hence p1 has 32 possi-
ble values. Although in theorem p1 can be chosen as any 
real number between 0 and 1, for the consideration of 
compression, we constrain p1 to be one of the 32 possible 
values described above.               

Then, we use (20) and (22) to determine the values of 
p[τ] and n[τ] for each p1 and use the following formula to 
estimate the number of bits of the resulted codes:           
                        [ ] [ ]H J q

τ
τ τ+ + ,             (32) 

where         [ ] [ ]2logH nτ τ =   , (33) 

             
[ ][ ] 2 [ ]

[ ]
[ ]

Hy n
J

n

ττ τ
τ

τ
 − +

=  
  

 (34) 

  means rounding toward infinite, and q is the number of 
y[τ] that is not equal to 0. Then, we vary the value of c in 
(31) and hence the value of p1 iteratively to minimize (32). 
After the optimal p1 is chosen, we calculate p[τ] and n[τ] 
and use Step 6 to encode y[τ].   
 

Another faster way to choose p1 is to calculate 
mean(|y1[τ]) at first. Then, from (25), the optimal p1 and c 
can be estimated from:     

                     
( )

( )
1

1

1

[ ]

[ ] 1

mean y
p

mean y

τ
τ

≅
+

,      (35) 

                           
1 2 1

16

log
c

X p

−≅ . (36) 

Then, we also use (32) to estimate the number of bits of 
the resulted codes. We can adjust the value of c around 
the values calculated above to minimize (32) and find the 
optimal values of p1.     

 
Note that, as the Golomb code, for the modified Go-

lomb code described above, no table is required. We only 
have to use 5 bits to encode the value of c in (31) and 
hence the value of p1. This is good for compression.  
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Fig. 3:  An image with 9 dots on the edges of objects. 

 
Table 3:  Data of the 9 dots in Fig. 3. (A) The coordinates, 
(B) the values of x, i.e., the hamming distance between the 

dot and the next dot (C) the values of y (defined in (37).  
Curve 1 

(A) (3,44) (3,47) (10,42) (64,33) 
(B) 3 12 63 72 
(C) 1 −2 10 32 

Curve 2 
(A) (59,71) (58,72) (54,73) (59,74) (91,74)
(B) 2 5 6 32 35 
(C) −1 1 0 27 22 

 
Furthermore, since the value of n[τ] (the number of 

leaf nodes in each layer) is adjusted adaptively according 
to the value of x[τ], our method can achieve better com-
pression ratio than the original Golomb code, especially 
for the case where the probability of the data y[τ] varies 
with x[τ].     
 

4. SIMULATIONS 
 
(Example 1)   

Here, the data x is the hamming distances between 
the dots in Fig. 3. Note that these dots are on the edge of 
some object. The coordinates and the hamming distance 
between the 9 dots are listed in Table 3. The value of y is  

     the number of pixels on the curve between two dots      
  − round(0.8 × the hamming distance).  (37) 

The value of y is also shown in Table 3. From statistics, 
we can conclude that  

       ( ) hamming distancemean y x∝ = .         (38) 

Therefore, in (15), ( )f x x= .                  

Table 4:  The value of c (defined in (31)) and the number 
of bits of the resulted codes for the example in Table 3 



c 16 18 20 22 24 26 
# of bits 48 47 45 47 47 49 

 
Table 5:  The value of n[τ] (the number of nodes in each 
layer) for the example in Table 3 when p1 = 0.9367. Note 

that, when x[τ] is larger, n[τ] is also larger 
τ 1 2 3 4 5 6 7 8 9

n[τ] 2 5 10 11 2 3 3 7 8
x[τ] 3 12 63 72 2 5 6 32 35

 
Then, we use the modified Golomb coding algorithm 

in Section 3 to encode y. In (16),  

                    1 max{ }X x=  = 8.4853.  (39) 

Then, we use (17) to calculate y1[τ] and then use the me-
thod in (31)-(36) to find the optimal value of p1. From the 
methods in (35) and (36), we obtain that  
                   p1 ≅ 0.9415,       c ≅ 21.6990.     (40) 
Therefore, we first try c = 22 in (31). 
Then, we use (32) and find that the number of bits of the 
codes is 47 when c = 22. Then, we adjust the value of c 
around 22 and use (32) to calculation the number of bits 
of the resulted codes. We find that the optimal condition is 
                   c = 20,      i.e.,  p1 = 0.9367.         (41) 
In this case, the number of bits of the resulted codes is 45. 
Moreover, since we require 5 extra bits to encode c, in 
sum, we require 50 bits when using the proposed algo-
rithm to encode y.  
 

In comparison, when using the original Golomb code 
for this example, the number of bits of the resulted codes 
is 56 bits. Therefore, our algorithm can indeed achieve 
shorter coding length than the original Golomb code.       
 

When we code y without any special technique, since 
for a 100×100 image, the possible value of y in (37) can 
be from −60 to 1002, thus, we require 14 bits to encode 
each value of y[τ] and hence 14×9 = 126 bits in sum. 
When we use the Huffman coding algorithm, although in 
theory we just require 29 bits to encode the data, however, 
we need a table to record which code should be decoded 
as which data value. Since there are 8 different values for 
y[τ] and the value of y[τ] ranges from −60 to 1002, the 
size of table is 14×8 = 112 bits. Thus, in fact, we require 
29 + 112 = 141 bytes to encode the data when using the 
Huffman coding algorithm. Thus, using the proposed 
modified Golomb codes is much more efficient than using 
the two algorithms.      

 
We then show the explicit coding result of the exam-

ple. First, we should encode c. Since we choose c = 20, 
which is the 18th value among the 32 possible values listed 
in (31), we encode c as ‘10010’.  
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Fig. 4:  An image with 58 dots on the edges of objects. 

 
Then, from Steps 4 and 5, the value of n[τ] are calcu-

lated as in Table 5. Since n[1] = 2, we should substitute n 
by 2 and use Rules 1-4 in Section 2 to encode |y[1]|. From 
(8)-(12), H = 1 and a = 0. Then, from Rule 4, the code for 
|y[1]| = 1 is ‘10’ (We use the method as in Table2). Since 
y[1] ≠ 0, we should use an extra bit to code its sign. Thus, 
the complete code for y[1] is ‘100’.  

 
Then, we encode y[2]. Since n[2] = 5, from (8)-(12), 

H = 3 and a = 3. Then, from Rule 4, the code for |y[2]| = 1 
is ‘111’. With the extra bit for sign, the complete code for 
y[2] is  ‘1111’. Similarly, the code for y[3] is  ‘010000’. 
The code for y[4] is ‘01011100’. The full code of y is:      

 
     10010.100.1111.010000.01011100.101.0000.11. 
     10111100. 1101100,          (42) 
 
which has 50 bits and matches our previous prediction.  

 
 

(Example 2)   
 

Then, we perform another simulation. In Fig. 4, there 
are 58 dots on the edges. We also set x as the hamming 
distance and set y as the difference between the number of 
pixels on the curve between two dots and round(0.8x), as 
Example 1. When using the original Golomb coding algo-
rithm, 195 bits are required for encoding y. When using 
our proposed modified algorithm, only 182 bits are re-
quired for encoding y. Therefore, the proposed coding 
algorithm is more efficient than the original Golomb cod-
ing algorithm.             
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Fig. 5:  Lena image 
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Fig. 6:  The horizontal axis x is the average amplitude of 

the low frequency DCT coefficients of Lena image 
and the vertical axis y2 is that of middle frequency 
DCT coefficients. The blue line is y2 = 0.34x. This 
figure shows that the middle frequency DCT coeffi-
cients are highly correlated with the low frequency 
DCT coefficients.  

 
(Example 3) 
 

We then give another example. Fig. 5 is a 256×256 
Lena image. Then we perform the 2-D DCT for each 8×8 
block of Lena image. In Fig. 6, the horizontal axis is the 
average amplitude of the lower frequency DCT coeffi-
cients calculated from            

  {, , , , ,[0,1] [1,0] [2,0] [1,1]i j i j i j i j i jx C C C C= + + +   

            }, [0, 2] / 5i jC+     , (43) 

where Ci,j[m, n] means the DCT coefficients for the (i, j)th 
block. of Lena image. The vertical axis in Fig. 6 is the 
average amplitude of the middle frequency DCT coeffi-
cients:  

    {1 [0,3] [1, 2] [2,1] [3,0] [4,0]
9

C C C C C+ + + +   

        }[3,1] [2, 2] [1,3] [0, 4]C C C C+ + + +      (44) 

From Fig. 6, we can see that the amplitudes of the middle 
frequency DCT coefficients indeed has high correlation 
with the amplitude of the low frequency DCT coefficients. 
When the low frequency AC part has high energy, the 
middle frequency AC part usually has high energy, too.  

Therefore, we can use the proposed modified Golomb 
coding algorithm together with the information of the low 
frequency DCT coefficients to code the middle frequency 
DCT coefficients of Lena image. Here, we set y as 
      [ ] [ ], , ,, , (0.34 )i j i j i jy m n C m n round X= − .             (45) 

       [m, n] = [0, 3], [1, 2], [2, 1], [3, 0], [4, 0], 
                     [3, 1], [2, 2], [1, 3], [0, 4],  
       i, j =  0, 1, 2, …., 31.                   (46) 

The function f(x) is x , i.e.,   

                            , ,[ , ]i j i jy m n x∝ .           (47) 

Then, we use our algorithm in Section 3 to encode y. The 
number of bits of the result is 49377 bits. In comparison, 
when using the original Golomb code to encode y, the 
result has 53054 bits. This again proves that our algorithm 
is more efficient than the original Golomb code and is 
useful in digital image processing.       
 
 

5. CONCLUSIONS 
 
In this paper, we use the concept of joint probability to 
improve the Golomb coding algorithm. As the Golomb 
code, our method also has the advantages of being suita-
ble for the data with infinite possible values and no table 
is required for encoding. Furthermore, since our algorithm 
can use the information of another data to adjust the value 
of p and hence the coding tree, our method can achieve 
even shorter coding length than the original Golomb cod-
ing algorithm.  

As the description at the beginning in Section 3, there 
are many conditions that a data has infinite number of 
possible values, the probability of the data is geometric-
like, and the probability is dependent on another data. In 
these conditions, we can use the proposed algorithm to-
gether with the joint probability to improve the coding 
efficiency. Therefore, the proposed method will be useful 
in digital signal processing and digital image processing.      

Furthermore, with the simulation in Example 3, it is 
possible to use the proposed coding scheme to further 
improve the efficiency of JPEG and MPEG using the high 
correlation between the low frequency DCT coefficients 
and the middle frequency DCT coefficients.      
 
 

x

y2 
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