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Review

A Last week:
Linear method: PCA, LDA, MDS
Nonlinear (manifold method): ISOMAP, LLE, LE

A PCA:

Criterion 1: Maximum variance with decorrelation
Criterion 2: Minimum reconstruction error
Solution: eigenvectors or the covariance matrix
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Q =[uc’ ,u’’,......, ud” ],
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Review

A LDA:
Maximize the interclass scatter
Minimize the intraclass scatter
Solution: generalized eigenvectors

A MDS:




Review

A Dimensionality reduction with manifold:
. Isometric embedding: distance
. Conformal embedding: angles
. Topological embedding: locality or neighborhood

A 1ISOMAP: via geodesic distancandMDS (isometric)
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Review

A LLE: via neighborhood reconstruction coefficients
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Preview

A Framework:
Graph embedding: linearization, kernelization, supervision
Semtsupervised dimensionality reduction
A Other manifold learning algorithms:
Manifold alignment
Maximum unfolding

A Manifold ranking



Graph Embedding and
Related Works

[1] S.C. Yanetal, i Gr aemdeddingand extensionsa generalframework for
dimensionalityy e d u c RAMIQR@0/ 0

[2] H.T. Chenetal., i L o discdiminantembeddinganditsv a r i £&VRR&800%
[3] D. Caietal.,i L o ¢ aehdititediscriminanta n a | YyJEAI 30070

[4] X.F. Heetal, i L o c préeservingp r o] e BIIP$2608 , O



Problems of ISOMAP, LLE, LE

A Direct(re-)embedding

X :{X(n) IlF\p}rlm\lle Y {:y(n) II? rl?li

Some heuristiCS}/~\\ /.,\\\
(\ o %8, | ) (\ 8 ]

\~.// \://
Learning a Anonl i eeArN, @gredsian)p
Linear mapping:

yO (Qd3 p)T X

A Unsupervised
A Relationsamongthem? .



Graph Embedding

A RecallLE:

Obijective functionE Y )=a aHy(') y<1)

i=1j 2

{yo wy} t=yY}

Optimization:Y™ = arg mlntr{YLYT}

YDY' =|

el | e B - o
Solution processy.. . = Sy® ... M e. unce g D'Lb"” =/Db"
P eN — @Y y O ' § P
A u pT u
g | | tg ¥

Weight:defined locally(How close are two samples?)
Min operatorwant two samples with a large weight to be close after



Graph Embedding

A Two graphsintrinsic andpenalty

W ow{yo w¥} =

L, !

Intrinsic graphg' ¥ F a aHy(' v

i=1j 2

inntr{YL' YT}

Sample similarity+ label informatiop

/
Wy 0 Wy} d=vE V)

Penalty graphE” Y #a a“y(')

i=1 j 4

maxtr {YLPYT}

Intrinsic: Keep the(similar-labeled neighbor samples

Penalty Push thddissimilarlabeled neighbor samples away

(If no penalty, set® =1 orD' )
10



lllustration

(b)
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lllustration
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The ldea of Graph

INtrinsic
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Graph Embedding

A Combiningthetwo graphsinto a singleterm

[1] (Good form):Y™ = arg rYnirlr{ YL YT} , StYEY =1 Positive semiefinite

tr YI_'YT
21 (Poor form)Y = argminr{ YLY } |, sttR YEY} = 1 orY =ar

A Otherforms 3] Not Positive semdefinite

YD'Y =1 - rQintr{Y(D -W)\?} nlint{l Y-(V\'/)T(} rgaxt{r\NVT\}

Y =arg n3a>(b 3tr{YI_PYT} @- b tl{YW \?}) ,st.YDY 1=
:argranr{Y(bLP +@1 bW')YT} st.t YDY =1 14



General setting

A (Training) data set:
high-D: X ={x"" IR}, z £ 1V, L{ .k, }
A Preprocessing:entering (mean can be added back)

. N
n=1
— N

X « X- xel, or say{ XM« X -x} )
n=

A Want to achieve:

low-D: Y ={y" IR},

15



Algorithm

A Presetting:
DefineN3 N intrinsic weight matndV' =vf, =0} ;
DefineN3 N penalty weight matrV™ = w, =0 ]
A (1) Neighbor searchingtNN
for every sample!” , find:

KlNN' (|) IN {X(n) AN = éi)} and KZ NN (I) |n{ (M| & 5 2)}

for every pairff x x?} -
X1 Ned (i) iff x4 TK,NN () orx® TK,NN ()

VO NeIP(I) iff x () iKZNNP(DorX(i) iKZI\NP(J) 6



Algorithm

Not the —~
. . only way!
A (2) Weight computingfor each {, j} S
Hx(i) - P
WI; = exp( ’[ = ), ifx!)  Nel (1) -V\I{ V‘k
Hx(i) - xDP
P = exp( t =), itx? Nef (i) W W

A (3) Reembedding:
Y =arg rrY1intr{YL' YT} , S.tYEY =]
L'u® =/ 1Pu® - (LP)'lL'U = Wl ( ib descending orde

* NP (NE P (N1 |
Yen = 8U ,u ereens u g

P 17



Optimization

e | | o - -

€., ny U_ €.
Yon = @Y Yo o é

1REE &

AssumeY =g b’ -gs1 N,
min tr{YL'YT} min t{ b’ L'b min {Eb)} mi;n/{bTL'b (ABLPbl)}-

YLPYT =
b LP b=1

EE 2l'b -2/°b & (—LP)'lL'b Ao generalized eigenvector g .- UV
Eoyirh 1 8
W/
* {bTI } * * * 3
b = UMY with b8 7, 6°L°b
tr{bL"B}

, because™ =1 witlh, =0 18



Supervised ISOMAP, LLE, LE

A ISOMAP;
27 e _
// \\ Weight modification // \\
l \ [ :) O I ! O
\‘ O l \\ /
\ / —7
\\ //

A LLE: similar-labeledneighborgfor weightcomputing

A LE: only neighborswith similar labelsarewith weights

19



Supervised LE lllustration

20



Linearization

[1] S.C. Yanetal, i Gr aemdeddingand extensionsa generalframework for
dimensionalityy e d u c RAMIQR@0/ 0

[2] H.T. Chenetal., i L o discdiminantembeddinganditsv a r i £&VRR&800%
[3] D. Caietal.,i L o ¢ aehdititediscriminanta n a | YyJEAI 30070

[4] X.F. Heetal, i L o c préeservingp r o] e BIIP$2608 , O
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L Inearization

A ldea Yo Q) % Y Q) X

Easy to handle the unseen dataphyjection
De-noising
Avoid overfitting

A Objective

Want the projectedsamplesto achievethe goal of direct re-
embedding

22



L Inearization

A RecallLE:

e=a 8y’ [ w -HQ =4 ¢ o

i=1 j % I Fj] 1=

i=1 j %

= a tr{x(i)TQQTX(i)} dii ) 2a Nar{ X(i)T QQTX(j)} W

i12j E
N VN
1 3 tr{QTX(i)X(i)TQ} d 3 a"[I’{QTX(j)X(i)TQ} w
i=1 SR

=tr{Q"X @ W)X'Q} lqC{QT(XLXT)Q}

23



LInearization

A Intrinsicternt

e m=a gy [y vy} e (o) U x§

i=1 j %

A Penaltyterm

em=a dy W s{vev)  -EQ fo(xex) §

i=1 j 2

VoY =4 (d)(yy") - G(x0X) Q

i=1

VIV =3 (YPy") - d(XX) Qor @ Q

=1 24



LInearization

A MFA or LDE (localdiscriminantembedding)i2]
Q =arg rgintr{QT (XI_I XT) (j , s.t.QT( XL XT) Q=

(XU XT)u® =7, (XE X )u® - (XEX) " ( XLX) U= W( ibdescendin
Qu, =™ P u™*P u'V g

A Thelasteigenvectonowis considered

L'20,b'L'b 20foranyp -1'L'1 =01 is the smallest eigptor

(XL'X™)20,q"( XL X )g 20foranyg -17( XL X)1 0

1 may not be the smallest eigenvector o5



Optimization

AssumeQ=q id 31,
min tr{Q'XL'X'Q = min ;t{ q XL X"§ in {qT XLX'qg £ g XE Xqu)}
q a,

Q" XLPXTQ=1 q" XL XT

t_'é:z(XL'xT)q 2 (XEX)g & [XEX)(XLX)g 4

HE _ 1y Py
—=q XL X'qg1l &
v

tr{q*TXL'XTq*}

"= UV with
| tr{q*TXLPXTq*}

q"XUX"q =/,"XL°X"q =/

26



LInearization

A Locality sensitiveanalysisisj
Q :argngaxr{QTX(bLP +(1 -bW') XTC} ,s.t.d( XD XT) Q E

(X(6LP +@ - pW') X u® (XD X )u® [ XD X)l( X b @ yw) X)u
Qp, =@ u®,....u® g

A LPP: (linearizedLE) 4
Q =arg rgintr{QT (XI_I XT) (j , s.t.QT( XD XT) Q=1

(XUXT)u® =7, (XD X )u® - (xB X)*( XLX) U= W( ibdescendin

(N+L -p) (NZFp) (N)
de gu Uus T ueog .



lllustration

o Laplacian Eigenmap 357 Linear Laplacian Eigenmap - PCA
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L Inearization

A Caution (12
Q =arg rgintr{QT (XI_' XT) (j , s.t.QT( XL XT) Q=I

(XLXT)u® =7, (XE X )u® - (XEX)"( XLX) U= W( ibdescendin
Q;3p:glj('\‘+1 PoytNEe TR g
A Singular?the matrix to beinversed)
rank( XL® X") ¢ min(rank( X), rank £)) =min(d N 1)
while X" X" isd® d
If XL X" is singular, perform PCA first to k&aX, ., L X.., nonsinguar

29



Kernelization

[1] S.C. Yanetal, i Gr aemdeddingand extensionsa generalframework for
dimensionalityy e d u c RAMIQR@0/ 0

[2] H.T. Chenetal., i L o discdiminantembeddinganditsv a r i £&VRR&800%
[3] D. Caietal.,i L o ¢ aehdititediscriminanta n a | YyJEAI 30070

[4] X.F. Heetal, i L o c préeservingp r o] e BIIP$2608 , O
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Kernelization

A ldea (solvingA)

e | e B | e

_ _C o N U 8 ) K
Qrp= Xy A =X - x™ 5 ag - & {repesenter theorem)

e L 5 U

& | T S - | el

Proof:Q"x™ ={ XA +Null(X")§ x™ = Xx"  BFNull( X)X ( X} x

A Kerneltrick:

feature transfornxl R - £ x( )R*)
kernel trick:f & ) £k Ek @ x)

A Advantagehandleunseerdata+ nonlinearprojection
31



Kernelization

A Kerneltrick:

a e-f(xM) - g0
VO Q) X=ATXTx -y BAE i 55 F(0- y N
88 & F(x) - l:lqogf(-n
e-f(x¥) - @ ¢
Yo (Q.,) X= AX X- YoAZ FED) - f
&F(x™)" -4 9
ek(x®, x®) | o k(x®,x™)) g [
S YL P AT s FATK A kY
Sk(X(N),X(l)) k(X(N),X(N)) 8 |g

k(é)((l),x)
€ .
?.
k(g(N),X)
| o
(N) u
X)) O
| - u

u

|
k(N)

|



L Inearization

A RecallLE:

Ev=a &)y YOI W -EOA =4 [BAKY QK|

=14 i B 1=

i=1 j 2

— a tr{k(i)TAATk(i)} dii ) 2a Nar{k(i)T AATk(j)} V}(

= =

. a tr{ ATkOkT A d 4 atr{ATkmk(.nAM

=1 j %

-tr{ATK@ WK'A #{AT (KLKT) A}

33



Kernelization

A Intrinsicternt

em=a dy’ [ w oy} ea f(ng K )

i=1 j 2

A Penaltyterm

=4 &y L i {vev) - ECa= o A(kEK) b

=1 j %

YOV =4 (d)(y7y") - A(KDK) A
YIYT:'aN_(y“)Ty“)) - A(KK') AorATKA® (XA)' (XA Q' Q

= 34



Kernelization

A KMFA or KLDE: 112

A =arg rr/lintr{AT(KL' KT)A}  StAT(KLEPKT) A =

(KL'KT)u® =7, (KLPKT)u® - (KLPKT) "(KL'KT)U = W (  ib descendin

Ae,=gu™ P utm e utY g

A Thelasteigenvectonowis considered

35



Graph Embedding: Revisited

[1] S.C. Yanetal, i Gr aemdeddingand extensionsa generalframework for
dimensionalityy e d u c RAMIQR@0/ 0

[2] H.T. Chenetal., i L o discdiminantembeddinganditsv a r i £&VRR&800%
[3] D. Caietal.,i L o ¢ aehdititediscriminanta n a | YyJEAI 30070

[4] X.F. Heetal, i L o c préeservingp r o] e BIIP$2608 , O

36



Summary

A Optimization (w.r.t. Y, Q, or A)
u stands for each row ¥f , each colum@ @ndA

Qu=/W - W Q= 4

Q (intrinsic): L', XL' X", KL' K"
W (penalty: 1,D',L°,1, XX, XD' X", XI® X' ,K,KK" ,KD'K",KL°K"

A Eigenvector®f smallereigenvaluesireconsidered

37



Linearization and Kernelization

A ISOMAP, LLE canalsobelinearizedandkernelized

linearizationy® Qu,)x.Y °Q., ) X

ek(x,x) ¢
. é )
kernelizationy® Q. , )x=A"X'x - y °A'g L

&k(x™, x)t

38



Framework

A PCA, LDA, MDS, LLE, ISOMAP canbe reformulated
Into thegeneraform of graphembedding

Intrinsic graphE' ¥ ):a aHy(' (”H H{yo w ¥} t=YLY

i=1j 2

|_'J

inntr{YL YT}

Penalty graphE® Y #a aﬂy") y‘”H W tr{Y O W )f} tl{:YE \?}

i=1 j 2

maxtr {YLPYT}

Y =arg rrY1intr{YI_' YT} CstYEY =1
39



PCA

A PCA: Q.,=arg matr R'C Q}, s.t.Qd =I

HQ'C,Q =] Q' —aX | —ed) D —ed o
T Ng N - g N _?
el 1 1 fQTEX ((—ed X —ed X7 § 4
°N N 1 C N N Ty
¢ —
¢ 6 rAy 1 gy @0
R =rjQ X [ —e€ X7 @
&N N i C N —y
=tr{Q"X D' W X'q i a”dx(') x|
i=1 3

A Physicalmeaning
Any samplepairwith weight /N
Wantto pull all samplesaway(maximumvariance)

L2N

40



PCA

A PCA: Q.,=arg mavtr P'C Q}, st.QQ =l

Q'C,Q * 1T Q X | —ed) X B
P C Ty

1/6

1/6

41



Semtsupervised
Dimensionality Reduction

[5] D. Caietal., i S e-snpervisedliscriminanta n a | yC&CV 20070

[6] D.Q. Zhangetal., i S e-supervisedlimensionalityr e d u c ICDM20Q7 0

[7] Y.Q. Songet al.,, i Aunified frameworkfor semisuperviseddimensionality

r e d u cRaiteoRecognition2008

[8] X.F. Heetal, i L e a ramaxmgmmarginsubspacdor imager et r i ev al
IEEE Transactioron KnowledgeandDataEngineering2008

[9] Y.Y.Lin, 1 S e mamanifolddearningfor imager e t r IAEN-BIN 2065

[10] H.F. Li, i Ef f iaad  r@uastfeature extraction by maximum margin

c r i t dHEE Toramsadiioron NeuralNetworks2006 42



Semtsupervised learning

A Dataarepartiallabeled

high-D: X ={x"" IR}, z £z LY, L{ =l L....., 3
high-D: X ={x™ IR}, z Ez" LY, L{ FL....., i}

high-D:X ={x™ TRYN, Z £7 L., L{G=L B
(;j 9 if (2"=? orz! :?)

A Why?
Labeling/ Annotationis atediouswork.

Relevancdeedback 43



What we want and rely on?

A Datapair

Same-labeled paig, = +dd x| Nei (i) - (QTx(‘) ) «QTxU))
Different-labeled pairz; = - &ndx'” | Nei' () - (QTx“) « QTx“))

Unlabeled pai z, =0 andx "1 Nei' () - (Qx?- « gxP)?

A Why consideringunlabeledair?
Knowledgediscovering
Avoid overfitting

44



lllustration

45



Same and different pairs

A Withoutlocality:

Intrinsic graphE' @ ¥ § |Q x® -(jx‘”Hi - min
Nl

Z

Penalty graptE® @ 3 § HQTX(‘) g x|

zi= 41

- MaX
L,

A With locality:
Intrinsic graphE' Q )=£ _%\HQTX(‘) —(jx(”i vy tr{((j X) L( X Q} -min

i=1 | 2 2

Penalty graphEP(Q):g_ N'd‘QTx“) -QTx”)Hi W :tr{(Qr X) I_P( X' Q} -max
i=1 | % 2 46



LDA revisited

A LDA: between-class scatte; =acl N m(-m)m- 'm

within-class scattel§, =8 &4 X" -m X" -m")

i=1 x(Mf X,

N
total scatter matrixS. = S, +§, & X" m X" m)

n=1
é. 1 T TG
z e X gNC,
¢ N =

T

1
—ee
N

QO

=X

vO) ?B_QJO

A LDA into graphembedding

S L - T | Q4
S=8 AT M -y A Foe(e) X
(5) k 2 1N -

i=1 x(Mj X 47



LDA revisited

maxtr{QTSB(j and mintr{ Qs (})

< QB &
mlntr{Q qu mln tr%Q Xgel klN—ke “(e4)" %( Q%/ J2 =1
s g Jox xOf [3 v

|Iljl

kY

1/3
; : 1/3 ; p
1/3 1/3 173

2@
N f !
S
I
—

48



LDA revisited

A More detailed
S=5+5 -$ = § fose Fede{ragea

[ 2 1 § [ _1
{Q SBQ} ,a“?”dx() -JxD N ig ‘:Hjx() |I 1]]_N;
el
4 Yoo T
i=1j 2 ’I‘al i 6f 4
&N, o [z 4]

A Specialpoint Normalizationis important!!
49



LDA revisited

A LDA: m(?xtr{QTSBq and gnirtr{ Qs C}

. Q'sq  |dsQ
Q argrgaQTSNq ‘d(%Jrgl)qg

Q =arg rgaxtr{QTSB(j , s.1Q'S, Q =I
Q :argrgaﬁr{QTSBq ,std (g +9) Q=0sQ

A Maximummargincriterion(MMC): [1q

m(?xtr{QTSB(j and rQnax- tr{ QTS,\,C}?
Q =arg rgaxr{QT(SB -$) (}3 ,s.t.Q Q =

50



Unlabeled pairs (ignore labels)

A With locality: (unsupervised PP)
Q:., =argmintr{Q" (XLX") @ , stJ ( XDX) Q=1

Q" () )d=t{axD-Wx§ & & ox" & w

i=1j 2

A Withoutlocality: (PCA)
Q. ,=arg rgaxtr Q'C Q}, st.QQ =l

& g on

i=1 j

tr{Q'C Q? tr‘.eQTgeX I -%eeT) X' &
i C -

<\C:O

51



Semtsupervised view

A Combinethefi | a bted ramitthed u n | a temnl e

A Someworks
Semtsupervised discriminant analysis (SD#&)
Semtsupervised dimensionality reduction (SSD§R)
Semtsupervised LDA and Sensupervised MMQ7)
Maximum margin projection (MMR3]
Augmented relation embedding (ARE)

52



Semtsupervised discriminant
analysis (SDA)

A SDA:
SettingX =[ X\, Xy.u]

S ands arebotlP d and comput: X,
L= 0 W) iscomped onX without considering the labe

Goal: maXr{QTSB(j and gninr{ QT( S+b XLX + gt )Q}

Qd3 p

Optimization: ngxtr{QTSBq , s.t.Q_( S+bH XLX +gl) Q=1
S,q=/ ( S +bXKXT + gl )q with larger/

53



Semtsupervised dimensionality
reduction (SSDR)

Goal: max] Q):i'Iy g x® I xO
e NZiaz_d‘QX X HL

b . . i 2
e HQ 0 QX(J)H 9 aHQTX() QTX(J)HL
z; = 1Z| 1 zj A# A+ ?
, S.tQ'Q=1
€1, P itz =1
IN? N,y
Ref | 0 (i 11 g o _
eformulation:] Q):a a“Qx Q" x H W, wherew, INET N ifz = %
i=1 j=1 | z;= 1
i
~ 1 .
| — 1z = 0
[\ "

Optimization: rgax] Q} ranr{QTX D -wW )(T(} :gnaxl{ (5( XLXT) (}2 , st Q =

54



SSLDA and SSMMC

A SSLDA
Goal: rgaXr{QTSB(j and Qmitr{ QT(SN+b XLX +g) C})

Optimization: rgaﬁ{QTSBq , s.tQT( S+ b XLX +g) Q =

Special pointt =D @ W D™ = D YWD **)

A SSMMC
Optimization: rgat«‘{QT(SB- bS, - gXLX) c}g std O =
A NormalizedLaplacianL:

2

1

tr{QTXLXTQ}lg N'%QTX“) .

55



SSLDA and SSMMC

e Unlabeled

4+ Labeled " +”

X Labeled” ="
—— LDA Projection
- - = LDA Boundary
—— SSLDA Projection
- - = SSLDA Boundary
- SSMMC Projection
- = = SSMMC Boundary

56



Maximum margin projection (MMP)

Neighbor and weight:
KNN(i) = KNN' (i) +KNN" (i), KNN (i) with unlabeled samples
xP T Nei (i) iff x9 T KNN () orx© TKNN ()
xD 7 Nef” (i) iff xP I KNN°() or x® TKNN( )
ég, ifz, = tandx” Nel ()
w :{1, ifz, =0 andx'” [Nel () W
%O, otherwise

€ ifz, = dandx'’ Nel
=
70, otherwise

Optimization:

Q'XD'X"Q=1 - rQintr{QTX(D' W)X Q@ Fr1Yaxt{ 3 Xw X R
Q :argnéaxtr{QTX(bLP +1 -bW') xTc} sQT(XD'XT) Q=1



Query (a) (b)

}.'T' F- IL.,‘L F-

@

f

7 e ’ |
0 s
s | | ry
feedback ‘ g Pt 4 ‘ . .
I £ B2 %-
| ' 7 | 1

b S ]
2nd 1 & v -
feedback 3 - L%k
e
l [ - ‘U’::




Augmented relation embedding (ARE)

Neighbor and weight:
KNN(i) ignoring labelsx’ 1 Nei () ifk"’ | KNN () ox"” TKNN (]

2

e ”X(i) oy
wS =1 expt t 2 ), ifx [Nei()
] A

:'O, otherwise
W'.:‘|é1’ ifz, = 4 . :Iél, ifz  =1-
' {0, otherwise ' | Potherwise
Optimization:

Q*:argr%axtr{QTX(L' -bLF’)xTQ} stQ (XEX) Q 4 .



Query (a) (b)
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Figure 5: The learned semantic manifolds for the queries (a) firework & (b) office interiors. Each (zoomed-
in) rectangle encloses the 100-NN of the query. Through the iterative embedding, the relevant images (red
points) progressively gather around the query while the irrelevant ones (green points) are kept far away.
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Other Manifold Learning
Algorithms
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Manifold alignment

A Basicidea
Locally, a manifold can be seenas a p-dimensionalEuclidean
space
Thatis, givenaneighborhooda local p-dimensionakoordinate
systemcanbeachieved

A How?
GMM: [171]
Local PCAor SVD: [12]
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Local patch building

A GMM: 111 ° o (‘ o\ T~
0%o o.o.o.o gof.,/ (:.o.o.o}
0 00 ary ,::\-*"\"/
° o o.o ° o.o .: :> (.\o L :\2/:0 .:\)
o %/
0o ® €00
N Nooa g 3 1 _ 0
PX)=8oN(x;mS) =4 p——7mPpe-& M xS ‘,)786
i=1 I 20) |Si| c 2 Ty

S ¥ WU',thenU,, isalocal -dimensional coordi@at

\ T . . . .
Q=Ugglysy Hyallp slOuio g2 thenQ, , Isalocagd- dimensidr@oordinate

(n)_ (X(n) ,a, RP
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Local patch building

A LocalPCAor SVD: [17 s 1 |

- L . : e o i) 0
h® records the indices of the  neighbofx @, X, =ax®?  x™) ... xOD
g | | |

€

Ky  — h
() - X _Qq()

Q.Q L el

a, 1 0 N T () _
usV! :Xigé _K_eeT 6 QU YeaBrnlQwn & " QX' X)_

‘ mln a”)g xe' Q- H @here . g -

(e e e el |
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Manifold alignment

A Basicidea
Assume that there existpa  dimensiodobgl coordinatey = §" IR},

yi oy wg" Yy §d L+ ,IQis alocal affine transform matr

A lllustration




lllustration

Original
manifold

Local coordinate

Global coordinate

/
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lllustration
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Local tangent space alignment (LTSA

A LTSA:

Assume we know

O

Yoye 4 Q Yy —ed J1° Q
¢ K =

2

%_ ee ITS-' Q

Yaé —ee O—L, <”3 m|n

L :Yigé iee (-in Qs the pseudo inverse of Q
g —_—

JeHe}!
g

2
o
F 68
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Local tangent space alignment (LTSA

A LTSA:
Now we go to solvey
e | | o e | | o & |
e o hy U o) u ) ()
Y.‘éy(hl) Y s &y yo U é*g) i)
¢ | |0 g | H, g |
e el deN p 3N
S(hl(") _ €1, if h(i) =]
j :'O, otherwise
1 - 2
mma Yaé —ee O-L, (#2 mlna S‘é EeeT @ - ,*Q,H&) =y
G = F
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Local tangent space alignment (LTSA

_TSA:
Yéé-ieeT 8~--Li i N NalY Igei-eé (Ig ) Q
C - L, Yoia (;K B F
- mifufvd teg § o)y 132es (15)dk
Yia 1 ¢ K H C ¢K - ¥
N £ g ~ T3 50y
= rYnirEtrinTe‘gé —IieeT @ Q)R- Q Qggé % e EN;T'J?
- nn'%”{(YSWW( ¥y} ma v swivp
:mintriéYigN_(SWV\f é) g‘? ast Y =1
Yod gl Ty
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Local tangent space alignment (LTSA

ALTSA: ~ D1y 0
. ) & Oy
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