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Review

ÅLast week:

Â Linear method: PCA, LDA, MDS

Â Nonlinear (manifold method): ISOMAP, LLE, LE

ÅPCA: 

Â Criterion 1: Maximum variance with decorrelation

Â Criterion 2: Minimum reconstruction error

Â Solution: eigenvectors or the covariance matrix
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Review

ÅLDA:

Â Maximize the inter-class scatter

Â Minimize the intra-class scatter 

Â Solution: generalized eigenvectors

ÅMDS: 
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Review

ÅDimensionality reduction with manifold:

Â Isometric embedding: distance

Â Conformal embedding: angles

Â Topological embedding: locality or neighborhood

ÅISOMAP: via geodesic distance and MDS (isometric)
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Review

ÅLLE: via neighborhood reconstruction coefficients

ÅLaplacian eigenmap: via locality preserving 
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Preview

ÅFramework:

Â Graph embedding: linearization, kernelization, supervision

Â Semi-supervised dimensionality reduction

ÅOther manifold learning algorithms:

Â Manifold alignment

Â Maximum unfolding

ÅManifold ranking
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Graph Embedding and

Related Works 
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Problems of ISOMAP, LLE, LE

ÅDirect (re-)embedding:

Â Some heuristics:

Â Learning a ñnonlinearò mapping function: (ex: ANN, regression)

Â Linear mapping:

ÅUnsupervised

ÅRelationsamongthem? 8
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Graph Embedding

ÅRecallLE:

Â Weight: defined locally (How close are two samples?)

Â Min operator: want two samples with a large weight to be close after LE
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Graph Embedding

ÅTwo graphs: intrinsicandpenalty

Â Intrinsic: Keep the (similar-labeled) neighbor samples  

Â Penalty: Push the (dissimilar-labeled) neighbor samples away

(If no penalty, set                     )
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Illustration
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Illustration
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The Idea of Graph
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Graph Embedding

ÅCombiningthetwo graphsinto asingleterm:

ÅOtherforms:
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General setting

Å(Training) data set:

ÅPreprocessing: centering (mean can be added back)

ÅWant to achieve: 
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Algorithm

ÅPresetting: 

Å(1) Neighbor searching: KNN
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Algorithm

Å(2) Weight computing: for each {i, j}

Å(3) Re-embedding: 
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Optimization
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Supervised ISOMAP, LLE, LE

ÅISOMAP:

ÅLLE: similar-labeledneighborsfor weightcomputing

ÅLE: only neighborswith similar labelsarewith weights
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Supervised LE Illustration
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Linearization
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Linearization

Å Idea:

Â Easy to handle the unseen data: by projection

Â De-noising

Â Avoid over-fitting

ÅObjective:

Â Want the projectedsamplesto achievethe goal of direct re-

embedding
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Linearization

ÅRecallLE:
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Linearization

ÅIntrinsic term:

ÅPenaltyterm:
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Linearization

ÅMFA or LDE (localdiscriminantembedding): [1][2]

ÅThelasteigenvectornow is considered:
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Optimization
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Linearization

ÅLocality sensitiveanalysis: [3]

ÅLPP: (linearizedLE) [4]
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Illustration
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Linearization

ÅCaution: [1][2]

ÅSingular?(thematrix to beinversed)
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Kernelization
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Kernelization

ÅIdea: (solvingA)

ÅKerneltrick:

ÅAdvantage: handleunseendata+ nonlinearprojection
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Kernelization

ÅKerneltrick:
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Linearization

ÅRecallLE:
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Kernelization

ÅIntrinsic term:

ÅPenaltyterm:

34

{ } ( ) ( ){ }
2

2
( ) ( )

1 1

( )   ( )
N N

I i j I I T I T I T

ijL
i j

E Y w tr YL Y E A tr A K L K A
= =

= - =  =ääy y

{ } ( ){ }

( )( ) ( )

( ) ( ) ( )( )

2

2
( ) ( )

1 1

( ) ( )

1

( ) ( )

1

( )   ( )

  

   or 

N N
P i j P P T P T P T

ijL
i j

N
I T I i T i T I T

ii

i

N
T i T i T TT TT

i

E Y w tr YL Y E A tr A KL K A

YD Y d A KD K A

YIY A KK A XA XA QA KA Q

= =

=

=

= - =

º =

 =

= 

= 

ää

ä

ä

y y

y y

y y



Kernelization

ÅKMFA or KLDE: [1][2]

ÅThelasteigenvectornow is considered
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Graph Embedding: Revisited
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Summary

ÅOptimization: (w.r.t. Y, Q, or A)

ÅEigenvectorsof smallereigenvaluesareconsidered
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Linearization and Kernelization

ÅISOMAP,LLE canalsobelinearizedandkernelized
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Framework

ÅPCA, LDA, MDS, LLE, ISOMAP canbereformulated

into thegeneralform of graphembedding:

39

{ } { }

{ }

{ } { }

2

2

2
( ) ( )

1 1

2
( ) ( )

1 1

Intrinsic graph: ( ) ( )

                         

Penalty graph: ( ) ( )

   

min

                     m 

N N
I i j I I T I T

L
i j

I

I

ij

P

ij

T

Y

N N
P i j P P T P T

L
i j

E Y tr Y D W Y tr YL Y

tr

w

YL Y

E Y tr Y D W Y tr YL Yw

= =

= =

= - = - =

= - = - =

ää

ää

y y

y y

{ }

{ }* arg min ,  s.t.

ax

 

P T

Y

I T P T

Y

tr YL Y

Y tr YL Y YL Y I= =



PCA

ÅPCA:

ÅPhysicalmeaning:

Â Any samplepairwith weight1/N

Â Wantto pull all samplesaway(maximumvariance)
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PCA

ÅPCA:
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Semi-supervised 

Dimensionality Reduction
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Semi-supervised learning

ÅDataarepartiallabeled:

ÅWhy?

Â Labeling/ Annotationis a tediouswork.

Â Relevancefeedback
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What we want and rely on?

ÅDatapair:

ÅWhy consideringunlabeledpair?

Â Knowledgediscovering

Â Avoid over-fitting
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Illustration
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X Y



Same and different pairs

ÅWithout locality:

ÅWith locality:
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LDA revisited

ÅLDA:

ÅLDA into graphembedding:
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LDA revisited

ÅLDA:
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LDA revisited

ÅMoredetailed

ÅSpecialpoint: Normalizationis important!!
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LDA revisited

ÅLDA:

ÅMaximummargincriterion(MMC): [10]
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Unlabeled pairs (ignore labels)

ÅWith locality: (unsupervisedLPP)

ÅWithout locality: (PCA)
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Semi-supervised view

ÅCombinetheñlabeledtermòandtheñunlabeledòterm

ÅSomeworks:

Â Semi-supervised discriminant analysis (SDA) [5]

Â Semi-supervised dimensionality reduction (SSDR) [6]

Â Semi-supervised LDA and Semi-supervised MMC [7]

Â Maximum margin projection (MMP)[8]

Â Augmented relation embedding (ARE)[9]
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Semi-supervised discriminant 

analysis (SDA)

ÅSDA:
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Semi-supervised dimensionality 

reduction (SSDR)
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SSLDA and SSMMC

ÅSSLDA:

ÅSSMMC:

ÅNormalizedLaplacianL:
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SSLDA and SSMMC
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Maximum margin projection (MMP)
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Augmented relation embedding (ARE)
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Other Manifold Learning 

Algorithms
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[12] Z.Y. Zhanget al.,ñPrincipalmanifoldsandnonlineardimensionalityreduction

via tangentspacealignment,òSIAM J. SCI. COMPUT. 2004

[13] K.Q. Weinbergeret al., ñUnsupervisedlearningof imagemanifold by semi-

definiteprogramming,òIJCV 2006



Manifold alignment

ÅBasicidea:

Â Locally, a manifold can be seenasa p-dimensionalEuclidean

space

Â Thatis, givena neighborhood,a local p-dimensionalcoordinate

systemcanbeachieved.

ÅHow?

Â GMM: [11]

Â Local PCAor SVD: [12]
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Local patch building

ÅGMM: [11]
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Local patch building

ÅLocalPCAor SVD: [12]
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Manifold alignment

ÅBasicidea:

ÅIllustration:
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Illustration
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Global coordinate

Original 

manifold

Local coordinate



Illustration
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Local tangent space alignment (LTSA)

ÅLTSA:

68

1

2

2

2 2

~
1

2

Assume we know 

1
  

1 1
min   min

1
,  is the pseudo inverse of 

1
min  

N i

i

T T

i i i i i ii

N
T T

i i i i i i
L L L

i L F

T

i i i i i

T

i i i
L

L

Y

Y L Y I L
K

Y I L Y I L
K K

L Y I
K

Y I L
K

=

+ +

å õ
º + Q  - º Qæ ö

ç ÷

å õ å õ
- - Q  - - Qæ ö æ ö

ç ÷ ç ÷

å õ
= - Q Q Qæ ö
ç ÷

å õ
- - Qæ ö

ç ÷

ä

y e ee

ee ee

ee

ee ( )
2

1
  min

i

T

i i i
L

F

Y I I
K

+å õ
 - -Q Qæ ö

ç ÷
ee



Local tangent space alignment (LTSA)

ÅLTSA:
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Local tangent space alignment (LTSA)

ÅLTSA:
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Local tangent space alignment (LTSA)

ÅLTSA:
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