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Abstract
This term project report introduces the well-know Gabor wavelet transform and its
applications. Wavelet transform could extract both the time (spatial) and frequency
information from a given signal, and the tunable kernel size allows it to perform
multi-resolution analysis. Among kinds of wavelet transforms, the Gabor wavelet
transform has some impressive mathematical and biological properties and has been
used frequently on researches of image processing.

1. Introduction
From the last three lectures of the “time-frequency analysis and wavelet transform”
course [3], we have learned that the wavelet transform could perform multi-resolution
time-frequency analysis. The tunable kernel size results in different time-frequency
resolution pair and the size is related to the analytical frequency. For example, smaller
kernel size (in time domain) has higher resolution in time domain but lower resolution
in frequency domain, and is used for higher frequency analysis; while bigger kernel
size has higher resolution in frequency domain but lower resolution in time domain,
and is used for lower frequency analysis. This great property makes wavelet transform
suitable for applications such as image compression, edge detection, filter design, and
some kinds of image object recognition, etc.
Among various wavelet bases, Gabor functions provide the optimal resolution in
both the time (spatial) and frequency domains, and the Gabor wavelet transform
seems to be the optimal basis to extract local features for several reasons [2]:



Biological motivation: The simple cells of the visual cortex of mammalian brains
are best modeled as a family of self-similar 2D Gabor wavelets.
Mathematical and empirical motivation: Gabor wavelet transform has both the
multi-resolution and multi-orientation properties and are optimal for measuring
local spatial frequencies. Besides, it has been found to yield distortion tolerance
space for pattern recognition tasks.

Based on these advantages of Gabor wavelet transform, it has been used in many
image analysis applications, and this report focus it’s applications on face recognition,
texture classification, facial expression classification, and some other excellent

researches. The report is organized as follows: In section 2, the definition of 1D
Gabor functions and 2D Gabor wavelets are introduced, and important mathematical
properties and derivations are included. Applications on face recognition are
presented in section 3, followed by texture features and classification in section 4. In
section 5, we talk about other applications, and the conclusion of this term project
report is given in section 6.

2. Fundamentals of Gabor wavelet transform
The Fourier transform has been the most commonly used tool for analyzing frequency
properties of a given signal, while after transformation, the information about time is
lost and it’s hard to tell where a certain frequency occurs. To solve this problem, we
can use kinds of time-frequency analysis techniques learned from the course [3] to
represent a 1-D signal in time and frequency simultaneously. There is always
uncertainty between the time and the frequency resolution of the window function
used in this analysis since it is well know that when the time duration get larger, the
bandwidth becomes smaller. Several ways have been proposed to find the uncertainty
bound, and the most common one is the multiple of the standard deviations on time
and frequency domain:
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Among all kinds of window functions, the Gabor function is proved to achieve the
lower bound and performs the best analytical resolution in the joint domain [4]. This
function is a Gaussian modulated by a sinusoidal signal and shown below:
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where 𝛼 determines the sharpness and 𝑓0 the is modulated center frequency of
𝜑 𝑡 , and 𝛷 𝑓 is its Fourier transform. Fig.1 shows the example of 𝜑 𝑡 with
three different 𝑓0 but the same 𝛼 and their time-frequency analysis by Gabor
transform. These three distributions have the same area but don’t meet the
multi-resolution requirement: the window size should depend on the center frequency.
To achieve this requirement, we substitute 𝑎 with 𝑓0 /𝛾, where 𝛾 is an self-defined
constant, and make the time duration of 𝜑 𝑡 dependent on the central frequency 𝑓0 .
The generalized 𝜑 𝑡 with normalization of the maximum response in frequency

domain is now defined as:
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Fig.2 shows the example of this new-defined 𝜑 𝑡 with three different 𝑓0 but the
same 𝛼 and their time-frequency analysis by Gabor transform.
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Figure 1: Example of 𝜑 𝑡 with three different 𝑓0 = 0, 0.5, and 1 but the same 𝛼 = 0.5 and their
time-frequency analysis by Gabor transform, where (a)-(c) show the real part of 𝜑 𝑡 and (d)-(f) show
the magnitude of the Gabor transform of 𝜑 𝑡 .

This 1-D Gabor function could be extended into 2-D form and also achieve the
lower bound of uncertainty principle [5]. This 2-D Gabor function is defined as [2]:
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𝑥𝑟 = 𝑥 𝑐𝑜𝑠 𝜃 + 𝑦 𝑠𝑖𝑛 𝜃 , 𝑦𝑟 = −𝑥 𝑠𝑖𝑛 𝜃 + 𝑦 𝑐𝑜𝑠 𝜃
where f is the frequency of the modulating sinusoidal plane wave and 𝜃 is the
orientation of the major axis of the elliptical Gaussian. The 2-D Fourier transform of
𝜑 𝑥, 𝑦 is shown below:
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Figure 2: Example of the generalized 𝜑 𝑡 with three different 𝑓0 = 0.5, 1, and 2 but the same
𝛾 = 1 and their time-frequency analysis by Gabor transform, where (a)-(c) show the real part of
𝜑 𝑡 and (d)-(f) show the magnitude of the Gabor transform of 𝜑 𝑡 .

From the course [3], we know that a set of 1-D wavelets is defined as:
𝜓 𝑡, 𝑎, 𝑏 = 𝜓((𝑡 − 𝑎)/𝑏)
(8)
where 𝜓(𝑡) is the mother wavelet and a and b determines the temporal shifting and
scaling of this function. This definition could be further extended into 2-D wavelet
transform as:
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where 𝜓𝜃 (𝑥, 𝑦) is the 2-D mother wavelet, with 𝑏𝑥 and 𝑏𝑦 the scaling parameters,
𝑥0 and 𝑦0 the spatial shifting, and 𝜃 the orientation parameter. The 2-D Gabor
function defined in Eq.6 meets this form and could be seen as a set of self-similar
Gabor wavelets. The spatial shifting terms are missing in Eq.6 while these could be
compensated by the convolution operation between this equation and the input image.
To make 𝜑 𝑥, 𝑦 as a set of continuous wavelets, we should make sure that 𝜑 𝑥, 𝑦
obeys the five constraints [3]: compact support, real, even symmetric or odd
symmetric, vanishing moments, and admissibility criterion. The former three
constraints are achieved by setting a magnitude threshold to 𝜑 𝑥, 𝑦 and separate it
into real and imaginary part, while the later two need the DC-free modification to
make this wavelet transform reversible and with at least one vanishing moment. This

modified Gabor wavelet is defined as:
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where K is an offset parameter dependent on 𝛾 and 𝜂.
In practical cases, the Gabor wavelet is used as the discrete wavelet transform with
either continuous or discrete input signal, while there is an intrinsic disadvantage of
the Gabor wavelets which makes this discrete case beyond the discrete wavelet
constraints: the 1-D and 2-D Gabor wavelets do not have orthonormal bases. If a set
of wavelets has orthonormal bases, the inverse transform could be easily
reconstructed by a linear superposition, and we say this wavelet transform provides a
complete representation. The nonorthonormal wavelets could provide a complete
representation only when they form a frame [1]. The concepts of the frame is beyond
the scope of this report because it’s too theoretical, while in most of the applications,
we don’t really care about these nonorthonormal properties if the Gabor wavelets are
used for “feature extractions”. When extracting features for pattern recognition,
retrieval, or computer vision purpose, the transformed coefficients are used for
distance measure or compressed representation but not for reconstruction, so the
orthogonal constraint could be omitted.
Besides the form defined in Eq.6, there are some other equivalent definitions of the
Gabor wavelets, for example, in [2], there is another form defined as:
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where 𝑘 = 2𝜋𝑓𝑒𝑥𝑝 𝑗𝜃 , and the scaling functions for the two elliptical axes are the
same as 𝜎. For most of the applications, a family of 𝑈 × 𝑉 Gabor wavelets is
usually required to perform the multi-resolution and multi-orientation analysis, which
is defined as below [2]:
{𝜑𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑓𝑢 ,𝜃𝑣 ,𝛾 ,𝜂 (𝑥, 𝑦)}
(12)
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𝑣
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𝜋, 𝑢 = 0, … … 𝑈 − 1, 𝑣 = 0, … … 𝑉 − 1
𝑢 , 𝜃𝑣 =
𝑉
2
where 𝑓𝑢 and 𝜃𝑣 defines the orientation and scale of the Gabor wavelets, 𝑓𝑚𝑎𝑥 is
the maximum central frequency and 2 is the spacing factor between different
central frequencies. Fig.3 shows a family of Gabor wavelets with 4 scales and 8
orientations, and Fig.4 shows the coverage of spatial frequency plane of these Gabor

wavelets.

Figure 3: An example of the real part of Gabor wavelets with 4 scales and 8 orientations. The 𝑓𝑚𝑎𝑥 is
set as 0.35 with 𝛾 = 𝜂 = 1.2.

Figure 4: The coverage of the spatial frequency plane of the same Gabor wavelets family with 4 scales
and 8 orientations. We can see that with well-chosen parameters. The whole frequency space could be
covered.

3. Face recognition
Face recognition is one of the most important applications of Gabor wavelets. The
face image is convolved with a set of Gabor wavelets and the resulting images are
further processed for recognition purpose. The Gabor wavelets are usually called
Gabor filters in the scope of applications. There have been a great amount of
researches on face recognition recently, and various proposed approaches could be
roughly classified into analytic and holistic approaches [2]:




Analytic approaches: Some feature points are detected from the face, especially
the important facial landmarks such as eyes, noses, and mouths. These detected
points are called the fiducial points, and the local features extracted on these
points, distance and angle between these points, and some quantitative measures
from the face are used for face recognition. The main advantage of analytic
approaches is to allow for a flexible deformation at the key feature points so that
pose changes, different angles of view can be compensated for.
Holistic approaches: In contrast to using information only from key feature
points, holistic approaches extracts features from the whole face image.
Normalization on face size and rotation is a really important pre-processing to
make the recognition robust. The eigenface based on principal component
analysis (PCA) [6] and the fisher face based on linear discriminant analysis
(LDA) [7] are two of the most well-know holistic approaches.

In this section, I focus more on the analytic face recognition methods, especially
based on the graph matching framework.

3.1 Elastic graph matching based methods
The application of Gabor wavelet for face recognition is pioneered by Lades et al.’s
work [8]. In their work, the elastic graph matching framework is used for finding
feature points, building the face model and performing distance measurement, while
the Gabor wavelets are used to extract local features at these feature points, and a set
of complex Gabor wavelet coefficients for each point is called a jet. Graph matching
based methods normally requires two stages to build the graph 𝑔𝐼 for a face image I
and compute its similarity with a model graph 𝑔𝑀 . During the first stage, 𝑔𝑀 is
shifted within the input image to find the optimal global offset of 𝑔𝐼 while keeping
its shape rigid. Then in the second stage, each vertex in 𝑔𝐼 is shifted in a topological
constraint to compensate the local distortions due to rotations in depth or expression
variations. It is actually the deformation of the vertices that makes the graph matching
procedure elastic. To achieve these two stages, a cost measure function S(𝑔𝑀 , 𝑔𝐼 ) is

neccesarily to be defined and these two stages terminate when this function reaches
the minimum value.
Lades et al.’s [8] used a simple rectangular graph to model faces in the database
while each vertex is without the direct object meaning on faces. In the database
building stage, the deformation process mentioned above is not included, and the
rectangular graph is manually placed on each face and the features are extracted at
individual vertices. When a new face I comes in, the distance between it and all the
faces in the database are required to compute, which means if there are totally N face
models in the database, we have to build N graphs for I based on each face model.
This matching process is very computationally expensive especially for large
database.Fig.5 shows an example of a model graph and a deformed graph based on it,
and the cost function is defined as:
𝐼

𝑀

𝑆 𝑔𝑀 , 𝑔 𝐼 = 𝑛 𝑆𝑚 (𝐽𝑛 𝐼 − 𝐽𝑛 𝑀 ) − 𝜆 𝑒 (𝛥𝑥𝑒 − 𝛥𝑥𝑒 )2
(13)
where 𝜆 determines the relative importance of jet similarity and the topography term.
𝛥𝑥𝑒 is the distance vector of the labeled edge e between two vertices, 𝐽𝑛 is the set of
jets at vertex n, and 𝑆𝑚 is the distance measure function between two jets based on
the magnitude of jets.

(a)

(b)

Figure 5: The graphic models of face images. The model graph (a) is built to represent a face stored in
the database, and features are directly extracted on vertices in the rectangular graph. When a new face
comes in and we want to recognize this person, a deformed graph (b) is generated based on the twostage process [8].

Wiskott et al. [9] proposed an improved elastic graph matching framework to deal
with the computational-expensive problem above and enhance the performance. They
employed object-adaptive graph to model faces in the database, which means the

vertices of a graph refer to special facial landmarks and enhance the distortiontolerant ability (see Fig.6). The distance measure function here not only counts on the
magnitude information, but also takes in the phase information from the feature jets.
And the most important improvement is the used of face bunch graph (FBG), which is
composed of several face models to cover a wide range of possible variations in the
appearance of faces, such as differently shaped eyes, mouths, or noses, etc. A bunch is
a set of jets taken from the same vertex (the same landmark) from different face
models and Fig.7 shows the FBG structure. The cost function is redefined as:
1
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where B is the FBG representation, and N and E are the total amounts of vertices and
edges in the FBG. 𝐵𝑚 denotes the 𝑚𝑡 model graph of B and 𝑆𝑝 is the
new-defined distance measure function which takes the phase of jets into account. To
build the database, a FBG is first generated and models for individual faces are
generated by the elastic graph matching procedure based on FBG. When a new face
comes in, the same elastic graph matching procedure based on FBG is executed to
generate a new face model, and this model could directly compare with the face
models in the database without re-modeling. The FBG serves as the general
representation of faces and reduce the computations for face modeling.
Besides these two symbolic examples using the elastic graph matching framework,
a number of varied versions have been proposed in literature and readers could found
a brief introduction in [2].

Figure 6: The object-adaptive grids for difference poses. Now the vertices are positioned automatically
by elastic bunch graph matching and are located at special facial landscapes. One can see that, in
general, the matching finds the fiducial points quite accurately, but still with some mispositioning [9].

Figure 7: The face bunch graph serves as the general representation of faces. As shown in this figure,
there are nine vertices in the graph and each of them contains a bunch of jets to cover the variations in
the facial appearance. The edges are represented by the averaged distance vector calculated from all
face models sued to build the FBG [9].

3.2 Other face recognition methods based on Gabor wavelets
The elastic graph matching framework is one of the analytic face recognition
approaches, and this framework is used mainly for feature points detection and face
modeling. Other previous works used different feature point detection algorithm such
as the method proposed by Manjunath et al. [10] (see Fig.8), or manually located
these key points.

Figure 8: Feature locations marked for a pair of face images. The algorithm is based on a model of
end-inhibition property, and makes use of local scale intersections between simple oriented features
[10].

Besides the analytic approaches, Gabor wavelets can be used for holistic
approaches, too. A face image is first convolved with a set of Gabor wavelets and the
resulting images can be further combined with PCA or LDA to reduce the feature
dimension and generate the salient representation. In Fig.9, I show an example of face
images undergone convolution with the same 4 × 8 Gabor wavelet sets shown in
Fig.3, and the original face image is shown in Fig.10.

(a)

(b)

Figure 9: Gabor wavelet representation of a face image shown in Fig.10. (a) The real part of the
resulting images, and (b) the magnitude.

Figure 10: The original face image used in Fig.9.

4. Texture features and classification
The Gabor wavelets could not only be used for feature extraction for face images, but
also for other images such as textures, remote sensing images, and landscape images,
etc. Manjunath and Ma [11] used Gabor wavelets for browsing and retrieval of image
data, and the experimental result showed that Gabor wavelets achieve the best
performance against other feature extraction methods such as conventional
pyramid-structured wavelet transform (PWT) features, three-structured wavelet
transform (TWT) features, and the multi-resolution simultaneous autoregressive
model (MR-SAR) features. They also proposed an algorithm for adaptive filter
selection which could reduce the feature dimension without seriously degrading the
performance. Arvazhagan et al. [12] proposed a new approach for rotation invariant
texture classification using Gabor wavelets where the features are found by
calculating the mean and variance of the Gabor filtered images. An feature vector is
generated for a image feature, for example, if a 4 × 9 Gabor wavelet set is used, then
there will be 72 elements in this feature vector. The element order in their method is
based on the dominant direction, where the first 9 elements are ordered as
20o , 40o , … … 160o , 0o of the same scale with 20o detected as the dominant
direction. Fig.11 shows an example for determining the dominant direction.
Here I’d like to show an example of using Gabor wavelet features for image
retrieval. Fig.12 shows three images and there corresponding Gabor wavelet features
(the mean magnitude is used as the feature), where two of them are pictures of Taipei
101 and the other one is a sky picture. Set the Taipei 101 image with blue sky
background as the query image and the other two as images in the database, if we use
color information for computing image similarity, the top retrieved image will be the
sky not the Taipei 101 image with sunset glow. Using the Gabor wavelets, we can see

from Fig.12 that the features between the two images are more similar and the
expected retrieval result could be achieved.

Figure 11: Gabor transform result obtained for 19 orientations (steps: 10o ) at a certain scale. The
image with θ = 0o is defined as the dominant orientation because it has the largest magnitude, then
the feature order is set as 0o , 10o , … … 170o , 180o [12].

(a)

(b)

(c)

(d)

(e)

(f)

Figure 12: The features extracted from three images based on a 4 × 8 Gabor wavelet set. The 32
mean magnitude features are normalized by the maximum magnitude in each set of feature vector.
Image (a) is used as the query and (b), (c) as database images, and it is shown that the query feature of
(d) is more similar to (e) than to (f), which gives the correct retrieval result.

5. Other applications
There are many other application of Gabor wavelets, such as the facial expression
classification [13,14], Gabor networks for face reconstruction [15], fingerprint
recognition [16], facial landmark location [17], and iris recognition [18], etc. In this
section, I’ll briefly introduce the former two applications.

5.1 Facial expression classification
This technique is proposed by Lyons et al. [13,14],where the filtered image is used for
feature generation and a two-layer perceptron (neural network framework) is trained
for classification purpose. It is shown that the Gabor-wavelet-based method
outperforms the geometry-based method and they can be combined to achieve the
better performance. Fig.13 gives an example of their work.

Figure 13: Example of three Gabor filter responses to two facial expression images [14].

5.2 Gabor networks for face reconstruction
Among most of the works based on Gabor wavelets for feature extraction, the
characteristics and compression ability of wavelets have not been fully explored due
to the nonorthogonality. Krueger [15] proposed the use of Gabor wavelet networks
(GWN) for object representation and face processing, and the face image could be
reconstructed by a set of Gabor wavelet coefficients with a certain quality. The quality
of the reconstruction undoubtedly depends on the number of wavelets used. Fig. 14
shows the image reconstruction result based on different number of coefficients.

Figure 14: The original image and the reconstructed images with 16, 53, 116, and 216 Gabor wavelets
from left to right [15].

Lee [1] has done a great work on the mathematical derivations and proofs of 2-D
Gabor wavelets. In his study, the image could be perfectly reconstructed in a
numerical stable way if the set of Gabor wavelets forms a frame.

6. Conclusion
This term project report introduces the well-known Gabor wavelet transform and its
application. The multi-resolution and multi-orientation properties of the Gabor
wavelet transform makes it a popular method for feature extraction even if the
intrinsic nonorthogonality exists. Among all the works based on Gabor wavelet, face
recognition and texture representation are the most noticeable applications, and other
research used the Gabor wavelets mainly for feature extraction. Several Matlab
implementations are presented in this report and show both the theoretical and
application aspects of Gabor wavelets. There seems no further necessity to modify the
formula of Gabor wavelets while the feature representation and more possible
applications remain spaces for future works.
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