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中文摘要  

 基於可接觸資料的增加與計算技術的快速發展，過去十年，機器學習已因為

人類生活中大量的自動化需求而吸引了許多注意力。現今在物件識別、機器人學、

人工智慧、電腦視覺、甚至是經濟學等科學領域當中，機器學習已成為從資料當

中抽取與探索重要資訊不可或缺的角色。 

 另一方面，在過去幾十年，人臉偵測與辨識等人臉相關的主題已漸漸成為物

件識別與電腦視覺中的重要研究領域。其原因來自於自動化識別與監視系統的需

求、對於人類視覺系統在人臉感知上的興趣、與人機互動介面的設計開發等。 

 在本篇論文當中，我們專注在使用機器學習技術來估測人類的年齡。我們提

出了一個人類年齡估測的架構，其包含了特徵抽取、距離度量調整、降低維度、

與年齡測定等四個步驟。我們使用了相當受歡迎的主動外觀模型(active appearance 

model, AAM)來抽取特徵。此特徵可以共同地表述人臉形狀與質地的變化。為了增

強監督式降維演算法的效果，我們使用相關組件分析(relevant component analysis, 

RCA)技術來達成距離度量的調整。因為年齡標籤本身具有順序性的關係，我們提

出了一個標籤敏感(label-sensitive)的概念，以更有效的在距離度量與降維學習的過

程當中運用標籤的資訊。此外，我們還提出了一些修改來減輕資料庫當中可能存

在的不平衡問題。 

 根據降維過程中保存局部或鄰近資訊的特性，我們使用局部性回歸而非總體

性回歸來測定年齡。由實驗結果中與其它方法的比較，我們所提出的架構與修改

在最普遍使用的 FG-Net 資料庫中可以達到最低的平均絕對誤差。 

 

關鍵字: 機器學習、降維、流形學習、距離度量學習、人類年齡估測、回歸。 



 

 iv 

 



 

 v 

ABSTRACT 

 Based on the increasing of accessible data and the fast development of the 

computational technology, machine learning attracted lots of attention in the last ten 

years because of the great demand of automation in human life. Now in the disciplines 

of pattern recognition, robotics, artificial intelligences, computer vision, and even 

economics, machine learning has been an indispensible part to extract and discover the 

valuable information from data. 

 On the other hand, human face related topics such as face detection and recognition 

became important research fields in pattern recognition and computer vision during the 

last few decades. This is due to the needs of automatic recognition and the surveillance 

system, the interest in the human visual system on human face perception, and the 

design of human-computer interface, etc. 

 In this thesis, we focus on using machine learning techniques for human age 

estimation. A human age estimation framework is proposed, which includes four steps: 

feature extraction, distance metric adjustment, dimensionality reduction, and age 

determination. The popular active appearance model (AAM) is exploited in our work 

for feature extraction, which can jointly represent the shape and texture variations of 

human faces. To enhance the performance of supervised dimensionality reduction, the 

relevant component analysis (RCA) is used for distance metric adjustment. Because 

human ages are with ordinal relationship, we proposed the “label-sensitive” concept to 

better exploit aging labels during distance metric learning and dimensionality reduction 

learning. In addition, several modifications are proposed to alleviate the possible 

unbalance problem in the database.  

 According to the neighbor / locality preserving characteristic during dimensionality 
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reduction, the proposed framework utilizes local regression instead of global regression 

for age determination. From the experimental results, the proposed framework and its 

modification versions achieve the lowest mean absolute error (MAE) over other existing 

techniques in the most widely-used FG-Net database, both in the LOPO and 

cross-validation settings. 

 

Index terms: Machine learning, dimensionality reduction, manifold learning, distance 

metric learning, human age estimation, regression. 
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Chapter 1 Introduction 

 

1.1 Motivation 

 Machine learning and face related topics have attracted lots of attention in recent 

pattern recognition and computer vision researches. Compared to face detection and 

face recognition, human age estimation is a new topic of human face researches but has 

some intrinsic challenges. For example, age estimation can be seen as a multi-class or 

multi-label problem, where each class indicates a possible value of human ages. This 

makes age estimation harder than face detection and gender classification from the 

perspective of machine learning, where well-studied binary classifiers cannot be directly 

used and with limited database. In addition, with limited database, the trained classifier 

may easily over-fit to the training set. In this thesis, we aim at utilizing and combining 

machine learning techniques to predict the real age of a person given the face image. 

 

1.2 Main Contribution 

 In this thesis, we provide an overview and a broad introduction on machine 

learning, including both the theoretical aspects and practical usages. In addition, a 

specific technique of machine learning, dimensionality reduction, is discussed in more 

detailed, where the theoretical justifications and algorithms are summarized for the 

convenience of implementations and modifications. In fact, dimensionality reduction is 

the core technique used in the proposed age estimation framework. For better 

understanding on face-related topics, a survey on face detection, face recognition, and 

human age estimation is also given in this thesis, where many important and 

outstanding concepts and algorithms are briefly introduced and summarized. 
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 For the topic of human age estimation, we proposed a framework containing four 

steps: feature extraction, distance metric adjustment, dimensionality reduction, and age 

determination. In the dimensionality reduction step, the manifold learning techniques 

(ex. locally linear embedding and Isomap) are adopted to drastically reduce the 

dimensionality of features while simultaneously preserve the most important 

information for age estimation. Because manifold learning assumes that the original 

input space is locally Euclidean, the distance metric adjustment is considered to result in 

a better metric structure. In addition, based on the locality preserving properties of 

manifold learning, the proposed framework utilizes local regression instead of global 

regression for age determination. 

 To better exploit the ordinal information of aging labels, the concept of 

“label-sensitive” is proposed, which takes the label similarity and dissimilarity into 

consideration. This concept is embedded in both the distance metric learning and 

dimensionality reduction learning. And to overcome the possible unbalance problem in 

the database, several compensation mechanisms are proposed in our framework. From 

the experimental results, the proposed framework achieves the lowest mean absolute 

error (MAE) against the existing algorithms in several experimental settings based on 

the most widely-used FG-Net database. 

 

1.3 Organization 

 This thesis is organized as follows: In Section 1.4, the notation that is used 

throughout the thesis is summarized. In Chapter 2, an overview of machine learning is 

presented, and a detailed introduction of dimensionality reduction is given in Chapter 3. 

In Chapter 4, a broad introduction of the fundamentals of human faces, face detection, 
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and face recognition is presented, and in Chapter 5, a comprehensive survey on human 

age estimation is provided. In Chapter 6, the proposed framework as well as algorithms 

are described in detailed, and the experimental results based on the FG-Net database are 

shown. Finally, we give the conclusion of this thesis.  

 

1.4 Notation 

( )

( )

General notation:

:  scalar

:  vector

: matrix

:  the th entry of 

:  the entry ( , ) of 
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Chapter 2 Machine Learning Techniques Overview 

 

 In the topics of face recognition, face detection, and facial age estimation, machine 

learning plays an important role and is served as the fundamental technique in many 

existing literatures. For example, in face recognition, many researchers focus on using 

dimensionality reduction techniques for extracting personal features. The most 

well-known ones are eigenfaces [1] based on principal component analysis (PCA) and 

fisherfaces [2] based on linear discriminant analysis (LDA). In face detection, the 

popular and efficient technique based on Adaboost cascade structure [3][4], which 

drastically reduces the detection time while maintains comparable accuracy, has made 

itself available in practical usage. Based on our knowledge, this technique is the basis of 

automatic face focusing in digital cameras. Machine learning techniques are also widely 

used in facial age estimation to extract the hardly found features and to build the 

mapping from the facial features to the predicted age. 

 Although machine learning is not the only and necessary methods in pattern 

recognition (for example, there are still many researches aiming at extracting useful 

features through image and video analysis), it could provide some theoretical analysis 

and practical guidelines to refine and improve the recognition performance. In addition, 

with the fast development of technology and the burst usage of Internet, now people can 

easily take, make, and access lots of digital photos and videos either by their own digital 

cameras or from popular on-line photo and video collections such as Flicker [5], 

Facebook [6], and Youtube [7]. Based on the large amount of available data and the 

intrinsic ability to learn knowledge from data, we believe that the machine learning 

techniques will be more and more useful in pattern recognition, data mining, and 



 

 5 

information retrieval. 

 In this chapter, a brief but broad overview of machine learning is given, both in 

theoretical and practical aspects. In Section 2.1, we describe what machine learning is 

and its availability. In Section 2.2, the basic concepts of machine learning are presented, 

including categorization and learning criteria. The principles and effects about the 

learning performance are discussed in Section 2.3, and several supervised and 

unsupervised learning algorithms are introduced in Sections 2.4 and 2.5. In Section 2.6, 

a framework of practical applications in pattern recognition is provided. Finally, in 

Section 2.7, we give a conclusion. 

 

2.1 What is Machine Learning? 

 “Optimizing a performance criterion using example data and past experience”, said 

by E. Alpaydin [8] gives an easy but fable description about machine learning. In 

machine learning, data plays an indispensable role, and the algorithm is used to discover 

and learn knowledge or properties from the data. The quality or quantity of the dataset 

will affect the learning and prediction performance. The textbook (have not been 

published yet) written by Professor Hsuan-Tien Lin, the machine learning course 

instructor in National Taiwan University (NTU), is also titled as “Learning from Data”, 

which emphasizes the importance of data in machine learning. Fig. 2.1 shows an 

example of two-class dataset. 

 

2.1.1 Notation of Dataset 

 Before going deeply into machine learning, we first describe the notation of dataset, 

which will be used through the whole chapter as well as the thesis. There are two 
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general dataset types. One is labeled and the other one is unlabeled: 

 Labeled dataset :   ( )

1{ }n d N

nX R  x , ( )

1{ }n N

nY y R    

 Unlabeled dataset : ( )

1{ }n d N

nX R  x  

 

, where X denotes the feature set containing N samples. Each sample is a d-dimensional 

vector ( ) ( ) ( ) ( )

1 2[ , ,......, ]n n n n T

dx x xx and called a feature vector or feature sample, while 

each dimension of a vector is called an attribute, feature, variable, or element. Y stands 

for the label set, recording what label a feature vector corresponds to. In some 

applications, the label set is unobserved or ignored. Another form of labeled dataset is 

described as ( ) ( )

1{ , }n d n N

nR y R  x , where each ( ) ( ){ , }n n
x y is called a data pair. 

 

Fig. 2.1 An example of two-class dataset is showed, where two measurements of each 

sample are extracted. In this case, each sample is an 2-D vector [9]. 

 

2.1.2 Training Set and Test Set 

 In machine learning, an unknown universal dataset is assumed to exist, which 

contains all the possible data pairs as well as their appearance probability distribution in 
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the real world (Ex. one blue circle shown in Fig. 2.1 may have higher probability to 

appear against another circle). While in real applications, what we observed is only a 

subset of the universal dataset due to the lack of memory or some other unavoidable 

reasons. This acquired dataset is called the training set (training data) and used to 

learn properties and knowledge of the universal dataset. In general, vectors in the 

training set are assumed independently sampled from an identical distribution 

(i.i.d).  

 Through machine learning, what we desire is that these learned properties can not 

only explain the training set, but also be used to predict unseen samples or future events. 

In order to examine the performance of learning, another dataset may be reserved for 

testing, called the test set or test data. For example, before final exams, the teacher 

may give students several questions for practice (training set), and the way he judges the 

performances of students is to examine them with another problem set (test set). In 

order to distinguish the training set and the test set when they appear together, we 

use train and test respectively. 

 Until now, we have not broadly discussed what kinds of properties can be learned 

from dataset and how to estimate the learning performance, and the readers can just 

leave it as a black box and go forth. In Fig. 2.2, an explanation of the three datasets 

above is presented, and the first property a machine can learn in a labeled data set is 

shown, the separating boundary. 

 

2.1.3 No Free Lunch Rules 

 If the learned properties can only explain the training set, but not the test or 

universal set, then machine learning is infeasible. Thanks to the Hoeffding inequality 
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Fig. 2.2 The explanation of three datasets (labeled). The universal set is assumed to 

exist but unknown, and through the data acquisition process, only a subset of universal 

set is observed and used for training (training set). Two learned separating lines (the first 

example of properties a machine can learn in this chapter) are shown in both the training 

set and test set. As you can see, these two lines definitely give 100% accuracy on the 

training set, while they may perform differently in the test set (the curved line show 

higher error rate). 

 

[10] below, the connection between the learned knowledge from the training set and its 

availability in the test set is described in a probabilistic way: 

 
22[ ] 2 .NP e        (2.1) 

In this inequality, N denotes the size of training set, and and  are used to describe how 

the leaned properties perform in the training set and the test set. For example, if the 

learned property is a separating boundary, these two quantities can serve as 
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classification error. The tolerance gap means how close we desire between and  . 

Details of the Hoeffding inequality are beyond the scope of this thesis, and later an 

extended version of the inequality will be provided. 

 While (2.1) gives us the confidence on machine learning, there are some rules to 

ensure its availability. These rules are called the “no free lunch rules” and defined on 

both the dataset and the properties to learn. On the dataset, the no free lunch rules 

require the training set and the test set coming from the same distribution (same 

universal set). And on the properties, the no free lunch rules ask the users to make 

assumptions on what property to learn and how to model the property. For example, if 

the separating boundary in a labeled dataset is desired, we also need to define the type 

of the boundary (Ex. a straight line or a curve). On the other hand, if we want to 

estimate the probability distribution of an unlabeled dataset, the distribution type should 

also be defined (Ex. Gaussian distribution). Fig. 2.3 illustrates the no free lunch rules 

for dataset. 

 

   

(a)                     (b)                     (c) 

Fig. 2.3 The no free lunch rule for dataset. (a) is the training set we have, and (b), (c) 

are two test sets. As you can see, (c) has different sample distributions from (a) and (b), 

so we cannot expect that the properties learned from (a) to be useful in (c). 
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2.1.4 Relationships with Other Disciplines 

 Machine learning involves the techniques and basis from both statistics and 

computer science: 

 Statistics: Learning and inference the statistical properties from given data 

 Computer science: Efficient algorithms for optimization, model representation, 

and performance evaluation.  

 

In addition to the importance of data set, machine learning is generally composed of the 

two critical factors, Modeling and Optimization. Modeling means how to model the 

separating boundary or probability distribution of the given training set, and then 

optimization techniques are used to seek the best parameters of the chosen model.

 Machine learning is also related to other disciplines such as artificial neural 

networks, pattern recognition, information retrieval, artificial intelligence, data mining, 

and function approximation, etc. Compared to those areas, machine learning focus more 

on why machine can learn and how to model, optimize, and regularize in order to make 

the best use of the accessible training data. 

 

2.2 Basic Concepts and Ideals of Machine Learning 

 In this section, more details on machine learning will be presented, including the 

categorization of machine learning and what we can learn, the things we are seeking, the 

structure of learning process, and the optimization criterion, etc. At the beginning, a 

small warming up is given for readers to get clearer why we need to learn.  
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2.2.1 Designing versus Learning 

 In daily life, people are easily facing some decisions to make. For example, if the 

sky is cloudy, we may decide to bring an umbrella or not. For a machine to make these 

kinds of choices, the intuitive way is to model the problem into a mathematical 

expression. The mathematical expression could directly be designed from the problem 

background, for instance, the vending machine could use the standards and security 

decorations of currency to detect false money. While in some other problems that we 

can only several measurements and the corresponding labels, but do not know the 

specific relationship among them, learning will be a better way to find the underlying 

connection. 

 Another great illustration to distinguish designing from learning is the image 

compression technique. As the most widely used image compression standard, the JPEG 

exploits block-based DCT to extract the spatial frequencies and then unequally 

quantizes each frequency component to achieve data compression. The success of using 

DCT comes from not only the image properties, but also the human visual perception. 

While without considering the side information, the KL transform (Karhunen-Loeve 

transform), which learns the best projection basis for a given image, has been proved to 

best reduce the redundancy [11]. In many literatures, the knowledge acquired from 

human understandings or the intrinsic factors of problems are called the domain 

knowledge. And the knowledge learned from a given training set is called the 

data-driven knowledge.  

 

2.2.2 The Categorization of Machine Learning 

 There are generally three types of machine learning based on the ongoing problem 
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and the given data set, supervised learning, unsupervised learning, and 

reinforcement learning: 

 Supervised learning: The training set given for supervised learning is the labeled 

dataset defined in Section 2.1.1. Supervised learning tries to find the relationships 

between the feature set and the label set, which is the knowledge and properties 

we can learn from labeled dataset. If each feature vector x is corresponding to a 

label 1 2, { , ,......, }cy L L l l l  (c is usually ranged from 2 to a hundred), the learning 

problem is denoted as classification. On the other hand, if each feature vector x is 

corresponding to a real value y R , the learning problem is defined as regression 

problem. The knowledge extracted from supervised learning is often utilized for 

prediction and recognition. 

 Unsupervised learning: The training set given for unsupervised leaning is the 

unlabeled dataset also defined in Section 2.1.1. Unsupervised learning aims at 

clustering [12], probability density estimation, finding association among 

features, and dimensionality reduction [13]. In general, an unsupervised 

algorithm may simultaneously learn more than one properties listed above, and the 

results from unsupervised learning could be further used for supervised learning. 

 Reinforcement learning: Reinforcement learning is used to solve problems of 

decision making (usually a sequence of decisions), such as robot perception and 

movement, automatic chess player, and automatic vehicle driving. This learning 

category won‟t be discussed further in this thesis, and readers could refer to [14] 

for more understanding. 

 

 In addition to these three types, a forth type of machine learning, semi-supervised 

learning, has attracted much attention recently. It is defined between supervised and 
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unsupervised learning, contains both labeled and unlabeled data, and jointly learns 

knowledge from them. Fig. 2.4, Fig. 2.5, and Fig. 2.6 provide clear comparisons among 

these three types of learning based on nearly the same training set, and the dotted lines 

show the learned knowledge. 

 

  

(a)                                 (b) 

Fig. 2.4 Supervised learning. (a) presents a three-class labeled dataset, where the color 

shows the corresponding label of each sample. After supervised learning, the 

class-separating boundary could be found as the dotted lines in (b). 

 

  

                 (a)                                (b) 

Fig. 2.5 Unsupervise learning (clustering). (a) shows the same feature set as above 

while missing the label set. After performing the clustering lagorithm, three underlined 

groups are discovered from the data in (b). Also, users can perform other konds of 

unsupervides learning algorithm to learn different kinds of knowledge (ex. Probability 

distributuion) from the unlabeled dataset. 
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(a)                                   (b) 

Fig. 2.6 Semi-supervised learning. (a) presents a labeled dataset (with red, green, and 

blue) together with a unlabeled dataset (marked with black). The distribution of the 

unlabeled dataset could guide the position of separating boundary. After learning, a 

different boundary is depicted against the one in Fig. 2.4. 

 

2.2.3 The Structure of Learning 

 In this subsection, the structure of machine learning is presented. In order to avoid 

confusion about the variety of unsupervised learning structures, only the supervised 

learning structure is shown. While in later sections and chapters, several unsupervised 

learning techniques will still be mentioned and introduced, and important references for 

further reading are listed. An overall illustration of the supervised learning structure is 

given in Fig. 2.7. Above the horizontal dotted line, an unknown target function f (or 

target distribution) that maps each feature sample in the universal dataset to its 

corresponding label is assumed to exist. And below the dotted line, a training set 

coming from the unknown target function is used to learn or approximate the target 

function. Because there is no idea about the target function or distribution f (looks like a 

linear boundary or a circular boundary?), a hypothesis set H is necessary to be defined, 

which contains several hypotheses h (a mapping function or distribution).  

 Insides the hypothesis set H, the goal of supervised learning is to find the best h, 
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called the final hypothesis g, in some sense approximating the target function f. In 

order to do so, we need further define the learning algorithm A, which includes the 

objective function (the function to be optimized for searching g) and the optimization 

methods. The hypothesis set and the objective function jointly model the property to 

learn of the no free lunch rules, as mentioned in Section 2.1.3. Finally, the final 

hypothesis g is expected to approximate f in some way and used for future 

prediction. Fig. 2.8 provides an explanation on how hypothesis set works with the 

learning algorithm. 

 There are three general requirements for the learning algorithm. First, the 

algorithm should find a stable final hypothesis g for the specific d and N of the training 

set (ex. convergence). Second, it has to search out the correct and optimal g defined 

through the objective function. The last but not the least, the algorithm is expected to be 

efficient.  

 

 

Fig. 2.7 The overall illustration of supervised learning structure. The part above the 

dotted line is assumed but inaccessible, and the part below the line is trying to 

approximate the unknown target function. 
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Fig. 2.8 An illustration on hypothesis set and learning algorithm. Take linear 

classifiers as an example, there are five hypothesis classifiers shown in the up-left 

rectangle, and in the up-right one, a two-class training set in shown. Through the 

learning algorithm, the green line is chosen as the most suitable classifier. 

 

2.2.4 What are We Seeking? 

 From the previous subsection, under a fixed hypothesis set H and a learning 

algorithm A, learning from labeled dataset is trying to find g that best approximates the 

unknown f “in some sense”. And in this subsection, the phrase in the quotes is explained 

for both supervised and unsupervised learning: 

 Supervised learning: In supervised learning, especially for the classification case, 

the desired goal (also used as the performance evaluation) of learning is to find g 

that has the lowest error rate for classifying data generated from f. The definition of 

classification error rate measured on a hypothesis h is shown as below: 

 
( ) ( )

1

11
( ) ( ) ,  

0

N
n n

n

true
E h y h

N false

 
  


 x  (2.2) 
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, where stands for the indicator function. When the error rate (2.2) is defined on 

the training set, it is named the “in-sample error ( )inE h ”, while the error rate 

defined on the universal set or more practically the (unknown or reserved) test set 

is named the “out-of-sample error ( )outE h ”. Based on these definitions, the desired 

final hypothesis g is the one that achieves the lowest out-of-sample error over the 

whole hypothesis set: 

 arg min ( ).out
h

g E h  (2.3) 

While in the learning phase, we can only observe the training set, measure ( )inE h , 

and search g based on the objective function. From the contradiction above, a 

question the readers may ask, “What is the connection among the objective 

function, ( )inE g , and ( )outE g , and what should we optimize in the learning phase?” 

 As mentioned in (2.1), the connection between the learned knowledge from 

the training set and its availability on the test set can be formulated as a probability 

equation. That equation is indeed available when the hypothesis set contains only 

one hypothesis. For more practical hypothesis sets which may contain infinite 

many hypotheses, an extended version of (2.1) is introduced as: 

 ( ) ( ) ( log ), with probability 1 .VC
out in

d
E g E g O N

N
     (2.4) 

This inequality is called the VC bound (Vapnik–Chervonenkis bound), where VCd is 

the VC dimension used as a measure of model (hypothesis set and objective 

function) complexity, and N is the training set size. The VC bound listed here is a 

simplified version, but provides a valuable relationship between ( )outE g and ( )inE g : 

A hypothesis g that can minimize ( )inE h may induce a low ( )outE g .  
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  Based on the VC bound, a supervised learning strategy called empirical risk 

minimization (ERM) is proposed to achieve low ( )outE g by minimizing ( )inE g : 

 arg min ( ).in
h

g E h  (2.5) 

ERM is probably the most widely-used strategy is supervised learning, and 

( )inE h is the first objective function presented in this chapter. In fact, an objective 

function can be separated into a loss function and a penalty function. The loss 

function measures the classification error defined on the training set, while the 

penalty function gives each hypothesis a priority. Before Section 2.3.4, the penalty 

term is set as a constant and can be ignored. There are other kinds of supervised 

learning strategies seeking the minimum ( )outE g based on theorems apart from the 

VC bound and will be mentioned in Section 2.2.6.  

 For regression problem, the widely-used strategy is to minimize the root mean 

square (RMS) between the predicted label and the ground truth label (the label 

provided by the dataset): 

 
2

( ) ( )

1

1
( ) ( ) .

N
n n

n

E h y h
N 

  x  (2.6) 

 Unsupervised learning: Apart from supervised learning, the strategies of 

unsupervised learning are very diverse. Some unsupervised learning algorithms 

exploit probabilistic distribution model and find the best distribution parameters 

through maximum likelihood estimation (MLE), maximum a posterior (MAP), or a 

more complicated Bayes methods. On the other hand, algorithms without 

probability models may learn knowledge based on statistical measurement, 

quantization error, variance preserving, or entropy gap, etc.  
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2.2.5 The Optimization Criterion for Supervised Learning 

 As mentioned in Section 2.1.4, modeling and optimization are the two main factors 

of machine learning. The modeling contains the choice of hypothesis set H and the 

objective function, and optimization is performed to find the final hypothesis g in H, 

which reaches the minimum or maximum of the objective function (if necessary, within 

the user-defined number of iteration). Given a training set, there are indeed many kinds 

of models to choose. In order to avoid confusion, in this section we assume the 

hypothesis set is fixed, and what we want to do is searching g based on the selected 

objective function. In Section 2.3, we will introduce the methods to choose a model for 

the training set and problem at hand, and in Section 2.4, the types of hypothesis sets and 

their corresponding objective functions are discussed in more detailed.  

 We first focus on the hypothesis set of linear classifiers and show how the 

optimization methods interact with the choices of objective functions. The general form 

of the linear classifier for two-class classification problems (
( ) [ 1,1]ny   ) is formulated 

as below: 

 
( )( )( ) ( )
nn Th signx w x  (2.7) 

, where w is a (d+1)-dimensional vector
0 1[ , ,......, ]T

dw w ww , and
1 2[1, , ,......, ]T

dx x xx  

is the extended version of x also with (d+1) dimensions. The vector w stands for the 

classifier parameters, and the additional 1 in x is used to compute the offset of the 

classification line. Based on the goal of ERM introduced in Section 2.2.4, the objective 

function is the in-sample error term and the optimization method is used to find a linear 

classifier to minimize the objective function. Fig. 2.9 shows a linearly-separable 

training set as well as the corresponding final hypothesis g. As you can see, there are 

many hypotheses that could achieve zero error. 
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Fig. 2.9 An example of two-class classification problem using linear classfiers, where 

the training set is linearly-separable. 

 

Fig. 2.10  The objective (in-sample error rate) considering only a sample with 

( ) 1ny  based on linear classfiers. The x-axis denotes the inner product of the extended 

feature vector and the parameter vector of the linear classifier. As shown, the objective 

function is non-continuous around
( )

0
nT w x . 

 

 If we simplify (2.2) and just look at one sample without normalization, the error 

term will become: 

 ( ) ( ) ( )( ) ( ) .n n nloss g y g  x  (2.8) 

Fig. 2.10 shows this one-sample objective function for a sample with
( ) 1ny  . As can be 

seen, the fuction is non-continuous around
( )

0
nTw x and flat in the other ranges, so the 

use of differentiation-based (iterative) optimization methods is nearly out of work. For 

example, if the attained w brings
( )

0
nT w x for

( ) 1ny  at the current iteration, with zero 

gradients according to w, the optimization algorithm has no idea to adjust the current w 
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towards lower error rate. Fig. 2.11 illustrates this problem for a linear-separable training 

set. 

 Differentiation-based optimization methods are probably the most widely-used 

optimization techniques in machine learning, especially for objective functions that can 

be directly written as a function form of the traning samples and the classifier or 

regressor parameters w (not always in the vector form). The popular gradient descent, 

stochastic gradeint descent, Newton‟s method, coordinate descent, and convex 

optimization are of this optimization category. The differentiation-based methods are 

usually performed in the iterative manner, which may suffer from the local optimal 

problem. Besides, some of them cannot even reach the exact local optimal due to 

convergence concern, where slow updating and small vibration usually occur around the 

exact optimal parameters. Despite these drawbacks, the optimization category is popular 

because of its intuitive geometrical meaning and usually easy to start with by simple 

caluculus such as the Taylor‟s expansion. 

 

 

Fig. 2.11  The problem of using (2.2) as the objective function with iterative 

differentiation-based optimization methods in a linear-separable training set. Assume at 

the current iteration, the attained w and one of the desired w are shown as the black and 

the gray dotted lines, the optimization algorithm may have no idea on how to adjust w 

towards its desired quantities. 
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 The basic concerns to exploit this optimization category are the “differentiability” 

of the objective function and the “continuity” of the parameter space. The objective 

function may have some non-continuous or undifferentiable points, while it should at 

least be in a piecewise differentiable form. In addition to differentiability, we also 

expect that the fuction has non-zero gradients along the path of optimization, and the 

zero gradients only happen at the desired optimal position. As shown in Fig. 2.10, the 

in-sample error rate of linear classifiers is neither continuous nor with non-zero 

gradients along the optimization path. This non-continuous objective function may still 

be solved by some other optimization techniques such as the perceptron learning 

algorithm, the neural evolution, and the genetic algorithm, etc., while they are either 

much more complicated, require more computational time, or are only available in 

certain convergence-guarantee conditions. The objective function should not be 

confused with the classifier or regressor functions. The second term is the function for 

predicting the label of the feature vector, and the first term is the function used to find 

the optimal parameters of classifiers or regressors.  

 To make differentiation-based optimization methods available for ERM in the 

linear classifier case, we need to modify the in-sample error term into some other 

approximation functions that is (piecewise) differentiable and continuous. There are 

many choices of approximation functions (denoted as ( )appE h ), and the only constraint 

on them is made as below: 

 ( ) ( )app inE h E h  (2.9) 

, which means the in-sample error is always upper-bounded by the approximation 

function. Based on this modification, the learning goal and procedure for ERM is 

reformulated. The original learning goal aims at finding g 
which approaches the target 
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function f through minimizing ( )outE h . Because of the inaccessibility to the test and 

universal set, the learning phase turns to optimize ( )inE h with g by ERM, and 

expects g to approach g  ( *( ) ( )out outE g E g ) through the VC bound introduced in (2.4). 

Furthermore, due to the difficulty of optimizing ( )inE h , an approximation function 

( )appE h is defined to take place of ( )inE h . Trough searching g which optimizes ( )appE h  

with the constraints defined in (2.9), we expect the final hypothesis g could achieve 

low ( )inE g as well as low ( )outE g ( ( ) ( )in inE g E g  and *( ) ( )out outE g E g ). Table 1 

summarizes this important concept and relationship, and Fig. 2.12 shows several 

approximation functions as well as the algorithm names for linear classifiers against the 

in-sample error term (0/1 loss). Similar to (2.8) and Fig. 2.10, this figure denotes the 

objective function for a single sample with
( ) 1ny  , and for sample with ( ) 1ny   , the 

mirror operation is taken for these fuctions around the origin. The objective function for 

the whole training set ( ( )appE h ) is just the normalized summation of these one-sample 

functions.  

 

Fig. 2.12 Different objective functions for linear classifiers defined on a sample 

with
( ) 1ny  . The terms in parentheses are the corresponding algorithm names. 
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Table 1 The supervised learning concept from ERM to the objective functions.  

Original goal: 

Find a final hypothesis g  , which approaches the target function f 

through achieving the minimum ( )outE h . 

Given: A labeled training set train . 

Learning 

structure: 

A hypothesis set H, an objective function ( )appE h , and the 

corresponding optimization method  

Term definition: 

* arg min ( )

arg min ( )

arg min ( )

out
h

in
h

app
h

g E h

g E h

g E h







 

Modified goal: Find g which optimizes ( )appE h , and use it for further application. 

Relationship: 

(1) Small ( )appE g may brings small ( )inE g , through (2.9). 

(2) Small ( )inE g has probability relationship to achieve small 

( )outE g , through the VC bound introduced in (2.4). 

(3) We expect
*g g f  through *( ) ( )out outE g E g based on 

the above two relationships. 

 

 In addition to the linear classifiers, there are still many kinds of hypothesis sets as 

well as different objective functions and optimization techniques (as listed in Table 2) 

for supervised learning on a given training set. To be noticed, both the hypothesis set 

types and the corresponding objective functions affect the VC dimension introduced in 

(2.4) for model complexity measurement. And even based on the same hypothesis set, 

different objective functions may result in different final hypothesis g. 
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Table 2 Several hypothesis set types as well as the corresponding objective functions 

and optimization techniques. 

Hypothesis type Objective function Optimization technique 

Linear classifier 

0/1 loss 

hinge loss 

one- and two-side square error 

perceptron learning (PLA) 

convex optimization 

(stochastic) gradient descent 

Decision tree 

Gini index 

Entropy 

Divide and conquer 

Brute-force search 

Generative 

classifier 

Maximum a posterior (MAP) 

Maximum likelihood (MLE) 

(stochastic) gradient descent 

Expectation maximization (EM) 

Linear regressor 

Square error 

Square error with regularization 

Closed form (pseudo inverse) 

(stochastic) gradient descent 

 

2.2.6 The Strategies of Supervised Learning 

 In this subsection, we discuss the other supervised learning strategies, their 

learning structures and assumptions, and the comparison and relationship with the ERM 

strategy. Only the classification problem is discussed, while these strategies can be 

extended into the regression problems by considering continuous labels. 

 There are generally two strategies of classifiers, the one-shot (discriminant), and 

the two-stage (probabilistic) strategies. The one-shot (discriminant) strategy aims at 

finding a function that directly maps the feature vector to the label, which is usually 

optimized through the idea of ERM and its approximated versions. On the other hand, 

the two-stage strategy exploits probabilistic methods and can be further divided into two 

groups, the discriminative and generative models. The discriminative model tries to 

model the classifier as a conditional probability distribution (CPD) given the feature 
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vector, while the generative model utilizes an extended version, modeling the classifier 

as several CPDs given each label as well as a prior probability distribution of labels.  

 The basic idea behind the two-stage strategy is the assumption that the training set 

is coming from a probability distribution. There are many kinds of parametric 

probability models as well as semi- or non-parametric probability models, and in 

practice, the users are asked to select a model based on their knowledge and the 

trade-off between complexity and learning efficiency. During the learning phase, the 

two-stage strategy searches the parameter set of the selected probability distribution 

model which best describes the observed training set based on MAP, MLE, or even the 

Bayes methods, while the one-shot strategy tries to find a final hypothesis g from the 

hypothesis set H. Table 3 lists both the classifier modeling and the optimization criteria, 

and Fig. 2.13 illustrates the different learning structures of these two strategies. 

 Compared to the one-shot strategy which only outputs the predicted label, the 

two-stage strategy comes up with a soft decision, the probability of each label given a 

feature vector. The generative model further discovers the joint distribution between 

feature vectors and labels, and provides a unified framework for supervised, 

semi-supervised, and unsupervised learning. Although the two-stage strategy seems to 

extract more information from the training set, the strong assumption, the training 

samples come from a user-defined probability distribution model, may misleads the 

learning process if the assumption is wrong, and results in a poor model. Besides, the 

optimization of a flexible probability distribution model is usually highly complicated 

and requires much more computational time and resources. In Table 4, a general 

comparison and illustration of the one-shot and two-stage strategies is presented. In this 

chapter, we focus more on the one-shot strategy, and readers who are interested in the 

two-stage strategy can referred to several excellent published books [9][15]. To be 
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:  ( ) ( )Goal g x f x               
*:  best Goal   

(a)                                  (b) 

Fig. 2.13 The learning structures of the one-shot and two-stage strategies. (a) The 

one-shot strategy, and (b) the two-shot strategy. 

 

Table 3 The classifier modeling and optimization criteria for these two strategies. 

Classifier type Classifier modeling Optimization criterion 

One-shot 

(discriminant) 

* ( )y f x  
( ) ( )

1

1
arg min ( )

N
n n

h
n

g y h
N 

  x  

Two-stage 

(discriminative) 

* arg max ( | )
y

y P y x  * arg max ( | ; )P Y X


   

Two-stage 

(generative) 

* arg max ( | )

( | ) ( )
    arg max

( )

y

y

y P y

P y P y

P





x

x

x

 
* arg max ( , ; )P X Y


   

 

noticed, although the two strategies are different through what they are seeking during 

the learning phase, in the testing phase, both of them are measured by the classification 

error for performance evaluation. 



 

 28 

Table 4 Comparisons of the one-shot and two-stage strategies from several aspects. 

Category One-shot Two-stage 

Model Discriminant Discriminative, Generative 

Advantage 

 Fewer assumptions 

 Model: direct towards the 

classification goal  

 Optimization: direct 

towards low error rate 

 More flexible 

 More discovery power 

 Provide uncertainty 

 Domain knowledge is easily 

included 

Disadvantage No probabilistic information 

 More assumption 

 Computational complexity 

Usage Usually supervised learning Supervised and unsupervised  

Symbolic 

classifiers 

Adaboost 

support vector machines (SVM), 

multilayer perceptrons (MLP) 

Gaussian discriminant analysis, 

Hidden Markov model (HMM), 

Naïve Bayes 

 

2.3 Principles and Effects of Machine Learning 

 In previous two sections, the definition of machine learning as well as the 

optimization and categorization has been mentioned, and in this section, more practical 

issues will be introduced and discussed, especially for classification problems. At the 

beginning, the VC bound is revisited and explained in more detail, and three effects 

based on it are introduced. Then, How to select and modify a model (hypothesis set + 

objective function) for the training set and problem at hand is discussed. Three 

principles which we should keep in mind when considering a machine learning problem 

are coming later, and finally we take a fist glance on some practical issues.  
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2.3.1 The VC Bound and Generalization Error 

 The basic while probably the most important theory of ERM learning strategy is 

the VC (Vapnik–Chervonenkis) bound, where it builds a bridge between what we learn 

in the training set and how it performs in the test set. The VC bound could also be 

extended into other supervised strategies as well as unsupervised learning tasks by 

changing the two “error rates” of the training set and the test set into other quantities or 

properties we are interested in, such as the probability distribution, etc. The simplified 

VC bound is revisited as below (in the big O notation): 

 ( ) ( ) ( log ), with probability 1VC
out in

d
E g E g O N

N
     (2.10) 

, where VCd is the VC dimension used as a measure of model (hypothesis set H and 

objective function) complexity, and N is the training set size. Any combination of 

hypothesis sets and objective functions has its specific VCd , and the VC bound serves as 

an estimate on how the learned g from the selected model will perform in the test or 

universal set. The term, ( log )VCd
O N

N
, could be explained as the upper bound of the 

generalization gap between ( )inE g and ( )outE g . The details of the VC dimension are 

beyond the scope of this thesis, while we can think of it as the power of models. For 

example, nonlinear classifiers have higher VC dimension than linear classifiers because 

they could generate more flexible classification boundaries and achieve lower in-sample 

error rates. The VC bound is also called the “generalization error or performance”, 

which emphasizes more on how the learned properties perform on the test set. 

Sometimes, these two terms are just referred to the generalization gap, while in this 

thesis, we prefer the first version.  

 Given a training set (N and d fixed), the general relations between the VC 
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dimension and terms in the VC bound are formulated as follows: 

 ( )VC ind E g   (2.11) 

 ( log ) .VC
VC

d
d O N

N
   (2.12) 

From the VC bound, we know that the desired quantity to be minimized, ( )outE g , is 

dependent on both the terms in (2.11), (2.12), which means even ( )inE g is small, an 

additional term ( log )VCd
O N

N
should also be kept small to ensure a small bound of 

( )outE g . Unfortunately, by changing the elements (hypothesis sets, objective functions, 

and the optimization methods) in learning structures as well as changing VCd to reduce 

one term in the VC bound, the other term will increase, and we don‟t know 

how ( )inE g will vary. 

 In addition to VCd , which strongly depends on the selected model, ( )inE g and 

( log )VCd
O N

N
are also affected by the training set characteristics, such as N and d: 

 ( log )VCd
N O N

N
   (2.13) 

 ( log )VC
VC

d
d d O N

N
    (2.14) 

 ( )VC ind d E g    (2.15) 

, where d is the dimensionality of feature vectors. The more samples the training set 

contains, the higher credibility the properties learned from it. Besides, the feature 

dimensionality has some positive connection with the VC dimension VCd . Different 

feature dimensionalities will result in hypothesis sets with different dimensionalities or 

numbers of parameters, which indicates the change in model complexity. So when d 
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increases, ( )inE g decreases, while ( log )VCd
O N

N
will become larger. Later some 

illustrations are shown to give the readers more details. 

 

2.3.2 Three Learning Effects 

 In Table 1, based on a specific model and a given training set, the concept of 

minimizing the objective function by g in the learning process and its relation 

to ( )outE g is presented. And in this subsection, we will change the elements in the 

learning structure and see how it works on ( )outE g . Besides, the connection between the 

training set characteristics and ( )outE g will also be discussed. 

 There are three general effects based on either the VC dimension VCd or the training 

set characteristics (ex. N and d): over-fitting versus under-fitting, bias versus variance, 

and the learning curve. 

 Over-fitting versus under-fitting (fixed N): As shown in Fig. 2.14, this effect 

illustrates the relation between VCd , model complexity, ( )inE g , and ( )outE g . Given a 

training set ,  if  a too-easy model is  used for learning,  then both 

( )inE g and ( )outE g will be really high, which is called “under-fitting”. On the other 

hand, if a over-complicated model is exploited, although a really small ( )inE g could 

probably be achieved, ( )outE g will still be high due to a large ( log )VCd
O N

N
, 

which is called “over-fitting”. Based on this effect and observation, selecting a 

suitable model as well as a moderate VCd plays an important role in machine 

learning. The VC dimension VCd could be controlled by the type of hypothesis set,  
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Fig. 2.14 The under-fitting versus over-fitting effect. 

 

the objective function, and the feature dimensionality. Although the feature 

dimensionality d is given by the training set, several operations could be performed 

to reduce or increase it when feeding the training set into the learning structure 

(which will be further discussed in later sections and chapters). 

 

 Bias versus variance (fixed N): As shown in Fig. 2.15, the bias versus variance 

effect has a similar curve as the under-fitting versus over-fitting curve shown in Fig. 

2.14, while the explanation is different and it focuses more on statistics and 

regression analysis. Bias means the ability to fit the training set (the smaller the 

better), where stronger assumptions on the training set will result in a larger bias. 

For example, the bias of using linear classifiers is bigger than the bias of using 

nonlinear classifiers, because the set of nonlinear classifiers contains the set of 
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linear classifiers and seems to be more general. On the other hand, the variance 

term means the variation of the final hypotheses when different training sets 

coming from the same universal set are given. 

 Now let me take a revisiting to the Hoeffding inequality and the VC bound 

mentioned in (2.1) and (2.10). The readers may have questions why there is a 

“probability” term in these two inequalities, and the reason comes from the quality 

of the training set. The desired goal of machine learning is to find the properties of 

the universal set, while the only thing we observe during learning is the training set. 

There exists an uncertainty that how representative the training set is for the 

universal set, and the probability term stands for the chance that a poor training set 

is observed. 

 As the definitions of bias and variance go, a low bias model has strong 

abilities to fit the training set and reach low ( )inE g as mentioned in (2.2) and (2.6). 

If the training set is representative, the final hypothesis g will be really closed to 

the target function f, while if the training set is poor, g can be really dissimilar from 

f. These effects result in a large variance for a low bias model. In contrary, a high 

bias model has poor abilities to fit the training data, while the variance among the 

final hypotheses based on different training sets is small due to limited variation in 

the hypothesis sets. For statisticians and regression analysis, the balance between 

bias and variance is the key to judge the learning performance, and the relationship 

between VCd and the bias versus variance effect is illustrated in Fig. 2.15. Although 

the shape of bias and variance looks really similar to ( )inE g and ( log )VCd
O N

N
, 

there is no strong yet direct relationship among them.  

 If we focus on the learning performance at a single sample x which is not  
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Fig. 2.15 The bias versus variance effect. 

 

necessary in the training set X, and assume that the universal set is a probability 

distribution where each possible feature vector is mapped to each possible label 

through a target probability distribution ( | )f y x (frequently used in regression 

analysis), then the equation combining bias and variance can be formulated as 

below: 

 

2

2

2 2

2

2 2
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( ( ) ( ) ( ))
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x

x

x

x x x

x x x

2r( ) ( ( ) [ ( )]) var( ( ))

var( ) bias( ( )) var( ( )) 

f Xy E y E g g

y g g

  

  

x x

x x

 (2.16) 

, where fE means the expectation over the target distribution given x, and XE is the 

expectation over all possible training set (maybe poor or representative). The first  
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Fig. 2.16 The learning curve effect. 

 

term in the last row shows the intrinsic data variation coming from the target 

distribution f, and the two following terms stand for the bias and variance of the 

selected hypothesis set as well the objective function. 

 

 Learning curve (fixed VCd ): The learning curve shown in Fig. 2.16 looks very 

different from the previous two figures, and the relationship considering in this 

effect is between the VC bound and the training set size N. As mentioned earlier in 

(2.13), when N increases, ( log )VCd
O N

N
decreases, and the learning curve 

mentioned here will show how N affects ( )inE g and ( )outE g . When the data size is 

very small, a selected model has the chance to achieve extremely low ( )inE g , for 

example, if only two different 2-D features are included in the training set, then no 

matter what their labels are, linear classifiers could attain ( ) 0inE g  . While with N 
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increasing, there will be more and more training samples that the selected model 

can‟t handle and results in wrong predictions. But surprisingly, the increasing 

speed of ( )inE g is lower than the decreasing speed of generalization gap along N, 

which means increasing N generally improve the learning performance. 

 

To summarize the three effects introduced above, we found that the selection of model 

is one of the most important parts in machine learning. A suitable model not only 

reaches an acceptable ( )inE g but also limits the generalization gap as well as 

( log )VCd
O N

N
. An over-complicated model with an extremely low ( )inE g may cause 

“over-fitting” effect while a too-easy model with an extremely small ( log )VCd
O N

N
 

may result in “under-fitting” effect. These two cases both degrade the learning 

performance ( )outE g . Besides, when the model and feature dimensionality are fixed, 

increasing the size of the training set generally improves ( )outE g . Furthermore, when 

judging if a model is complicated or not for a given problem, not only VCd but also N 

should be considered. Table 5 lists these important concepts based on VC bound. 

 Now we revise the learning process to a more generalized procedure. As 

summarized in Table 1, given a fixed model with its fixed VCd , the objective function is 

minimized over the training set and the attained final hypothesis g is expected to induce 

low ( )outE g through the VC bound relationship and used for further application. And if 

there are many possible models and a fixed training set at hand, “model selection” is a 

necessary and important step during learning, which aims at searching the best model 

with the lowest generalization error. To be noticed, we cannot perform model 
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selection based on ( )inE g or ( )appE g , because now each model has its specific VCd . 

Unfortunately again, the only term we can measure during learning is ( )inE g , with the 

test set preserved and ( log )VCd
O N

N
nearly unachievable (just as the upper bound 

and VCd is usually hard to define). In fact, ( log )VCd
O N

N
often serves as a theoretical 

adjustment and is used just as a guideline in model selection. Furthermore, not only the 

VC dimension affects the performance of learning, but different hypothesis types and 

different objective functions having their specific learning properties would 

discover various aspects of knowledge and result in different performances for the 

given problem, even if they are of the same VC dimension VCd . According to these 

diversities of models, a more practical method for selecting suitable models is of high 

demand. In the next two subsections, several popular methods for generating model 

diversities and performing model selection are introduced and discussed. 

 

Table 5 Important concepts based on VC bound 

Problem Modification 

( )inE g is high 
VCd   

small ( )inE g , high ( log )VCd
O N

N
 VCd  or N   

Practical usage of VCd for a given N 

 To maintain a same ( log )VCd
O N

N
,when 

VCd increases, N also increases. 

 10 VCN d usually performs well 
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2.3.3 Feature Transform 

 Before further introduction, we expect the readers to catch the meaning, why we 

need model selection. As a matter of fact in classification, unless there is a feature 

vector mapping to more than one label in the training set, we can always find a machine 

learning structure to achieve ( ) 0inE g  , such as the well-known decision trees. While, 

with a probably uncontrolled ( log )VCd
O N

N
, there is no guarantee that this model 

could bring a low ( )outE g . 

 As mentioned in the previous subsection, given a training set, we are willing to 

find the model which could extract important knowledge, avoids over-fitting and 

under-fitting, and results in the best learning performance for the ongoing problem. 

Afore model selection, we need to know how achieve different models as well as 

different model complexities. There are generally three methods to reaches this goal: 

 Hypothesis set types and objective functions (Type I): Different hypothesis set 

types (ex. KNN, decision trees, and linear classifiers) result in different models. 

Furthermore, even in the same class such as linear classifiers, different objective 

functions (ex. square error and hinge loss) come up with different learning 

performances. 

 Model parameter (Type II): Even under the same hypothesis set type and 

objective function, there are still some free parameters to adjust the hypothesis set. 

For example, in KNN (K-nearest neighbors), different selections of K may result in 

different learning performances. The use of SVM and multi-layer perceptron also 

requires users to set some parameters before execution. Generally, these parameters 

have connections with model complexity and VCd . 
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 Feature transform (Type III): The last but not the least, changing the 

dimensionality of feature vectors will result in different VCd of the model. There are 

a bunch of methods to modify the feature vector dimensionality, and the general 

framework is formulated by basis functions: 

 1 2( ) [ ( ), ( ),......, ( )]T

d  


 x x x x  (2.17) 

, where ( ) x denotes a feature transform consist of a set of basis functions 

1{ ( )} , ( ) :
d d

j j j R R 

 x x x . For example, the 2
nd

-order (quadratic) transform 

performed on a 2-dimensional input can be modeled as: 

 2 2

2 1 2 1 1 2 2( ) [1, , , , , ]Tx x x x x x x  (2.18) 

, where the added “1” is for offset when using linear classifiers as in (2.7). Table 6 

and Table 7 list several useful feature transforms and their definitions, and as you 

can see, we can always perform feature transform before feeding feature vectors 

into the learning machine. In addition to these kinds of “geometry- or 

mathematics-driven” feature transforms, there are also “data-driven” feature 

transforms defining their basis functions form learning (ex. PCA and LDA) and 

“knowledge-driven” feature transforms based on the characteristics of problems 

(ex. DCT and DFT). We will mention these transforms in later sections and 

chapters. 

 

Based on these three methods for achieving different models as well as different model 

complexities, now we can generate several models and perform model selection to 

choose the best model among them. 
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Table 6 The definition of feature transform and its usage 

Definition 

:
ddR R  x  

1 2( ) [ ( ), ( ),......, ( )]T

d  


 x x x x  

Usage 

 

Change the dimensionality of feature vectors to result in different VCd , 

which will affect both ( )inE g and ( log )VCd
O N

N
. 

Example Linear classifier: ( ) ( )

1

( ( )) ( ( )) ( ( ))
d

n T n

i i

i

h sign sign w




    x w x x  

 

Table 7 Useful feature transforms on a 2-dimensional feature vector, which could be 

further extended in to arbitrary dimensionality 

Feature transform The transform formula 

Decision stump ( ) [1, ] ,  where 1T

S jx j d   x  

1
st
-order 1 1 2( ) [1, , ]Tx x x  

2
nd

-order (quadratic) 
2 2

2 1 2 1 1 2 2( ) [1, , , , , ]Tx x x x x x x  

3
rd

-order (cubic) 
2 2 3 2 2 3

3 1 2 1 1 2 2 1 1 2 1 2 2( ) [1, , , , , , , , , ]Tx x x x x x x x x x x x x  

 

2.3.4 Model Selection 

 Model selection is performed to find the best model which could extract important 

knowledge, avoids over-fitting and under-fitting, and results in the best learning 

performance for the ongoing problem. There are generally two popular methods toward 

this goal: regularization and validation [8]. 

 Regularization: Regularization is performed to balance ( )inE g and model 
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complexity. In the previous two subsections, VCd is defined over the hypothesis set 

and objective function for model complexity measurement. As a matter of fact, 

each hypothesis has its own hypothesis complexity and classification power. For 

example, a nonlinear hypothesis set (used in nonlinear classifiers) contains the 

linear hypothesis as a subset, which means we can also find a linear separating 

boundary (hyperplane) based on the nonlinear classifiers. From the perspective of 

machine learning, a nonlinear boundary (ex. curves or circles) has higher 

classification power, higher complexity, while higher risk of over-fitting than a line 

boundary. To search the hypothesis which minimizes inE (or
appE ) and the 

hypothesis complexity jointly, the regularization method is introduced and 

formulated as: 

 ( ) ( ) ( )obj appE h E h h   (2.19) 

, where the ( )h term is used to penalty hypothesis h with higher complexity and 

( )objE h denotes the objective function to be minimized. As introduced in Section 

2.2.4, the objective function is composed of a loss function as well as other 

pursuits, such as the penalty function ( )h , and the approximation functions 

introduced in Section 2.2.5 are indeed loss functions because they are defined for 

measuring classification error of the training set. In fact, regularization searches the 

best hypothesis insides a hypothesis set, not among several hypothesis sets. Several 

widely used penalty functions and the corresponding objective functions are list in 

Table 8, where is the model parameter (Type II defined in 2.3.3) used to balance 

classification error of the training set and the penalty term. The reason why 

“objective function could affect model complexity as well as VCd “ is because the 

penalty function introduced inside has abilities to control them. 
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Table 8 Several widely used penalty functions in machine learning 

Penalty function name The formula 

Hard limitation ( 0L ) 
( ) ( ) 0obj app i

i

E h E h w    

1L minimization 
( ) ( )obj app i

i

E h E h w    

2L minimization 
21

( ) ( )
2

obj app i

i

E h E h w    

 

 Validation:  

 In contrast to regularization, validation does select model from different hypothesis 

sets and different objective functions. Indeed, we can view a hypothesis set with 

different model parameter as different models in validation. The validation exploits 

the idea of finding the best model based on ( )outE g , where the training set is separated 

into a “base set” and a “validation set” (The base set contains N-K samples and the 

validation set contains K samples). During learning, each model is only trained on the 

base set to find its final hypothesis g, and these fixed final hypotheses are further tested 

on the validation set. The model with the best g (achieving the lowest classification 

error ( )ValE g ) is selected as the winner model for the ongoing problem and expected to 

perform well on unseen data. Table 9 describes this procedure in more detailed. There 

are generally four kinds of validation strategies: One shot validation, multi-shot 

validation, cross validation (CV), and leave-one-out (LOO) validation, as listed in 

Table 10. Besides the LOO and the cross validation, the other two strategies 

have" (10% ~ 40%) "K N  in practice. The availability of validation is based on some 

theoretical proofs, which is beyond the scope of this thesis. In recent pattern recognition 

researches, validation is the most popular methods for performance comparison. 
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Table 9 The general validation procedure in practice 

Before 

learning 

(1) M different models:
1{ , }M

m m mH A 
 

(2) A training set: train base val   

(3) ( ) ( , )m

obj baseE is the objective function of model m measured on base  

(4) ( )ValE is the classification error measured on val  

Training 

for 1:m M  

    find ( )arg min ( , )
m

m

m obj m base
h

g E h  

end 

Validation Find the model l that arg min ( )Val m
m

l E g  

Retrain find ( )arg min ( , )
l

l

l obj l train
h

g E h , and used it for prediction 

 

Table 10 Different kinds of validation strategies 

Validation type The formula 

One-shot As mentioned in Table 9 

Multi-shot 

for 1:v V  

(1) randomly generate base and val  

(2) perform the training step as in Table 9 

(3) record ( , )Val mE g v , where ( , )Val mE g v defines the validation 

error of model m in round v 

end 

Find the model l that, 
1

1
arg min ( , )

V

Val m
m

v

l E g v
V 

  , then retrain 
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Cross 

Uniformly cut train into V folds (3 10V  in practice, a 5-fold 

CV is also called a 4-1 fold CV) 

for 1:v V  

(1) Use the fold v as the validation set and the others as the 

base set 

(2) perform steps 2 and 3 in the for loop of the multi-shot 

validation 

end 

Find the model l that, 
1

1
arg min ( , )

V

Val m
m

v

l E g v
V 

  , then retrain 

Leave-one-out 

for 1:n N  

(1) Use sample n as the validation set and the others N-1 

samples as the base set 

(2) perform steps 2 and 3 in the for loop of the multi-shot 

validation 

end 

Find the model l that, 
1

1
arg min ( , )

N

Val m
m

n

l E g n
N 

  , then retrain 

 

2.3.5 Three Learning Principles 

 From the previous two subsections, how to generate several models and select the 

best one among them are discussed, and in this subsection, three principles that the 

machine learning users should keep in mind in order to prevent poor performance are 

introduced: 

 Occam’s razor: The simplest model that fits the data is also the most plausible, 
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which means if two models could achieve the same expected ( )inE g , then the 

simpler one is the suitable model.  

 Sampling bias: If the sampling data is sampled in a biased way, then learning will 

produce a similarly biased outcome. For example, if an examination of “how 

Internet affects your life?” is performed on-line, the statistical result has risk to 

over-estimate the goodness of Internet because people who don‟t like to use 

Internet are likely to miss this test. 

 Data snooping: If a data set has affected any step in the learning process, it cannot 

be fully trusted in assessing the outcome. During learning, the hypothesis g which 

best fits the training data through minimizing the objective function is selected, and 

during testing, we test how this learned hypothesis could be generalized in the test 

data. The reason why there exists a generalization gap is because the learned 

hypothesis g is biased by and may over-fit to the training data. But if a data set 

both affects the learning and test phase, we cannot correctly detect the 

generalization gap and will over-estimate the performance of the model. 

 

2.3.6 Practical Usage: A First Glance 

 In this subsection, we take a first glance on some issues in practical usage, 

especially for dataset processing. As mentioned in the before sections, we make no 

assumption if the training data is sampled from the universal set with or without noise, 

while in practical case, noise can be easily generated during the data acquisition process. 

When facing noisy data, some preprocessing steps such as noise reduction and outlier 

deletion are required to perform [16], and these steps are often designed according to 

the domain knowledge. Besides, the regularization process is experimented to find a 
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suitable final hypothesis g in noisy data which has better generalization performance 

than just minimizing the loss function. The reason is that a more complicated hypothesis 

or model has higher ability to fit not only the training data but also the noise, so a 

penalty term on the hypothesis complexity could guide the learning algorithm to find 

the final hypothesis g with less possibility to over-fit the noise. 

 Another frequently faced problem is the missing of data [17], which means each 

d-dimensional feature vector in both training and test set may have several elements lost. 

This problem generally occurs in data collection process, especially when data comes 

from questionnaire or survey where people may ignore some questions they don‟t want 

to answer. Some machine learning techniques are capable of dealing with this problem, 

for example, decision tree usually generates braches based on one feature element, so 

elements with missing values are prevented to be used when building a decision tree. 

Probabilistic graphical models [15] (a framework for generative models) can also 

handle this problem by viewing missing elements as unobserved values and perform 

learning and inference through marginalization over these elements. 

 For machine learning techniques which cannot work with missing data, data 

imputation [17] is necessary as a preprocessing step. Data imputation is to fill in these 

missing elements with values, and there are some simple methods such as filling in 

values with element means over the whole training set, finding the nearest neighbor in 

the training set then fill in the missing elements with the corresponding values in this 

neighbor, and replacing missing elements with random values according to the 

distribution of these elements. In the missing data survey proposed by J. Schafer et al. 

[17], maximum likelihood (ML) and Bayesian multiple imputation (MI) are two highly 

recommended techniques towards this problem. 

 In recent machine learning competition such as KDD Cup 2009 [18], the provided 
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data commonly contains high noise and a large portion of missing values. For extended 

understanding, the readers could referred to papers of KDD Cup 2009 [19][20][21]. 

 

2.4 Techniques of Supervised Learning 

 The previous two sections see machine learning as a tool or a concept and discuss 

its categorization, basic ideas, effects, and some practical aspects, and from this section 

on, we start to introduce machine learning techniques, including supervised and 

unsupervised learning. Categorization will be defined for each learning task, and some 

outstanding or widely-used techniques are described in more details.  

 In this section, we focus on supervised learning. The overview and categorization 

are provided in Section 2.4.1, and later the linear models is described in more detailed 

in Section 2.4.2. In Section 2.4.3, a broad summary and conclusion is given. 

 

2.4.1 Supervised Learning Overview 

 In this thesis, four categories of supervised learning based on different hypothesis 

set types are considered, including linear models, non-parametric models, non- 

metric models and parametric models. This categorization method is also used in the 

book chapters of [8], while the order is permuted in this section. The aggregation 

method which aims at combining several models together can further improve the 

learning performance and has been widely applied in machine learning contests. To be 

noticed, many hypothesis types can handle both classification and regression problems, 

so we don‟t separate these two tasks into two sections. The categorization strategy is 

described as below, and Table 11 lists the categorization as well as some important 

techniques of each category: 
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 Linear model: The classifier which can be formulated as: 

 
( )( )( ) ( )
nn Th signx w x , or (2.20) 

 ( ) ( )

1

( ( )) ( ( )) ( ( ))
d

n T n

i i

i

h sign sign w




    x w x x  (2.21) 

or built on blocks of these forms is categorized as a linear classifier, where w is a 

(d+1)-dimensional parameter vector
0 1[ , ,......, ]T

dw w ww ,
1 2[1, , ,......, ]T

dx x xx is 

the extended version of x also with (d+1) dimensions, and ( ) x stands for a feature 

transform consist of a set of basis functions 1{ ( )} , ( ) :
d d

j j j R R 

 x x x . For 

regression problems, the (.)sign function is replaced by other continuous functions. 

 Parametric model: For clear description of the four categories, the parametric 

model is introduced before the other two methods. A model is called “parametric” 

as it is built on well-defined probabilistic distribution model, which means when 

the parameters of the distribution model is learned from the training set, we could 

discard the training set and only reserve these parameters for testing and prediction. 

Generally speaking, when the type of probabilistic model is set, no matter how 

many samples are in the training set, if the number of parameters (values the model 

needs to remember) doesn‟t change, then the model is called a parametric model. 

 Non-parametric model: The non-parametric model is also built on the idea of 

probability. While compared to the parametric model, it makes no assumption on 

the density or distribution type of the training and universal set, but assumes that 

similar feature vectors have similar labels. Based on this idea, for a new coming 

feature sample, the model finds the similar feature samples (instances) in the 

training set using a suitable measure and interpolates from them to determine the 

final output label. In fact, there is nearly no learning process for non-parametric 
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learning, and all the training set are preserved for prediction purpose, which means 

the number of values the model needs to remember depends on the number of 

training samples. Non-parametric model is also called instance-based, memory- 

based, or lazy learning method. 

 Non-metric model: For the previous three categories, each element of feature 

vector is assumed to contain comparable information, for example, 10 is closer to 8 

than to 2. While suppose a supervised learning problem involves nominal data, 

where features are discrete and without any natural notion of similarity metric or 

even ordering, the previous three methods might be out of function. For example, 

if a feature contains three kinds of possibilities, red, blue, and green, then there is 

merely no clear notion of similarity among them. For this nominal case, the 

non-metric model is a suitable choice for learning, which can depend or not 

depends on the feature metric to build the model.  

 

 Readers might also have questions on what the relationship between the one-shot / 

two-stage strategies mentioned in Section 2.2.6 and the four categories defined in this 

section is. In 2.2.6, we discussed about what information a classifier (regressor) can 

provide as well as the optimization criteria during learning, while in this section, these 

four categories are defined based on their basic ideas on the hypothesis set types. Indeed, 

a linear classifier which is usually categorized as a one-shot method can also be 

modified into a probabilistic version based on some probabilistic model assumption, 

which means each category in this section may contains both one-shot and two-shot 

classifiers (regressors). As a consequence, the one-shot and two-shot strategies are not 

explicitly mentioned in this section. 
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Table 11 Overview and categorization of supervised learning techniques 

Category Important methods 

Linear model 

Perceptron, Logistic regression, Multi-layer perceptron(MLP), 

Support vector machine (SVM), Linear regressor, Rigid 

regression, Support vector regression (SVR) 

Non-parametric 

model 

K-nearest neighbors, Kernel regression, Kernel density 

estimation, Local regression 

Non-metric model Classification and regression tree (CART), decision tree 

Parametric model 

Naïve Bayes, Gaussian discriminant analysis (GDA), Hidden 

Markov models (HMM), Probabilistic graphical models 

Aggregation 

method 

Bagging (bootstrap + aggregation), Adaboost, Random forest 

 

2.4.2 Linear Model (Numerical Functions) 

 As described in the previous subsection, a linear model could be characterized by 

the parametric vector w. And from Section 2.2.4 and 2.2.5, we have known that the 

original objective function for ERM learning strategy is to minimize the in-sample error 

of classification. Because it is a non-continuous function, several approximated loss 

functions are proposed to simplify the optimization procedure. In this subsection, we 

describe these approximated loss functions in more detailed and provide either 

pseudocode or useful toolbox of each method, including perceptron learning algorithm 

(PLA), Adaline, support vector machine (SVM). On the other hand, for regression 

problem, the most widely-used idea is the mean square error (MSE), and three popular 

regressors, linear regression, rigid regression, and support vector regression (SVR) are 

introduced. For convenience, the notation in (2.20) is preferred. Besides, in the 
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classification case, only the two-class problem ( ( ) [ 1,1]ny   ) is discussed, and its 

extension to multi-class will be introduced at the end of this subsection. 

 

2.4.2.1  Perceptron Learning Algorithm (PLA) - Classification 

 Given a two-class training set, the perceptron learning algorithm (PLA) directly 

seeks w that results in zero in-sample error without any approximation function. This 

algorithm is iteratively updating the parameter vector until zero in-sample error is 

achieved, and the pseudocode is provided in Table 12. 

 

Table 12  The perceptron learning  

Presetting: 

 Training set: ( )

1{ }n d N

nX R  x , ( )

1{ }n N

nY y R   , ( ) [ 1,1]ny    

 The loss function of each training sample is 
( )( ) ( )
nn Ty sign w x  

 Preset (1)w , usually assume (d+1)-dimensional zero vector. 

 ( 1)th w
is the hypothesis with parameter vector ( 1)t w  

Learning: 

( )( ) ( ) ( ) ( )

( )

( )( )

( 1)

( 1)

for 1:

        randomly pick a { , } where ( ) ( ( ) )

        ( 1) ( )

        if ( ) 0

                ,  break

        end

end

nn n n T n

t

nn

in t

t

t

y h sign t y

t t y

E h

g h





 

 

  





w

w

w

x x w x

w w x

 

  

If the training set is linear separable, this algorithm is proved to reach a w with zero 
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in-sample error in limited iterations, while for non-linear-separable cases, PLA won‟t 

converge and the updated hypothesis has no guarantee to reach lower in-sample error 

than the previous hypotheses. To solve this problem, a modified PLA algorithm called 

the pocket algorithm is proposed and summarized in Table 13. 

 

Table 13 The pocket algorithm 

Presetting: 

 The presetting of PLA in Table 12 is included 

 The maximum number of iterations T 

 A buffer * (1)w w  

Learning: 

*

*

( )( ) ( ) ( ) ( )

( )

( )( )

( 1)

*

for 1:

        randomly pick a { , } where ( ) ( ( ) )

        ( 1) ( )

        if ( ) ( )

                ( 1)

        end

        if ( ) 0

nn n n T n

t

nn

in t in

in

t T

y h sign t y

t t y

E h E h

t

E h





 

  



 



w

w w

w

x x w x

w w x

w w

*

 or 

                ,  break

        end

end

t T

g h




w

 

 

The pocket algorithm can find the best hypothesis which reaches the minimum 

in-sample error in T iterations, while for a non-linear-separable training set, there is no 

guarantee that within how large T a plausibly low in-sample error could be achieved. 

Besides, because linear classifiers can only generate linear classification boundaries, the 

pocket algorithm still cannot solve non-linear-separable training set very well, 
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especially when the class boundary of the training set is far away from a line. To solve 

this problem, we show in the next subsection that performing feature transform can 

make the linear classifier available for non-linear boundary cases. 

 

2.4.2.2  From Linear to Nonlinear 

 As mentioned in Section 2.3.3, the feature transform shown as below can change 

the input dimensionality d into d : 

 1 2( ) [ ( ), ( ),......, ( )] .T

d  


 x x x x  (2.22) 

Based on this transformed feature vectors, a linear classifier with d -dimensional 

parameter vector w can be trained using the same learning algorithm. The feature 

transform provides the ability that a non-linear-separable training set in the original 

d-dimensional feature space may become a linear-separable training set in the 

transformed d -dimensional feature space. Then, a linear classifier trained in the 

transformed feature space could find the perfect separating boundary. In Fig. 2.17, a 

training set that can be separated by a circle 2 2

1 2 1x x  is presented. If the linear 

classifier is performed without feature transform, the achieved final hypothesis 

1 2( 0)sign x x  (gray dotted line) seems far away from the separating boundary. Now 

with the 2
nd

-order feature transform introduced in Table 7: 

 2 2

2 1 2 1 1 2 2( ) [1, , , , , ]Tx x x x x x x  (2.23) 

, the final hypothesis with  1 0 0 -1 0 -1=w (black dotted line) could be achieved by 

PLA, which reaches zero in-sample error. 

 The feature transform does bring linear classifiers into nonlinear-separable cases, 
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Fig. 2.17 A non-linear separable training set which could be separated by a linear 

classifier with feature transform. The gray dotted line is the achieved classifier with no 

feature transform (1
st
-order), while the black dotted line is the one with the 2

nd
-order 

feature transform. 

 

while what feature transform should be used is yet a problem. A higher-order feature 

transform has a bigger chance to achieve linear-separable boundary, while it may cause 

over-fitting problem. On the other hand, if the transformed training set is still not 

linear-separable, the pocket algorithm has no guarantee to achieve a plausibly low 

in-sample error in T iterations because the updating rule of PLA doesn‟t ensure 

monotonic decreasing of in-sample error. In order to speed-up the learning of linear 

classifiers and confirm its stability, modification on the non-continuous objective 

function to make other optimization methods available is required. 

 

2.4.2.3  Adaptive Perceptron Learning Algorithm- Classification 

  From this subsection on, several approximated loss functions as well as their 

optimization procedures and methods will be introduced. The first approximated loss 

function is a variant of the so-called Adaline (Adaptive linear neuron) algorithm for 
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perceptron learning. The loss function of each sample is modified as: 

 

( ) ( )( ) 2 ( )
( ) ( ) ,  if ( ) 1

( )
0,  otherwise

n nn T n T
n y y

loss h
  

 


w

w x w x
 (2.24) 

, which is continuous and differential at any w with a given data pair, so differentiation- 

based optimization methods are available now. Adaline uses stochastic gradient descent 

(SGD) to search the best hypothesis which minimizes the objective function (without 

any penalty term). In Table 14, the pseudocode of Adaline algorithm is presented, and in 

Table 15 and , both the Adaline algorithm and SGD are described in detailed.  

 

Table 14 The Adaline algorithm 

Presetting: 

 Training set: ( )

1{ }n d N

nX R  x , ( )

1{ }n N

nY y R   , ( ) [ 1,1]ny    

 The loss function of a sample is shown in (2.24), and the objective function of the 

training set is defined as:
( ) ( )( ) 2 ( )

1

1
( ) ( ) ( ) 1

N
n nn T n T

app

n

E h y y
N 

  w w x w x  

 Preset (1)w , usually assume (d+1)-dimensional zero vector. 

 The maximum number of iterations T 

 Preset the learning step , ex. 0.01   

Learning: 

( ) ( )

( )( )

( ) ( )( )

( 1)

for 1:

        randomly pick a { , }

        if ( ( ) ) 1

                ( 1) ( ) ( ( ) )

        end

end

n n

nn T

n nn T

T

t T

y

y t

t t y t

g h









   

 w

x

w x

w w w x x  
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Table 15 Concept of gradient descent 

Presetting: 

 Assume a function ( )E w is to be minimized, w is k-dimensional 

 * arg( ( ) 0)E  w w is a solution while sometimes hard to compute due to 

coupling across parameters and a large summation caused by the training set size. 

 Assume now we are at 0w w , and we want to take a small modificationw , 

which makes 0 0( ) ( )E E w + w w , then Taylor‟s expansion can be applied.  

Taylor’s expansion: 

20
0 0 0

0 0 0 0

1

"( )
scalar : ( ) ( ) '( ) . .  (high order terms)

2!

1
vector : ( ) ( ) ( ) ( ) . .

2!

( )

               , where ( ) is the Jacobian matrix: ( ) ( )     

T T

E w
w E w w E w E w w w H O T

E E J H H O T

E

w

J J E

      

       





  



+

w w + w w w w w w w

w

w w w

2 2

1 1 1

2

2 2

1

( )

( ) ( )

               , and ( ) is the Hessian matrix: ( ) ( )

( ) ( )

In machine learning, the H.O.T is often discard

k

k

k k k

E

w

E E

w w w w

H H E

E E

w w w w

 
 
 
 
 
 
  

  
 
   

 
   
 
  
     

w

w w

w w w

w w

ed.

 

Concepts of gradient descent: 

0 0 0

*

0 0 0

* 0
0

0

* *

0 0 0

keep the first two terms: ( ) ( ) ( )

arg min ( ) arg min ( ) ( )

( )
( ),   is set as a small constant for convenience

( )

( ) ( ) ( ) (

E E E

E E E

E
E

E

E E E E

 

  



   

   

     


     



       

w w

w + w w w w

w w + w w w w

w
w w

w

w + w w w w
2

0

( ) ( )

0 0 0

)

( )new old E  

w

w w w

 



 

 57 

Table 16 gradient descent and stochastic gradient descent 

Presetting: 

 Assume a function ( )

1

1
( ) ( )

N
n

n

E loss
N 

 w w is to be minimized. 

 Preset (1)w , usually assume (d+1)-dimensional zero vector. 

 The maximum number of iterations T 

 Preset the learning step , ex. 0.01   

Algorithm of gradient descent (GD): 

( )

1

for 1:

        ( 1) ( ) ( ( )) ( ) ( ( ))

end

( 1)

N
n

n

t T

t t E t t loss t

g T

 




      

 

w w w w w

w

 

Algorithm of stochastic gradient descent (SGD): 

*

( ) ( )

1

*

( )

( 1)

1
( ) ( ) [ ( )]

for 1:

        randomly choose a 

        ( 1) ( ) ( ( ))

end

N
n n

n

n

T

E loss E loss
N

t T

n

t t loss t

g h







 



   





w

w w w

w w w

 

 

 From these tables, the mechanism of using gradient descent for optimization is 

presented. There are several adjustable items of gradient descent algorithm, such as the 

learning step and the number of iterations T. The learning step should be kept small to 

fit the requirement of Taylor‟s expansion. A too small learning step takes more number 

of iterations towards convergence. On the other hand, a large learning step may spend 

less number of iterations to converge, while it has chances to diverge out or reach a 
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wrong solution. The number of iterations can be defined before or during learning, 

where the modification between ( 1)t w and ( )tw is used as a measure of convergence, 

and generally, SGD takes more iteration than GD towards convergence. 

 GD, SGD, and * arg( ( ) 0)E  w w are searching for the “local minima" of ( )E w , 

which means the achieved final hypothesis g may not actually minimizes the objective 

function. While if ( )E w is a convex function of w , then any local minima of ( )E w is 

exactly the global minima of ( )E w . The definition of convexity can be referred to the 

textbook written by S. Boyd et al. [22]. In fact, the stochastic gradient descent can‟t 

even achieve the local minima, but vibrates around it after a number of iterations. 

 Adaline provides a much stable learning algorithm than PLA. Although the 

function minimized by Adaline is just an approximated loss function, not directly the 

in-sample error of the ERM strategy, the in-sample error resulting from the final 

hypothesis g is usually not far away from the minimum value. 

 

2.4.2.4 Linear Regressor-Regression 

 As mentioned in 2.4.1, the linear model for classification can also be used for 

regression by replacing the binary (.)sign function in (2.20) and (2.21) into some 

continuous functions, and the simplest choice is the identity function ( )f x x . By doing 

so, the linear regressor is formulized as: 

 
( )( )( ) .
nn Th x w x  (2.25) 

After achieving the regression model, we also need to define the objective function and 

optimization method for training. As mentioned in 2.2.4, the most widely-used criterion 

for regression is to minimize the root mean square error (RMSE): 
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22 ( )( ) ( ) ( )

1 1

1 1
( ) ( ) .

N N
nn n n T

n n

E h y h y
N N 

    x w x  (2.26) 

This equation is definitely continuous and differentiable, so gradient descent or 

stochastic gradient descent can be applied for optimization. Furthermore, because 

2
( )( ) nn Ty w x is a convex function on w and the positive weighted summation of a set 

of convex functions is still convex [22], the final solution provided by gradient descent 

is a global minimum solution (or very close to the global minima due to the iteration 

limitation). 

 Besides applying the general differentiation optimization methods, there exists a 

closed form solution for linear regressors with the RMSE criterion. This closed form 

solution is quite general, which can be applied not only for linear regressors but also for 

many optimization problems with the RMSE criterion. In Table 17, we summarize this 

formulation. To be noticed, for linear regressors with other kinds of objective functions, 

this closed form solution may not exist. To get more understanding on linear regression 

and other kinds of objective functions, the textbook [16] is recommended. 

 

Table 17 The closed form solution for linear regression with the RMSE criterion 

Presetting: 

 A function
22 ( )( ) ( ) ( )

1 1

1 1
( ) ( )

N N
nn n n T

n n

E h y h y
N N 

    x w x is to be minimized. 

 * arg( ( ) 0)E h  ww is the global optimal solution. 

Closed form solution and its justification: 
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 * *2 2( ) 0  ( ) ,  where  is 
T T TT TXY X X X X XY X X d d     w w  

 If
T

X X is nonsingular (when N d , it is usually the case), * 1( ) .
T TX X XYw  

 If
T

X X is singular, other treatments like pseudo-inverse or SVD can be applied. 

 

2.4.2.5 Rigid Regression-Regression 

 Linear regressors with the RMSE criterion directly minimize the in-sample RMSE. 

While in some situations such as high noise in the data or a small sample size, they may 

suffer from over-fitting and result in poor out-of-sample performances. To deal with this 

problem, the concept of regularization introduced in Section 2.3.4 can be applied. In 

general, linear regression with 1L regularization is called Lasso regression [16], and 

linear regression with 2L regularization is called rigid regression. Lasso regression has 

the property to find a sparse *
w and can be optimized through linear programming, while 

in this subsection we mainly focus on rigid regression. 

 The formulation of rigid regression is as follows: 

 
2 2( )( )

1

1 1
( )

2

N
nn T

i

n i

E h y w
N




   w x  (2.27) 

, where is a tradeoff term between the loss function and the penalty function. The 

penalty term penalizes w with large components, and the algorithm of rigid regression is 

summarized in Table 18. 
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Table 18 The rigid regression algorithm 

Presetting: 

 A function
2 2( )( )
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1 1
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N
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   w x is to be minimized. 

 * arg( ( ) 0)E h  ww is the global optimal solution. 

Closed form solution and its justification: 
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1

* T TX X I XY


 w  

 

2.4.2.6 Support Vector Machine (SVM) and Regression (SVR) 

 Support vector machine (SVM) which combines the 2L regularized term as well as 

the hinge loss function has attracts a significant amount of attention during the past ten 

years. In many classification and recognition problems, SVM now become the baseline 

for performance comparison. From the geometrical perspective, SVM tends to find the 

separating hyperplane that has the largest margin to the nearest positive and negative 

samples, which gives a unique final hypothesis against the traditional perceptron 

learning algorithm. And from the theoretical perspective, SVM searches the final 

hypothesis in a much smaller hypothesis set due to the regularized term. With the help 

of feature transform, SVM can achieve a nonlinear separating hyperplane. 
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 The original form of SVM aims at finding a separating hyperplane that not only 

achieve zero in-sample error but also results in the largest margin, which is usually 

called the hard-margin SVM. While the error-free constraint often results in a much 

complicated hyperplane and may over-fit the training data, especially when noise occurs. 

To deal with this problem, slack variables are introduced to release the error-free 

constraint. This modification results in a more complicated objective function of SVM, 

but bring a smoother separating hyperplane and makes the training of SVM more robust 

to outliers and noise. This type of SVM is usually called the soft-margin SVM.  

 The objective function of SVM can be modeled as a quadratic programming 

problem or a constraint quadratic problem (primal form), where the computational time 

is based on the number of features. So when the feature transform is performed, SVM 

takes more time for training. While with the dual modification, SVM can be modeled as 

another constraint quadratic problem whose computational time is based on the number 

of samples, and the feature transform can be embedded in a more efficient form called 

the kernel trick. Through the dual modification and kernel trick, complicated feature 

transforms can be performed on SVM while the computational time won‟t increase 

explicitly. In addition, with the large margin concept (regularized term), SVM has lower 

risk to suffer from over-fitting even with a complicated feature transform. 

 The idea of kernel trick, large margin, and dual modification can be extended to 

other problems, such as regression and density estimation. The support vector 

regression (SVR) which combines the 2L regularized term and the 1L loss function (also 

called -sensitive loss function) is a successive example. The LIBSVM [23] developed 

by C. Chang and C. Lin which exploits sequential minimal optimization (SMO) [24][25] 

for fast optimization is an efficient and easily-used toolbox for SVM and SVR training, 

and can be downloaded freely for academic usage.  
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2.4.2.7 Extension to Multi-Class Problem 

 In previous subsections, linear classifiers are defined only for binary classification 

problems. And in this subsection, we introduce two methods to extend binary classifiers 

into multi-class classifiers: one-versus-one (OVO) and one-versus-all (OVA) [26]. 

 One-versus-one (OVO): Assume that there are totally c classes. OVO builds a 

binary classifier for each pair of classes, which means totally ( 1) / 2c c binary 

classifiers are built. When given an input sample x, each classifier predicts a 

possible class label, and the final predicted label is the one with the most votes 

among all ( 1) / 2c c classifiers. 

 One-versus-all (OVA): OVA build a binary classifier for each class (positive) 

against all other classes (negative), which means totally c binary classifiers are 

built. When given an input sample x, the class label corresponded to the classifier 

which gives a positive decision on x is selected as the final predicted label. 

 

 In general, the OVA method suffers from two problems. The first problem is that 

there may be more than one positive class or no positive class, and the second one is the 

unbalance problem. The unbalance problem means the number of positive training 

samples is either much larger or smaller than the number of negative training samples. 

In this condition, the trained classifier will tend to always predict the class with more 

training samples and lead to poor performances for unseen samples. For example, if 

there are 100 positive training samples and 9900 negative samples, always predicting 

the negative class could simply results in a 0.01 in-sample error. Although the OVO 

method doesn‟t suffer from these problems, it needs to build more binary classifiers 

( ( 1) / 2c times more) than the OVA method, which is of highly computational cost 



 

 64 

especially when c is large. 

 There are also other methods to extend binary linear classifiers into multi-class 

linear classifiers, either based on a similar concept of OVO and OVA or from theoretical 

modifications. And for non-metric, non-parametric, and parametric models, multi-class 

classifiers are usually embedded in the basic formulation without extra modifications. 

 

2.4.3 Conclusion and Summary 

 In this section, we give an overview of supervised learning techniques. Generally, 

supervised learning techniques can be categorized into linear models, parametric models, 

nonparametric models, and non-metric models, and the aggregation methods that 

combine several classifiers or regressors together usually improve the learning 

performance. The linear model is probably the most fundamental while powerful 

supervised learning technique, and several techniques as well as their optimization 

methods are introduced and listed in this section. At the end, two simple treatments to 

extend binary classifiers into multi-class classifiers are presented. 

 

2.5 Techniques of Unsupervised Learning 

 In this section, we briefly introduce the techniques of unsupervised learning and its 

categorization. Compared to supervised learning, unsupervised learning only gets the 

feature set, not the label set. As mentioned in Section 2.2.2, the main goal of 

unsupervised learning can be categorized into clustering, probability density estimation, 

and dimensionality reduction. And in Table 19, several important techniques for each 

category as well as the important references are listed for further studying. The 

dimensionality reduction category will be introduced in more detail in Chapter 3. 
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Table 19 The category and important techniques for unsupervised learning 

Category Techniques Reference 

Clustering 

K-means clustering 

Spectral clustering 

[8] 

[27][28] 

Density Estimation 

Gaussian mixture model (GMM) 

Graphical models 

[9] 

[9][15] 

Dimensionality reduction 

Principal component analysis (PCA) 

Factor analysis 

[8] 

[8] 

 

2.6 Practical Usage: Pattern Recognition 

 There are many applications of machine learning, such as economic, information 

retrieval, data mining, and pattern recognition. In this section, we briefly introduce the 

framework of pattern recognition and discuss how machine learning techniques can be 

applied in this framework. 

 The general framework of pattern recognition is presented in Fig. 2.18. Given a set 

of observations or raw data, the first step of pattern recognition is to extract important 

features from these observations, either based on domain knowledge or data-driven 

knowledge. This step not only discards irrelevant information for recognition, but also 

reshapes these observations into a unified form (ex. vector or matrix). After the feature 

extraction step, the next step of pattern recognition is to build a classifier or recognizer 

that can perform class prediction or detection based on extracted features. Now when a 

new observation (query) is acquired, the pre-defined feature extraction step and 

classifier are performed to predict the corresponding class label or event occurrence. 
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Fig. 2.18 The general framework of pattern recognition. 

 

 In this framework, machine learning techniques can be applied in both the two 

steps. For example, in the feature extraction step, the techniques introduced in Chapter 3 

can be applied to extract relevant features and reduce the dimensionality of raw data. 

And in the second step, the supervised learning techniques introduced in Section 2.4 can 

be directly used for classifier training. 

 However, when applying machine learning techniques in pattern recognition, some 

issues should be considered. At first, the observations or raw data often contain high 

noise and high dimensionality, which can degrade the overall learning performance and 

result in over-fitting. Second, the form of raw data may not be in the vector form. For 

example, images are in the form of 2D matrices, and videos are 3D matrices. These 

types of data have their intrinsic data structures (spatial and temporal relationship), so 

how to transfer them into the standard form of machine learning while maintaining the 

intrinsic structures is a key issue in pattern recognition. In general, when doing pattern 

recognition researches, both the domain knowledge and the theory of machine learning 

should be considered to achieve better recognition performance. 
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2.7 Conclusion 

 In this chapter, a broad overview of machine learning containing both theoretical 

and practical aspects is presented. Machine learning is generally composed of modeling 

(hypothesis set + objective function) and optimization, and the necessary part to 

perform machine learning is a suitable dataset for knowledge learning. For the 

theoretical aspect, we introduce the basic idea, categorization, structure, and criteria of 

machine learning. And for the practical aspect, several principles and techniques of both 

unsupervised and supervised learning are presented in this chapter. In the following 

chapters, we will focus on a specific topic of machine learning called dimensionality 

reduction and show more applications that are accomplished through machine learning 

techniques. 
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Chapter 3 Dimensionality Reduction 

 

 In pattern recognition, data mining, and other kinds of data analysis applications, 

we often face high dimensional data. For example, in face recognition, the size of a 

training image patch is usually larger than 60 60 , which corresponds to a vector with 

more than 3600 dimensions. Although as introduced in Section 2.6, feature extraction 

based on the domain knowledge can be performed to explore more important 

information from the face patch and may result in a lower dimensional vector, usually 

the remaining dimensionality is still too high for learning. And for training data without 

explicit background or meaning, where domain knowledge cannot directly be performed, 

data-driven techniques for reducing the dimensionality of features are of high demand. 

 In recent face-related research topics, especially for face recognition and facial age 

estimation, dimensionality reduction (DR) plays a tremendous important role not only 

because features of these two topics are hard to define and usually of really high 

dimensionality, but also because they are both multi-class problems. For face 

recognition, there may be more than a hundred of people in the database and each 

person has no more than a dozen of images, which results in a multi-class classification 

problem with limited training set. As introduced in Section 2.3, the feature 

dimensionality does affect the VC dimension, and under the condition of limited 

training data, the feature dimensionality should also be carefully considered in order to 

maintain generalization performance. For facial age estimation, each possible age could 

be seen as a class, so usually the problem is of over 60 classes, which also requires 

limited feature dimensionality to avoid over-fitting. Outstanding face recognition 

techniques such as eigenfaces [1], fisherfaces [2], Laplacianfaces [29], and face 
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recognition based on independent component analysis (ICA) [30] exploit different kinds 

of dimensionality reduction methods to directly reduce the dimensionality of face 

patches. DR also widely used in facial age estimation. For example, the active 

appearance models (AAM) used in [31][32][33] is indeed a data-driven DR model, and 

the aging manifold proposed by Y. Fu [34][35] exploits nonlinear DR methods [36][37] 

to extract features from face patches. Because DR is so important in face-related topics, 

we make it a separate chapter from machine learning.  

 Compared to the feature extraction process introduced in Section 2.6, the 

dimensionality reduction methods mentioned in this chapter are fully data-driven (with 

some user defined metric or parameters), or it can be named as “data-driven” feature 

extraction. The chapter is organized as follows: In Section 3.1, the reasons for 

performing dimensionality reduction and some other fundamental concepts are 

presented, and an overview is given in Section 3.2. From Section 3.3 to Section3.5, 

dimensionality reduction based on linear properties is discussed, and techniques based 

on nonlinear properties are presented in Section 3.6 to Section 3.10. In Section 3.11, we 

briefly overview techniques of feature selection and the conclusion is given in Section 

3.12. 

 

3.1 Why do We Need Dimensionality Reduction? 

 High dimensional data is often found in different disciplines when doing data 

analysis, and each disciplines may have its specific demand to perform dimensionality 

reduction. In this section, general reasons and requirements of DR are presented, both in 

practical and theoretical perspectives. Indeed, DR can focus only on the observed data 

set and ignores the generalization performance, as used in data compression. 
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3.1.1 Practical Reasons 

 Redundancy reduction and intrinsic structure discovery: In multimedia 

researches, the processing data is naturally of high dimensionality, such as digital 

signals, digital audios, and digital videos. In these cases, each feature usually 

serves only as a simple measurement, while combining all of them can express a 

complicated concept or perception. And even if some features are missed, the 

concept could still be constructed from the remaining features, which means there 

is partial redundancy and dependency across features. In some applications, the 

existing redundancy is desired to be removed in order to save the usage of memory 

and the cost of transmission, such as image, audio, speech, video compression. 

 Intrinsic structure discovery: Following the idea that there is some redundancy 

across features, in some other applications, these observed or measured features are 

assumed coming from a much lower dimensional intrinsic structure. And 

dimensionality reduction techniques are performed to discover the intrinsic 

structure or latent variables (the intrinsic parameters or degree of freedom) which 

can better explain a complicated phenomenon or concept, such as the use of 

independent component analysis (ICA) in multi-channel electroencephalographic 

(EEG) data [38], the use of probabilistic latent semantic analysis (PLSA) in text 

information retrieval. 

 Removal of irrelevant and noisy features: During the feature extraction process, 

we desire to preserve as many information as possible from the original raw data. 

These extracted features seems meaningful from our perspective, while may not 

convey explicit correlations with the ongoing task. For example, the Haar feature is 

useful in the task of face detection, but not in the task of face recognition and age 

estimation. Besides, raw data and the feature extraction process may suffer from 
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noise and degrades the performance of learning. Dimensionality reduction 

techniques have been used to solve these problems, for example, the Adaboost has 

intrinsic power to select the most relevant features for the ongoing task [39], and 

the PCA has been used to remove noise in face patches [1]. 

 Feature extraction: In many pattern recognition tasks, especially for the tasks of 

object recognition and classification, dimensionality reduction is used for feature 

extraction process. Compared to the reason of intrinsic structure discovery, the 

usage here doesn‟t explicitly assume the existing of an intrinsic parameter space, 

but want to simultaneously lower down the dimensionality of raw data and 

preserve the most compact representation of information from it. The use of DR 

techniques in face-related researches is mainly of this reason. 

 Visualization purpose: One of the best ways for human to understand a concept 

and the relationship between feature samples is visualization in 2D or 3D 

representation, so how to preserve the structure in high dimensional feature space 

into 2D or 3D space is an interesting and challenging problem. The Isomap [40] 

and LLE [41] which will be introduced later show the ability to locate face patches 

in a 2D plane and preserve the appearance similarities. 

 Computation and Machine learning perspective: For applications with real-time 

usage or with limited computational resources, dimensionality reduction is often 

required, although some information will get lost. And the last but probably the 

most important reason, the feature dimensionality has positive correlations with 

VC dimension and model complexity, so under limited training samples, we also 

need to limit the feature dimensionality to keep the generalization performance. 
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3.1.2 Theoretical Reasons 

 The theoretical reason of performing dimensionality reduction comes from the 

perspective of probability and statistics. The Euclidean space have many great 

properties in low dimensional space, such as the use of Euclidean distance metric for 

similarity computation, and even human vision system measures distance in a Euclidean 

way. While in high dimensional spaces, these properties usually become failed and 

make strange and annoying phenomena, which are joint called the “curse of 

dimensionality” problem. In this subsection, we introduce several aspects of these 

strange phenomena, and the main reference is the textbook written by J. A. Lee [42]. 

 

 Empty space phenomenon: This phenomenon was first coined by Bellman [43] in 

connection with the difficulty of optimization by exhaustive enumeration on 

product spaces. Considering a Cartesian grid of spacing 1/10 on the unit cube in 10 

dimensions, the number of point equals to 1010 , while for a 20-dimensional cube, 

the number of points further increase to 2010 . From Bellman‟s interpolation on this 

phenomenon, in the absence of simplifying assumptions (ex. the structure of 

distribution), the number of data samples required to estimate a function of several 

variables to a given accuracy on a given domain grows exponentially with the 

number of dimensions. More concretely, because the number of training samples is 

often limited, the high dimensional feature space is inherently sparse, which results 

in the difficulty of learning from data. 

 Hypervolume of cubes and spheres: In a d-dimensional space, a sphere and the 

corresponding surrounding cube (all edges equal the sphere diameter) leads to 

volumes as shown below: 
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, which means as the dimensionality increases, a cube becomes more spiky, and the 

spherical body gets smaller and smaller. Specifically, spike regions around the 

corners of a cube occupy almost all the available volume in high dimensional 

space.  

 Hypervolume of a thin spherical shell: From the equations shown above, the 

relative hypervolume of a thin spherical shell is: 

 
( ) ( (1 )) 1 (1 )

( ) 1

d d
sphere sphere

d

sphere

V r V r

V r

    
  (3.5) 

, where is the thickness of the shell ( 1 ). When d increase, the ration tens to 1, 

meaning that the shell contains almost all the volume. This phenomenon implies 

that neighbor points of a specific point get far away with dimensionality grows. 

 Concentration of norms and distances: As dimensionality grows, the contrast 

and discrimination power provided by usual metrics decreases, which is called the 

concentration phenomenon. Take the Euclidean norm and distance as an example, 

when d increases, random i.i.d (independent and identically distributed) vectors 

drawing from a specific distribution tends to have the same norm, and the 
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Euclidean distance between any two vectors is approximately constant. In practice, 

the concentration phenomenon makes the nearest neighbor search more difficult in 

high-dimensional space.  

 Diagonal of a hypercube: Consider the hypercube[ 1,1]d , any segment from its 

center to one of its 2d corners (a half-diagonal) can be written as [ 1,......, 1]T  v . 

The angel between a v and the ith coordinate axis [0,......,0,1,0,......,0]i Te is 

computed as: 

 
1

cos .
T i

i T i
d




 
v e

v e
 (3.6) 

As d grows, the cosine tends to zero, meaning that half-diagonals are nearly 

orthogonal to all coordinate axes. Then, when performing projection from high 

dimensional space to only a 2 or 3 coordinate axes for visualization, samples lying 

near each diagonal line of the space will be plotted near the origin and mislead our 

perception. 

 

 Despite the difficulty to define a specific metric for the ongoing high-dimensional 

data, performing dimensionality reduction into a lower dimensional space and using 

general metrics for analysis seems to be a simpler way. 

 

3.2 Dimensionality Reduction Overview 

 From the preceding section, we have seen several reasons that performing 

dimensionality is required, and in this section, overview of the dimensionality reduction 

techniques is presented, including different strategies, a brief introduction on topology 

and embedding, and different categorizations.  
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3.2.1 Strategies of Dimensionality Reduction 

 According to the reasons and execution methods, techniques of dimensionality 

reduction can be categorized into two strategies: feature transform and feature selection.  

 

 Feature transform: Given a feature set ( )

1{ }n d N

nX R  x with or without the label 

set, feature transform explores the dependencies among features, and finds a new 

set of transformed feature vectors ( )

1{ }n p N

nZ R  z that not only has lower 

dimensionality ( p d ), but preserves the interesting and intrinsic characteristics 

of the original features. In this chapter, the original d-dimensional space is called 

the (original) feature space, and the transformed p-dimensional space is called the 

transformed or reduced feature space. There are many different perspectives on 

what properties or content of the original feature set to be preserved in the 

transformed feature set, resulting in a variety of feature transform algorithms. In 

this thesis, feature transform is often called projection. There are two types of 

feature transform based on their goals, one is just to reduce the dimensionality, and 

the other one is to retrieve the latent variables and generally called latent variable 

separation. The second type sets additional constraints on the transformed feature 

space, such as statistical independence exploited in ICA. To distinguish from the 

same term used in Section 2.3.3, in this chapter, we focus on “data-driven” feature 

transform, which means the parameters of transformation are learned from data. 

 Feature selection: Compared to feature transform, feature selection aims at 

finding relevant features for the ongoing task. Instead of performing transformation 

to reduce the dimensionality, feature selection directly select a subset of the 

original features based on some criteria.  
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 Both of these two strategies require the estimation of intrinsic or suitable 

dimensionality for reduction. Feature selection is usually combined with supervised 

learning tasks and determines the reduced dimensionality directly based on the learning 

performance, while feature transform is available for both labeled and unlabeled dataset, 

and serves as a separated preprocessing step in supervised learning tasks. 

 

3.2.2 Topology and Embedding  

 This subsection is a brief summary of the Section 1.4 in [42]. From a geometrical 

point of view, when two or more variables depend on each other, their joint distribution 

does not span the whole space. Actually, the dependence induces some structure in the 

distribution, in the form of a geometrical locus that can be seen as a kind of object in the 

space. And DR, or more specifically the feature transform, aims at giving a new 

representation of these objects while preserving their structure. 

 In mathematics, topology studies the properties of objects that are preserved 

through deformation, twisting, and stretching. Tearing is the only prohibited operation, 

thereby guaranteeing that the intrinsic structure or connectivity of objects is not altered. 

For example, a circle is topologically equivalent to an ellipse. A topological object is 

represented or embedded as a spatial object in the feature space, and topology is used to 

abstract the intrinsic topological properties or structure, but ignore the detailed from of 

the objects. Two objects having the same topological properties are said to be 

homeomorphic. 

 The neighborhood of a point dRx , also called a  -neighborhood or an 

infinitesimal open set, is often defined as the open -ball ( )B x and contains points with 

Euclidean distance not larger than . A topology space is a set for which a topology is 
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specified, and it can be defined using neighborhood and Haussdorf‟s axioms. A 

(topological) manifold M is a topological space that is locally Euclidean, which means 

that around every point of M is a neighborhood that is topologically the same as the 

open unit ball in dR . In general, any object that is nearly flat on small scale is a 

manifold.  

 An embedding is a representation of a topological object (a manifold, a graph, etc.) 

in a certain space (ex. dR ), in such a way that its topological properties are preserved. 

More generally, a space A is embedded in another space B when the topological 

properties of B restricted to A are the same as the properties of A. On the other hand, a 

smooth manifold, also called a differentiable manifold, is a manifold together with its 

“functional structure”. The availability of parametric equations allows us to relate the 

manifold to its latent variables, and the dimensionality of these latent variables is the 

dimensionality of the manifold. 

 A smooth manifold M without boundary is said to be a submanifold of another 

smooth manifold N if M N and the identity map of M into N is an embedding, and the 

dimensionality of M can be lower than the dimensionality of N. In the following 

sections, the word manifold typically designates an m-dimensional manifold embedded 

in dR , and feature transform amounts to re-embedding a manifold from a high 

dimensional space dR into a lower dimensional space pR . In dimensionality reduction, a 

manifold is nothing more than the underlying support of a data distribution, which is 

known only through the observed data.  

 

3.2.3 Categorizations of Dimensionality Reduction 

 In this subsection, we discuss different ways to categorize dimensionality reduction 
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techniques. These ways are mainly regard the purpose of the technique, its underlying 

model, and the mathematical criterion to be optimized. Some categorization methods 

are for both feature transform and feature selection and some for one of them. 

 Traditional vs. generative (feature transform): Just like the learning strategies 

mentioned in Section 2.2.6, DR also can be categorized into traditional and 

generative categories. The traditional methods is similar to the MRE strategy in 

supervised learning, which makes no assumption on how the original features are 

generated, but seeks transformation directly from the original features to the latent 

variables. In contrary, the generative methods assume a generative structure or 

process from the latent variables to the original features, and usually induce 

probability models for optimization. In general, the first method is simpler and 

more preferred in this chapter. 

 Linear vs. Nonlinear (feature transform): This categorization may or may not be 

the easiest to understand. The linear transform means transformation which can be 

performed by a matrix, and nonlinear is not (regardless the use of feature transform 

described in Section 2.3.3). While as will be seen later, these two terms are better 

referred to the properties preserved during transformation. For example, PCA tries 

to preserves the (linear) correlations as much as possible, while Laplacian 

eigenmap [44] aims at maintain the local neighborhood structure, which is 

nonlinear from the global view. Even if Laplacian eigenmap is linearized into 

Local preserving projection (LPP) [45] which can be executed through matrix 

operations, the properties to preserve is still nonlinear.  

 Continuous vs. discrete (feature transform): The re-embed lower dimensional 

space can be either continuous such as LPP, PCA, and LDA or discrete like SOM 

[46]. Generally, the first category is preferred. 
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 Implicit vs. explicit mapping (feature transform): Given a feature set 

( )

1{ }n d N

nX R  x , the explicit mapping means the feature transform directly find 

the reduced feature set ( )

1{ }n p N

nZ R  z , and the generalization to a new feature 

vector is difficult, usually accomplished by other mapping mechanism such as 

neural networks [47]. In contrary, implicit mapping learns a mapping function from 

the original dataset, and then this function is performed to determine the reduced 

feature vectors for both observed samples and new coming samples. 

 Layered vs. standalone embedding (both): The layered embedding means that if 

a p-dimensional reduced feature set is reached, re-compute the dimensionality 

reduction with more or fewer reduced dimensionalities is just to add or remove 

several elements in each p-dimensional reduced vector, but values of the remained 

dimensions are the same. For example, if a vector ( )n dRx is reduced to a 3D 

vector[1,3, 4]T , re-compute DR into a 2D or 4D vector will result in [1,3]T
or 

[1,3, 4, ]Ta , where a is a undefined value. Generally, all feature transform methods 

that translates the DR into an eigenproblem and assemble eigenvectors to form an 

embedding share this capability and are called spectral methods. In practice, we 

can learn layered-embedding DR mapping from d-dimensional to p-dimensional, 

and then successively remove or add in features to modify the reduced 

dimensionality. 

 In contrary, methods without this property are called standalone embeddings, 

and for each reduced dimensionality p, the DR mapping should be completely 

computed again. This categorization can also be used for feature selection, see 

different kinds of subset selection methods in [48]. 

 The type of criterion to be optimized (both): Last but not the least, the criterion 
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that guides the DR is probably the most important characteristic of a DR technique. 

For feature transform that based on geometrical considerations and manifold 

assumptions, preserving the similarities in the neighborhood through distance 

preservation or topology preservation are the two main criteria. Feature transforms 

with probabilistic models often optimizes with MLE or MAP, and there are still 

many different criteria focusing on statistical independency [30] and so forth. The 

optimization criteria of feature selection are remained to introduce in Section 3.11. 

 

3.3 Principal Component Analysis (PCA) 

 Principal component analysis (PCA) is probably the most basic yet important 

feature transform in feature extraction and dimensionality reduction researches. PCA is 

widely-used not only because it is easy to train and perform, but also because it has 

several additional functionalities such noise reduction, ellipse fitting, and solutions for 

non-full rank eigenproblems, etc. There are several criteria for computing the projection 

bases (matrix) of PCA, such as maximum variance preserving with decorrelation and 

minimum mean square reconstruction error. These two criteria are both linear properties, 

and surprisingly, they lead to the same optimization process and results. In image and 

video compression researches, PCA is also called the Karhunen-Loeve transform (KL 

transform). 

 In Table 20, we present the basic model of PCA as well as these two criteria, and 

then in Table 21, the optimization method is shown. As will be seen, PCA is a layered, 

implicit, continuous, and unsupervised transformation, and there are different 

perspectives to judge whether it is a traditional or generative model. A more 

probabilistic form of PCA can referred to probabilistic PCA and factor analysis [8][49].  
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Table 20 Fundamentals of PCA 

Presetting: 

 Training set: ( )

1{ } ,n d N

nX R  x  denote X as a d N matrix with each column a 

sample of feature vector, and each row a feature. 

 Denote xxC as the d d covariance matrix of x in X, where 

( ) ( ) ( )

1 1

1 1 1
( )( )  with ,  and

N N
n n T T n

xx

n n

C XX x
N N N 

     x x x x x  

( ) ( )

( )

1

1
( )( ).

N
n n

xx ij i i j j

n

c x x x x
N 

    

Transform model of PCA: 

 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Find a d p transformation matrix W with a constraint that T pW W I , then 

( ),  where T pW R  z x x z .  

 Each column of W is a projection dimension.  

 The reconstructed d-dimensional vector 
TW WW  x z x = x x  

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

The first criterion: Maximum variance preserving with decorrelation 

 The transformed feature set Z is desired to be decorrelated, which means the 

corresponding covariance matrix zzC should be a diagonal matrix: 

( ) ( ) ( ) ( )

1 1

1 1
( )( ) ( )( ) .

N N
n n T T n T T n T T

zz

n n

C W W W W
N N 

      z z z z x x x x  

 With the above constraint, we are solving the maximum variance preserving 

function based onW as follows: ( {} or {}tr trace  means the trace operator) 
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2 2

* ( ) ( )

1 1

( ) ( )

1

( ) ( )

1

( ) ( )

1

1 1
arg max arg max

1
     arg max ( ) ( )

1
     arg max ( ) ( )

1
     arg max {( ) ( )}

 

T T

T

T

T

N N
n T n T

W W I W W I
n n

N
T n T T T n T

W W I
n

N
n T T n

W W I
n

N
n T T n

W W I
n

W W W
N N

W W W W
N

WW
N

tr WW
N

 
 










   

  

  

  

 







z z x x

x x x x

x x x x

x x x x

( ) ( )

1

( ) ( )

1

1
    arg max { ( )( ) }

1
     arg max { [ ( )( ) ] }

     arg max { }

T

T

T

N
T n n T

W W I
n

N
T n n T

W W I
n

T

xx
W W I

tr W W
N

tr W W
N

tr W C W









  

  







x x x x

x x x x

 

 From the above derivation, we found that T

zz xxC W C W , and we want to make 

zzC diagonal while maximize { }T

xxtrace W C . 

 *W comes from the unit eigenvectors of xxC , where
* (1) (2) ( )[ , ,......, ]

xx xx xx

p

C C CW  v v v and 

( )

xx

i

Cv is the ith largest eigenvectors of xxC . Because xxC is symmetric semi-positive 

definite, rows of *W is naturally orthogonal to each other. 

The second criterion: Minimum mean square reconstruction error 

 The function to be minimized is shown as below: 

2 2

* ( ) ( ) ( ) ( )

1 1

( ) ( )

1

( ) ( ) ( ) ( )

1 1

1 1
arg min ( ) min ( )

1
     arg min (( )( )) (( )( ))

1 2
     arg min ( ) ( ) ( ) ( )

T T

T

T

N N
n n n T n

W W I W W I
n n

N
N T n T N T n

W W I
n

N N
n T n n T T n

W W I
n n

W W WW
N N

I WW I WW
N

WW
N N

 
 





 

      

    

     

 





x z x x x x x

x x x x

x x x x x x x x

( ) ( )

1

( ) ( ) ( ) ( )

1 1

1
                  ( ) ( ) ( )

1 1
     arg min ( ) ( ) ( ) ( )

......continued in the next page

T

N
n T T T n

n

N N
n T n n T T n

W W I
n n

W W W W
N

WW
N N




 

  

     





 

x x x x

x x x x x x x x
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( ) ( )

1

1
     arg max ( ) ( )

     ...... arg max { },from the derivation of first criterion

T

N
n T T n

W W I
n

T

xx
W

WW
N

tr W C W




  

 

 x x x x
 

 Surprisingly, after several lines of derivations, the function to be optimized 

equals to the one in criterion 1. Although there is no constraint that zzC in the 

second criterion should be a diagonal matrix, the constraint that T pW W I will 

make both two criteria with the same solution *W . 

 

Table 21 The optimization methods of PCA 

Presetting and model: 

 The presetting and model is equal to the one in Table 21. 

 Pre-center the data set, where each ( ) ( )n n x x x , and ( )T

dX X  1x , where 

d1 is a 1d  all one vector for data centering. 

Learning method 1: eigendecomposition (EVD) 

 xxV C V  , where is a d d diagonal matrix, where each diagonal element is 

the eigenvalues of xxC in the descending order, and V is the d d eigenvector 

matrix. There are at most 1N  nonzero eigenvalues, so usually 1p N  . 

 * (1) (2) ( )[ , ,......, ]pW  v v v , where ( )i
v is the ith largest unit eigenvectors of xxC . 

 Performing EVD on a symmetric semi-positive definite matrix such as xxC results 

in T

xxV C V and T

xxV V C   

Learning method 2: singular value decomposition (SVD) 

 Perform SVD on X, we get TX V U  , where  is ,   is V d d d N   with singular 

in descending order, and  is U N N . Both  and V U are orthonormal matrices. 
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 * (1) (2) ( )[ , ,......, ]pW  v v v , where ( )i
v is the ith column inV with the ith largest 

singular value. 

 An interesting relationship between EVD on xxC and SVD on X is shown as: 

( ) ( ) ( )T T T T T T T T T

xxXX V U V U V U U V V V V N V NC           

Learning method 3: Presented in the eigenface paper [1] 

 In this paper, the authors recommend to first compute the eigendecomposition of 

1 T N NX X R
N

 , where 
1

( )T T T TV Λ X X V
N

 . Then, multiply both sides with X, 

we get
1 1

( ) ( )T T T T TXV Λ XX XV VΛ XX V
N N

   with 'V XV  

Comparison: 

 Compare these three methods, Method 1 deals with an d d EVD, and Method 3 

on an N N EVD. In face recognition, d is usually larger than N, so Method 3 is 

used for computing eigenfaces. While in practice, Method 2 is preferred. As the 

optimization goes, we only need to perform decomposition once and then select 

the desired number of eigenvectors for DR. 

 

 PCA exploits the pairwise 2
nd

-order statistical properties (correlation) across 

features, which can be imagined as a less complex DR model compared to other DR 

techniques preserving higher-order statistics. In many applications, PCA is used as a 

preprocessing step to roughly reduce the dimensionality without additional assumptions 

or constraints [2][50]. And as will be mentioned soon, when facing eigenproblem with 

non-full rank matrices which usually happens in LDA and other DR techniques, PCA 

and SVD are common solutions to first lower down the dimensionality and then transfer 

the original null-full rank case into a full-rank case. 
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3.4 Linear Discriminant Analysis (LDA) 

 PCA is an unsupervised learning process, and in supervised learning tasks, we not 

only want to maintain the variances across features, but seek to preserve the 

relationships between features and labels. The linear discriminant analysis (LDA) [51] 

[52], also called the Fisher‟s linear discriminant exploits this idea, taking the discrete 

label information into consideration and the reduced feature vectors are efficient for 

discriminant (classification). Table 22 describes the concepts as well as the optimization 

methods of LDA. 

 

Table 22 Fundamental and optimization of LDA 

Presetting: 

 Training set: ( )

1{ }n d N

nX R  x , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 Follow the notation of X and Z used in Table 20. 

 Define iX as the feature set containing all feature samples with label il , and the 

number of sample of label il in iX is denoted as iN . 

 Define the class mean vector as
( )

( )1

n
i

n

i

XiN 

 
x

x  

 Define the total vector means as ( )

1

1 N
n

nN 

  x  

 Define the between-class scatter matrix as
1

( )( )
c

T

B i i i

i

S N


        

 Define within-class scatter matrix as
( )

( ) ( )

1

( )( )
n

i

c
n n T

W i i

i X

S
 

   
x

x x   

Transform model of LDA: 
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 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Find a d p transformation matrixW , then ,  where T pW R z x z . Each column 

of W is a projection dimension. 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

 LDA doesn‟t seek to reconstruct the d-dimensional vectors. 

The criterion of LDA: 

 The between-class scatter matrix indicates the degree of class separation in the 

original feature space, and the within-class matrix indicates the distribution 

tightness of each class. 

 The goal we are seeking during LDA is to find a W that maximizes the ration of 

the transformed between-class scatter T

BW S W to the transformed within-class 

scatter T

WW S W in some sense, meaning that the transformed feature vectors in the 

same class are tightly clustered, while vectors in different classes are separated as 

far as possible. 

 Determinant and trace are two popular scalar measures of the scatter matrix. In 

fisherface [2], determinant is used, while in [52], trace is chosen. 

 Here we use determinant, and the function to be optimized is shown as below: 

* arg max .

T

B

TW
W

W S W
W

W S W
  

Learning method: 

 If WS is nonsingular and BS and WS are both real symmetric positive semi-definite. 

The optimization problem can be transformed to a generalized eigenvector 

problem by Rayleigh quotient [53]: 
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( ) ( ) ,  1,2,......,  and  is in descending orderi i

B i W iS S i d  v v  

, and the desired (1) (2) ( )[ , ,...... ]pW  v v v . 

 Note that there are at most 1c nonzero eigenvalues in the generalized 

eigenproblem because the rank of BS is at most 1c . So usually, the reduced 

dimensionality is chosen to be 1p c  . 

Problems: 

 The rank of WS is at most N c , and the matrix size is d d . In several 

applications such as face recognition, d is larger than N c and WS is singular, 

meaning that Rayleigh quotient can‟t not be applied. 

 There have been many researches focusing on solving the singular problem in 

LDA [2][52], and we introduce two of them. 

Solutions 1: PCA+LDA 

 Perform PCA with ( )d N c  PCAW to reduce the original d-dimensional feature 

vectors into ( N c )-dimensional, and then learn the ( )N c p  LDA projection 

matrix LDAW . 

 When a new d-dimensional vector x comes in, the reduced T T

LDA PCAW Wz x . 

Solutions 1: Null space 

 Since we are searching
* arg max

T

B

TW
W

W S W
W

W S W
 , another solution collects the 

vectors in the null space of WS to build W, which results in zero denominator. 

 

 LDA is a layered, implicit, continuous, and supervised transformation. It also 

preserves the linear 2
nd

-order statistics of the original feature space. An interesting 



 

 89 

phenomenon is shown: performing determinant or trace on the scatter matrices result in 

the same solution if the Rayleigh quotient is available, and performing determinant in 

the PCA training brings the same solution. The comparison of PCA and LDA can be 

illustrated by a labeled data set, as shown in Fig. 3.1. As you can see, PCA finds the 

projection dimension that preserves the most variance, while LDA finds the one with 

the most discriminant power. 

 

 

Fig. 3.1 The comparison between PCA and LDA. Perform DR from 2D into 1D, LDA 

(FLA) find the dimension with more discriminant power. [2] 

 

3.5 Multidimensional Scaling (MDS) 

 Besides preserving the 2
nd

-order statistics such as correlation and scatter 

measurement between feature vectors, distance is the other criterion to maintain during 

DR. The multidimensional scaling actually hides a family of methods rather than a 
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single well-defined procedure, and in this section we are mentioning the classical metric 

MDS. Scaling refers to methods that construct a configuration of points in a target 

metric space from information about inter-point distances, and MDS is the scaling when 

the target space is Euclidean. Actually, the classical metric MDS is not a true 

distance-preserving method but preserves pairwise scalar product (Euclidean inner 

product) of feature vectors. Moreover, classical metric MDS cannot achieve DR in 

nonlinear way either (scalar product is linear). Table 23 introduces the idea of metric 

MDS for data set with feature vectors, and Table 24 further presents the usage for data 

set with pairwise distance information. Finally, Table 25 shows another form of 

transferring pairwise distance into scalar product. 

 

Table 23 The metric MDS on data set with feature vectors or scalar products 

Presetting: 

 Follow the notation of X and Z used in Table 20. 

 Pre-center the data set, where each ( )n
x is replaced by ( )n x x . 

 The scalar product of two vectors is denoted as: 

( ) ( ) ( ) ( )( , ) ( , )i j i j

Xs i j s  x x x x . 

 Then, the matrix S containing the information of pairwise scalar product is 

defined as: 1 ,[ ( , )] .T

X i j NS s i j X X    

 Usually both X and Z are unknown, and only the matrix S (Gram matrix) is given. 

Goal of MDS: 

 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 
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The criterion of classical metric MDS: 

 The pairwise scalar product is desired to preserve after DR, where TS Z Z . 

 The criterion of metric MDS is: 

2

2
* ( ) ( ) 2

1 1

arg min ( ) arg min
N N

i j T

ij LZ Z
i j

Z s S Z Z
 

       z z  

, where 2L
A is the 2L matrix norm, also called Frobenius matrix norm, 2

,

.ij

i j

a  

Learning method: 

 To solve this problem, we first perform eigendecomposition (EVD) on S: 

1/2 1/2 1/2 1/2( )( ) ( ) ( )T T T T T TS U U U U U U Z Z         

, whereU is an N N orthonormal eigenvector matrix and is an N N diagonal 

eigenvalues matrix with at most 1d  nonzero eigenvalues. Eigenvalues in are 

sorted in descending order. 

 The reduced data set Z is then denoted as
1/2 T

p NZ I U  , where
p NI 

is a 

non-square identity matrix to select the first p eigenvectors of U and is an 

arbitrary p p orthonormal matrix for rotation. 

 From the above process, MDS is actually an explicit feature transform which 

directly finds the reduced data set Z instead of the transformation matrix W. 

Connection between PCA and classical metric MDS: 

 The SVD of X is denoted as TX V U  . 

 PCA decomposes the covariance matrix xxC (centered X) as below: 

1 1
( )

T
T T T

xx PCAC XX V U U V V V V V
N N N




       

, and the resulting ( )T

PCA p dZ I V X . 
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 On the other hand, metric MDS decomposes the Gram matrix S: 

T T T T T T T

MDSS X X U V V U U U U U         

, and the solution is
1/2 T

MDS p N MDSZ I U  . 

 Discard and take several derivations for both PCAZ and MDSZ as below: 

1/2 1/2( )

( ) ( )

T T T T

MDS p N MDS p N p d

T T T T

PCA p d p d p d

Z I U I U I U

Z I V X I V V U I U

  

  

     

    
 

, we actually see that both techniques come to the same solution and the criteria 

are intrinsically the same.  

 Comparing them, the metric MDS solves the eigenproblem of an N N matrix 

while PCA of a d d  matrix. 

 

Table 24 The metric MDS on data set with information of pairwise distances 

Presetting: 

 Follow the notations of X, Z and S used in Table 23. 

 Instead of given the Gram matrix S or X, now we are given a matrix 2D containing 

the pairwise square (Euclidean) distance between feature vectors of X: 

2

2 1 ,[ ( , )] .X i j ND d i j    

 In order to perform MDS, 2D should be transformed into the form of S. 

From square distance to scalar product: 

 Assume the unknown X is centered (translation doesn‟t affect distance). 

2
2 ( ) ( ) ( ) ( ) ( ) ( )( , ) , ( , ) 2 ( , ) ( , )

1
( , ) ( ( , ) ( , ) ( , ))

2

i j i j i j

X X X X

X X X X

d i j s i i s i j s j j

s i j d i j s i i s j j

       

   

x x x x x x
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 The two scalar products in the right hand side are unknown while can be 

achieved by the double centering of 2D , and S can be reached: 

2 2 2 22

1 1 1 1
( ).

2

T T T T

N N N N N N N NS D D D D
N N N

    1 1 1 1 1 1 1 1  

This operation subtracts from each entry of 2D the means of the corresponding 

row and column, and adds back the mean of all entries of 2D . 

Unified learning method: 

 If a data set X is given, center it, and then either perform PCA to get Z or perform 

metric MDS on TS X X to get Z. 

 If the data set is in the form of S, perform metric MDS to Z. 

 If the data set is in the form of pairwise distance, compute the squared distance 

matrix 2D , perform double centering to get S, and then perform metric MDS to Z. 

 

Table 25 Another form of metric MDS 

Presetting: 

 In the original Isomap paper [40], the process of metric MDS looks different, 

while it does results in the same solution Z. 

 Follow the notation in Table 24, and assume the pairwise distance matrix D is 

given: 1 ,[ ( , )] .X X i j ND d i j   (not square) 

The criterion of classical metric MDS: 

 2

* arg min ( ) ( )X Z LZ
Z D D   , where ZD is the distance matrix generated by 

reduced feature set Z. 

 ( )  is the operator to convert distances to scalar products: 
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2( ) / 2D HD H    

, where H is the centering matrix with ( , ) 1/ijh i j N  and
2

2 1 ,[ ( , )] .X i j ND d i j    

 With simple derivations, we show that ( )D is exactly the Gram matrix S. 

2 2

2 2 2 22

1 1
( ) / 2 ( ) ( ) / 2

1 1 1 1
        ( ) / 2

T T

N N N N N N N N

T T T T

N N N N N N N N

D HD H I D I
N N

D D D D S
N N N N

       

     

1 1 1 1

1 1 1 1 1 1 1 1

 

Learning method: 

 In [40], Z comes from the first p N-dimensional eigenvectors of ( )D , which is 

exactly the same as done in Table 23. 

 

 Metric MDS is an unsupervised, layered, continuous, and explicit feature transform. 

Compared to PCA, the input data form is more flexible, both scalar product and 

pairwise distance are available. There are several extensions on metric MDS, either aim 

at performing MDS on new coming samples [54], inducing nonlinear properties, or try 

to make MDS into non-metric formulation [55][56]. Besides, following this distance 

preservation idea, well-known techniques such as Sammon‟s nonlinear mapping [57] 

and curvilinear component analysis (CCA) [58] searches another criteria and 

optimization methods which do preserve distance rather than scalar product. 

 

3.6 Isomap and Its Extensions 

 The two unsupervised and one supervised DR techniques mentioned in the 

previous three sections all preserve or exploit linear properties (scalar product, 

covariance, and scatter matrix). These methods have an implicit assumption: the 

original d-dimensional space is a Euclidean space, meaning that the Euclidean operator 
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such as scalar product and 2L distance are meaningful in the data distribution. While as 

introduced in 3.2.2, if there is a lower dimensional latent space that controls the original 

feature space, the observed data set or data distribution then contains some structures 

and cannot span the whole feature space. If so, preserving Euclidean properties misleads 

the DR process. To solve this problem, nonlinear dimensionality reduction techniques, 

are proposed and developed, especially in the last ten years. In this and the next five 

sections, we discuss six different kinds of manifold learning based on the modeling, the 

criterion to be optimized, and the optimization methods. 

 In 2000, two outstanding manifold learning methods, Isomap [40] and LLE [41], 

are published. The criteria of them are different, while they both provide ability to 

discover the latent space which is nonlinearly embedded in the original feature space. 

Isomap exploits the idea of pairwise geodesic distance and tries to preserve these 

distances after DR. On the other hand, LLE exploits the relationships between each 

point and its neighbors, and aims at maintaining these relationships after DR. Because 

both these methods assume that the high dimensional space is locally smooth or locally 

Euclidean, which is equivalent to the definition of manifold, so nonlinear 

dimensionality reduction based on this assumption is also called manifold learning. 

Many manifold learning methods published after them took the same assumption and 

preserved one or both the properties with some further improvement [59][60]. As 

milestones in manifold learning, we first introduce these two techniques, Isomap first, 

and LLE later. 

 

3.6.1 Isomap: Isometric Feature Mapping 

 Isomap is published by J. B. Tenenbaum et al. [40]. To better describe the 

underlying structure, Isomap tries to find a new distance metric in the original feature 
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space, and the geodesic distance seems to be a good idea, which measures distance 

between two points along the topology structure embedded in the feature space. In their 

method, the geodesic distance between neighboring points is approximated by the 

Euclidean distance in dR , and for faraway points, the geodesic distance is approximated 

by adding up a sequence of “short hops” between neighbor points. This processing can 

be thought of having a graph with edges defined only between neighbor points, the 

geodesic distance between faraway points is approximated by the shortest path on the 

graph. As a consequence, the geodesic distance is also called the graph distance in 

manifold learning. 

 After calculating the geodesic distance for all pair of feature vectors in the data 

set ( )

1{ }n d N

nX R  x , Isomap aims at preserving these distance in the reduced feature 

set ( )

1{ }n p N

nZ R  z , and that why its name comes from (isometric means distance 

preserving). In order to compute the distance in Z, the distance metric in the reduced 

feature space should also be defined. In general, these kinds of distance preserving 

methods assume the reduced space or more specifically the space for re-embedding as a 

Euclidean space, so the distance in the reduced space can be simply computed. As 

mentioned in Section 3.5, the MDS is used for Euclidean reduced space, so it is a 

suitable choice for distance preserving DR. In Table 26, we summarize the algorithm of 

Isomap. 

 

Table 26 Algorithm and criterion of Isomap 

Presetting: 

 Given a training set ( )

1{ }n d N

nX R  x  
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 Define a N N matrix D where
1 ,[ ]ij i j Nd    

 The set containing all the neighbors of ( )i
x is denoted as ( )Nei i (undefined yet) 

 There are generally two definitions of geodesic neighbors: 

(1)  -neighbors: ( ) ( )j Nei ix if ( ) ( )i j  x x  

(2) K-nearest neighbors: ( ) ( )j Nei ix if ( ) ( )( ) , or ( )j iKNN i KNN j x x , where 

( )KNN i denotes the set containing K-nearest neighbors of ( )i
x in the sense of 

Euclidean distance. 

Goal: 

 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

 There are three steps of Isomap 

Step 1: Geodesic distance in the neighborhood 

 Algorithm 

( )

( ) ( )

for 1:

        for 1:

                if ( ( ) and )

                        

                end

        end

end

j

i j

ij

i N

j N

Nei i i j

d





 

 

x

x x  

Step 2: Geodesic distance between faraway points 

 In [40], Floyd‟s algorithm is chosen to find the shortest path between pairs of 

points. 

 Algorithm 

(0)D D  
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for 1:

        ( ) ( 1)

        for 1:

                for 1:

                        for 1:

                                min{ , }

                        end

                en

ij ij ik kj

t

D t D t

i N

j N

k N

d d d d

 

 







 

d

        end

        if ( ( ) ( 1))

                return ( )

                break

        end

end

D t D t

D D t

 



 

Step 3: MDS (as mentioned in Table 25) 

 Algorithm 

2

2

2 1 ,

1/2 1/2 1/2 1/2

(1) First compute ( ) / 2

     ,  where  is the centering matrix with ( , ) 1/  and [ ]

(2) Perform EVD on ( ),  ( ) ( )( ) ( ) ( )

     ,  where eigenvalue

ij ij i j N

T T T T T

D HD H

H h i j N D d

D D U U U U U U





      

 

 

  

  

1/2

s in  are sorted in descending order

(3) T

p NZ I U





 

 

 As shown in Table 26, Isomap is an explicit, layered, and unsupervised feature 

transform. In the original paper Isomap, the Isomap is used mainly for visualization 

purpose, and examples such as face images, handwritten digits, and the well-know 

Swiss roll data set show its great power on discovering the latent space. Because it is 

explicit, there is no mapping function trained during DR learning, and DR for new 

coming feature vector is originally unavailable. While based on X and Z at hand, we 

could use supervised learning techniques such as multi-layer perceptron to learn the 

multiple mapping relationship between these two sets [59][61]. 
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3.6.2 Extensions of Isomap 

 There are many extensions of Isomap. In [62], V. D. Silva provides two new 

Isomap formulations, conformal Isomap (C-Isomap) and landmark Isomap (L-Isomap). 

C-Isomap exploits the idea of conformal embedding. Conformal embedding preserves 

the angels but not lengths in local geometry, which means the local geodesic distance is 

free to multiply a scaling factor. In order to define the scaling factors, the authors 

assumed that the reduced feature space Z is uniformly sampled, and then reformulated 

the computation of local geodesic distance to meet their assumption. From their 

experimental results, C-Isomap performs better than Isomap in learning the structure of 

certain curved manifolds. On the other hand, L-Isomap is proposed to take advantage of 

LLE and Laplacian eigenmap, where the matrix to perform EVD is sparse. Towards this 

goal, the authors reformulated the computation of MDS into a new procedure called 

landmark MDS (LMDS) [63]. Within LMDS, a set of M ( M N ) landmark points are 

first mapped into the reduced feature space by classical metric MDS based on their 

pairwise geodesic distances. Then, the remaining points are embedded with a simple 

computation according to their geodesic distances to the landmark points. The LMDS 

reduces the computational complexity of the third step in Isomap from 3( )O N to 

2( )O M N . Also in this paper, the authors provided several key notes of manifold 

learning, such as the ways of embedding and the properties to preserve during DR. 

 In [59], M. Vlachos et al. proposed several modifications on Isomap (as well as 

LLE). When the original feature set X is naturally clustered into several groups, Isomap 

and LLE don‟t perform well in their experiments. To solve this problem, they proposed 

to change the neighbor finding step of both Isomap and LLE, where the K-nearest 

neighbors are replaced by K/2-nearest and K/2-farthest neighbors. The experimental 
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results showed this modification did preserve the clustering nature of X. And to make 

Isomap supervised, which means the label information is considered and feature 

samples with the same label are desired to be close in Z, a new Isomap procedure, 

WeightedIso, was proposed. After finding out the K-nearest neighbors of each sample, 

WeightedIso reduces the local Euclidean distance between points with the same label by 

a scaling factor, and then compute the global geodesic and MDS with the same 

procedure of Isomap. For new coming samples, the RBF neural network is used to learn 

the mapping from X to Z. The experimental results showed that the combination of 

WeightedIso and the KNN classifier achieves comparable multi-class classification 

results with some existing multi-class classifiers while requires less computational time. 

 Based on the idea of WeightedIso, X. Geng [61] later proposed a new distance 

scaling function for supervised Isomap, called S-Isomap. In their assumption, samples 

with the same label are intrinsically close to each other in local geometry in both the 

original and reduced feature space. While with some possible noise, this intrinsic 

property is distorted in the observed data X. To take noise into consideration, instead of 

using a linear scaling factor to reduce the local geodesic distance between samples with 

the same label, they proposed a pair of nonlinear scaling functions, one for neighbors 

with the same label and the other one for neighbors with different labels. Based on these 

nonlinear scaling functions, in the neighborhood of a sample, geodesic distance of 

neighbors with the same label will always be smaller than neighbors with different 

labels. In their experiments, S-Isomap performed better than Isomap, WeightedIso, and 

LLE in supervised visualization tasks. Besides, S-Isomap achieved comparable 

classification results with WeightedIso, SVM, decision tree, etc. 

 Besides considering label information by scaling factors or functions, M. H. Yang 

[64][65] proposed another idea to extend Isomap for classification problem. After the 
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first two steps in the original Isomap to compute the geodesic-distance matrix D, he 

exploited each row of D as the new feature vector of each sample. LDA is then 

performed on these new feature vectors to extract projection bases for supervised 

dimensionality reduction. For a new test example, the pairwise geodesic distance to N 

training samples are computed, then the trained LDA matrix are used to compute the 

reduced feature vector. In fact, there is no MDS computing in Yang‟s method, and it is 

probably the first extension of Isomap for supervised learning. The experimental results 

showed that Yang‟s method outperforms Isomap in classification problem. 

 

3.7 Locally Linear Embedding and Its Extension 

3.7.1 Locally Linear Embedding (LLE) 

 Compared to Isomap, the locally linear embedding (LLE) [41] exploits another 

idea to preserve the structure in the original feature space: the neighborhood 

preservation. Based on the same assumption that in a small scale of neighborhood the 

local distance metric is Euclidean in dR , LLE preserves the local relationship, also 

called the local geometry, of each sample with its neighbors while ignores the global 

geometry in large scale. The authors claimed that if the manifold is well-sampled with 

sufficient data, each point and its neighbors are expected to lie or closed to a locally 

linear patch of the manifold, and the local geometry of these patches can be 

characterized by linear coefficients that reconstruct each sample from its neighbors. 

The linear coefficients can be computed in a constraint least square fashion, and it is 

robust to translation, scaling, and rotation of each point and its neighbors. 

 To re-embed the high dimensional structure into a low dimensional space, the 

reduced space is assumed to be locally smooth, meaning that the local linear geometry 
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characterized by reconstruction coefficients in the original feature space is still 

meaningful in the reduced space. Based on this assumption, LLE re-embeds these local 

patches into the low dimensional global coordinate with neighborhood preservation, and 

the mean square error of the linear reconstruction coefficients measured in the original 

feature space to the reduced feature space is a valid evaluation to judge the quality of 

DR. The algorithm of LLE is summarized in Table 27, and the theoretical justifications 

are presented in Table 28. 

 

Table 27 The algorithm and criterion of LLE 

Presetting: 

 Given a training set ( )

1{ }n d N

nX R  x , denote X as a d N matrix. 

 Define a N N matrix W to record the linear reconstruction coefficients, where 

the ith row 1[ 0]ij j Nw   is the initial coefficients of sample i from its neighbors. 

 The set containing all the neighbors of ( )i
x is denoted as ( )Nei i  (undefined yet) 

 There are generally two definitions of neighbor: 

(1)  -neighbor: ( ) ( )j Nei ix if ( ) ( )i j  x x  

(2) K-nearest neighbors:
( ) ( )j Nei ix if

( ) ( )( ) , or ( )j iKNN i KNN j x x , where 

( )KNN i denotes the set containing K-nearest neighbors of ( )i
x in the sense of 

Euclidean distance. 

 Define ( ) #  neighbors of i iN Nei i  x . 

Goal: 

 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 
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 If we choose to use K-nearest neighbor, then generally K p to locate z uniquely. 

 There are three steps of LLE 

Step 1: Find the neighbor of each sample 

 Algorithm 

( ) ( )

( ) ( )

( )

for 1:

        define a 0 1 vector  to record the neighbor indices of 

        define a 0 matrix  to record the neighbor vectors of 

        define a 1 vector  to record the c

i i

i i

i

i

i N

d

N











h x

x

 ( ) ( )oefficients of  coming from i ix

 

( )

( ) ( )

( ) ( ) ( )

        for 1:

                if ( ( ) and )

                        [  ]

                       [  ]

                end

        end

end

j

i i T T

i i j

j N

Nei i i j

j

 



 





x

f f

x  

Step 2: Compute the linear reconstruction coefficients 

 After defining the neighbors of each sample, now we want to compute the 1N   

linear coefficients ( )i
w for each sample i with least reconstruction error: 

2
( ) ( ) ( )arg min .i i iX 

w
w x w  

 Two constraints are set on ( )i
w : 

(1) 
( ) 0,  if ( )i

j j Nei i w (neighborhood constraint) 

(2) 
( )

1

1
N

i

j

j

w (for translation invariant) 

 Algorithm 

( ) ( ) ( ) ( ) ( )

for 1:

        ( ) ( )i i T i T i T i

i N

C  



  1 1x x
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( )

( ) 1
( )

( ) 1

( ) ( )

(1) (1) ( )

        

        for 1:

                

        end

end

, ,......,

i
j

i
i

T i

i

i i

jh

T
N

C

C

j N

w

W












   

1

1 1

w w w



 

Step 3: Re-embedding in the reduced feature space 

 After the previous step, now we get a matrix W which contains the information of 

local linear reconstruction coefficients. Now we also expect these coefficients are 

preserved in the reduced feature space Z. To achieve this, the following function 

is desired to be minimized: 

2

( ) ( )

1 1

( )
N N

i j

ij

i j

Z z w z
 

    

 Two constraints are made on Z to avoid degradation or trivial solution: 

(1) ( )

1

N
n

n

 0z  

(2) ( ) ( ) ( ) ( )

1 1

1 1
( )( )

N N
n n T n n T T

n n

ZZ I
N N 

     z z z z z z  

 Algorithm: 

( ) ( 1) ( 1)

( 1 ) 1

(1) Define a  matrix ( ) ( ) ( )

(2) Perform EVD on ,  ,  ,  where  is in descending order.

(3) , ,......, | |

     ,

T T T

N N N N N N

T

T T
N p N p N

p N p p p p

N N M I W I W I W W W W

M MV V M V V

Z V O I O

  

  

   

    

       

 

       v v v

( 1 ) where  means a ( 1 ) zero matrixp N pO p N p     
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Table 28 The theoretical justifications of LLE 

The computation of linear reconstruction coefficients 

 Follow the notations and constraints in Table 27 The algorithm and criterion of 

LLE 

 The original function to be minimized in this step is: 

2

2

( ) ( )

1 1

( ) .
N N

i j

ij

i j L

E W w
 

  x x  

This function can be separated into N sub-functions: 

2
( ) ( ) ( ) ( )( ) .i i i ie X w x w  

 With the constraints on ( )i
w , ( )( )ie w can be rewritten with a Lagrange multiplier: 

( )

2
2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1

2
2( )( ) ( ) ( ) ( ) ( ) ( )

1

( ) ( ) ( ) ( ) (

( , ) ( 1) ( 1)

              ( ) ( 1) ( ) ( 1)

             ( ) (

i

i
i

m

N
i i i i T i i i i i T i

m

m

N
hi T i i T i i T i

m

m

i T i T i T i T i

e    

  





       

       

  





1 1

1 1 1

1 1

x x

x x x

x x

    

  

 ) ( ) ( )

( ) ( ) ( ) ( )

) ( 1)

             ( 1)

i T i

i T i i T iC





 

  

1

1

 

  

 

, where ( )iC denotes a i iN N matrix (assume that it is full ranks, which 

means iN d ). 

 The solution
( )

( )* * ( )

,
, arg min ( , )

i

i ie


     
  can be achieved by partial derivation: 

( ) ( )

( )

( )

2 0

1 0

i i

i

T i

e
C

e






  




  



1

1






 

, where ( ) ( ) ( ) ( ) 12
2

i i i iC C


   1 1  . Then the solution
( ) 1

( )

( ) 1

i
i

T i

C

C






1

1 1
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The computation of the reduced feature set 

 The function to be minimized in this step is: 

2

2

2
( ) ( )

1 1

( )

         {( ) ( )} {( ) ( )}

         { ( )( ) } { ( ) }

         { }

N N
i j T

ij L
i j

T T T T T

N N N N

T T T T T

N N N N N N

T

Z w Z ZW

tr Z ZW Z ZW tr I W Z Z I W

tr Z I W I W Z tr Z I W W W W Z

tr ZMZ


 

 

  

   

     

      



 z z

 

, where
1 ,

1

[ ]
N

N

ij ij ij ji ki kj i j N

k

m w w w w  



    . 

 With the constraints on Z, now the problem we are solving becomes: 

* min { } 
T

T

ZZ I
Z tr ZMZ


  

The Rayleitz-Ritz theorem is applied to solve this problem, where the last p 

eigenvectors of M are the solution. Because the last eigenvector
1

N
N

1 with 

eigenvalue 0 is indeed a trivial solution, we discard it and add the ( 1)thp  

smallest one in. 

 As you can see, the formula above looks very similar to the one in PCA, while 

now we perform minimization rather than maximization.  

 The proof that N1 is an eigenvector of M with zero eigenvalue, which equivalently 

means the summation of each row of M is 0: 

1 1 1

1 1 1 1

1 1 1 1 1

[ ]

         1

         0.

N N N

ij ij ij ji ki kj

j j k

N N N N

ij ji ki kj

j j j k

N N N N N

ji ki kj ji ki

j k j j k

m w w w w

w w w w

w w w w w
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LLE is layered, explicit, and unsupervised. It provided a different model assumption 

based on manifold properties to perform nonlinear dimensionality reduction. Instead of 

preserving all pairs of geodesic distance between training samples, the formulation of 

LLE only preserves the local geometry through linear reconstruction coefficients. The 

experimental results in [41] showed that LLE is able to nonlinearly discover the latent 

variables. In addition, LLE illustrates a general principle of manifold learning that even 

if the global geometry is not explicitly preserved, with overlapped local neighborhoods, 

the global geometry can still be reconstructed (or say generated) in the reduced feature 

space. The matrix for recording neighbor information of LLE is sparse, where most of 

the entries are zero. This property does facilitate the computation of EVD in LLE 

against the one in Isomap. 

 Form the discussions in [62], manifold learning is intrinsically an ill-posed 

problem and requires some additional restrictions to make it solvable. Two possibilities 

of the restrictions are presented, one is isometric embedding and the other one is 

conformal embedding. The isometric embedding such as Isomap preserves infinitesimal 

(local) lengths and angles, while the conformal embedding such as LLE only preserves 

angles. From another perspective, LLE is casted as a local approach of nonlinear 

dimensionality reduction which attempts to preserve the local geometry of data. Local 

approaches only seek to map nearby points on the manifold to nearby points in the 

reduce feature space. On the other hand, Isomap is denoted as a global approach, which 

attempts to preserve geometry at all scales based on geodesic distance. Global 

approaches not only map nearby points on the manifold to nearby points in the reduced 

feature space, but also map faraway points to faraway points. 

 Despite the differences of LLE and Isomap, they do share some important 

characteristics in common. First, the scale of neighborhood (  -neighbor) or the number 
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of neighbors (KNN) need to be defined before learning. Second, there exist closed form 

and global optimal solutions for both Isomap and LLE, which is critical against some 

other nonlinear dimensionality reduction methods such as autoencoder neural networks 

[66] and self-organizing maps [46], etc. Third, both of them are explicit methods, which 

mean there is no direct mapping function for unseen and future samples. 

 

3.7.2 Extensions of LLE 

 After the first version of LLE, S. T. Roweis et al. later published one introduction 

paper [67] and one comprehensive paper [68] to further discuss LLE, such as how many 

neighbors to choose for building plausible dimensionality reduction results, etc. In order 

to make LLE available for new coming samples, X. He et al. [60] proposed a 

linearization framework, called Neighborhood preserving embedding (NPE), to learn 

projection bases based on the LLE criterion. Then, new samples can be embedded into 

the reduced feature space simply by matrix operation. In Table 29, we present the 

algorithm of NPE, and in Table 30, the theoretical justifications are discussed. 

  

Table 29 The algorithm of NPE 

Presetting: 

 Follow the presetting and goal of LLE in Table 27 

 Pre-center the data set, where each ( )n
x is replaced by ( )n x x . 

Goal: 

 Find a d p transformation matrix B, then ( )TB z x x for new coming 

samples ,  where pRz .  

 There are three steps in NPE, and only the third step is different. 
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Step 3: Compute the projection matrix B 

 Follow the same constraints of LLE for re-embedding in Table 27 

 Algorithm 

( ) ( ) ( )

( 1) ( 2) ( )

( )

( ) ( )

 where  is in descending order

, ,......, |

T

T i i T i T T

T
N p N p N

p N p p p

M I W I W

XMX XX XMX V XX V

B V O I

  

   

  

  

  

       

v v

v v v

 

 

Table 30 The theoretical justifications of NPE 

The modeling of projection matrix 

 MPE nearly follows all the procedure of LLE, while assumes that the reduced 

vector z can be represented as ( )TB z x x . During training, X is pre-centered. 

 Put the model above into the objective function and constraints of LLE: 

2

( ) ( )

1 1

( ) ( ) ( ),

.

N N
i j T T T

ij

i j

T T T

Z w tr ZMZ tr B XMX B

ZZ B XX B I


 

   

 

 z z
 

Then, the optimization problem can be rewritten as: 

* arg min
T T

T T

B XX B I
B B XMX B


  

, which can be solved through generalized eigenvector problem because both 

TXMX and TXX are symmetric positive semi-definite matrices. 

Singular problem of
TXX : 

 When TXX is singular, ( ) ( ) ( )T i i T iXMX XXv v cannot be solve. To figure out this 

problem, we can first perform PCA on X to reach a lower dimensional l NX  where 

T

X X is nonsingular. Now PCAX
B W becomes the new projection matrix. 
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 NPE exploits the criterion of LLE and is an implicit method where dimensionality 

reduction of new coming samples can be easily computed. It can be easily noticed that 

the projection model assumption of NPE restricts the power of LLE, and the authors of 

NPE suggests the idea of kernel NPE to release this problem. In addition, they claimed 

that NPE can become supervised when the label information is considered in W, but did 

not describe the implementation in detailed. Compared to PCA, NPE exploits the 

nonlinear local geometry properties instead of the linear covariance information. 

Although both of them are based on linear model, the properties to preserve are 

different and the achieved projection bases are different. Besides, the authors claimed 

that NPE is less sensitive to outliers than PCA. The experimental results of NPE showed 

it outperforms PCA and LDA for face recognition task on the ORL face database. Y. Fu 

et al. [69] also mentioned how to make LLE available for new coming samples and 

discuss more on considering label information for supervised dimensionality reduction. 

There proposed method is called locally embedded analysis (LEA). 

 

3.8 Laplacian Eigenmap and Its Extensions 

3.8.1 Laplacian Eigenmap 

 Away from Isomap and LLE, in 2002, M. Belkin et al. [44][70] proposed another 

way of thinking in manifold learning, called the Laplacian eigenmap. In their claim, an 

optimal embedding should keep neighbor points in the d-dimensional space still close in 

the p-dimensional space. This idea can be formulated as minimizing the summation of 

the Laplacian-Beltrami operator over the entire manifold. The Laplacian-Beltrami 

operator computes the divergence of mapping function from a point dRx on the 

manifold to pRz . Because now we only have finite samples from the manifold, the 
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Laplacian-Beltrami operator on the manifold is approximated by the Laplacian of the 

graph obtained from the data samples. In Table 31, we list the algorithm of Laplacian 

eigenmap, and in Table 32, we provide the theoretical justifications of the algorithm.  

 

Table 31 The algorithm of Laplacian eigenmap 

Presetting: 

 Given a training set ( )

1{ }n d N

nX R  x , denote X as a d N matrix. 

 Define a N N matrix
1[ 0]ij j NW w    to record the (spatial) similarities between 

points, where
ijw is the similarity between ( )i

x and ( )j
x . 

Goal: 

 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

 The set containing all the neighbors of ( )i
x is denoted as ( )Nei i . The neighbors can 

be defined through K-nearest neighbor or -neighbor. 

Step 1: Find the neighbor of each sample 

 Follow the step 1 in Table 27. 

Step 2: Set the similarity between neighbors 

 Algorithm: 

for each pair { , }i j  

2
( ) ( )

( )      if ( ( )) exp( )

end

i j

j

ijNei i w
t


   

x x
x  

 The parameter t is adjustable. A simple choice is t  (
( )1 iff ( )j

ijw Nei i x ), 
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where all pair of neighbors get a unit similarity. 

Step 3: Set the similarity between neighbors 

 Algorithm: 

(1) Define an N N matrix D, where
1

,  and the other entries 0
N

ii ij

j

d w


   

(2) Define the Laplacian matrix ( )L D W  , which is symmetric positive semi- 

definite. 

(3) Solve the generalized eigenvector problem: 

1 ,  where  is in descending orderL D D LV V    v v  

The solution of Z is ( ) ( 1) ( 1)

( 1 ) 1, ,......, | |
T T

N p N p N

p N p p p pZ V O I O   

    
       v v v  

 

Table 32 The justification of Laplacian eigenmap 

The criterion of Laplacian eigenmap: 

 The criterion is to keep neighbors in dR still close in pR , which can be formulated 

as the following function: 

2
( ) ( )

1 1

( )
N N

i j

ij

i j

E Z w
 

  z z  

, where
ijw measures (spatial) similarity between ( )i

x and ( )j
x . When two points are 

close in the original feature space, the similarity between them is large. 

Minimizing the above function aims at keeping points with high similarity close 

in the reduced feature set Z, while don‟t care points with small similarity (if two 

points are not neighbors to each other, 0ijw  ) 

 ( )E Z can be rewritten as: 
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2
( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1

( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1 1 1

( ) ( ) ( ) ( )

1 1 1 1

( ) ( ) ( )

        2

        2 ( ) 2

N N N N
i j i j T i j

ij ij

i j i j

N N N N N N
i T i i T j j T j

ij ij ij

i j i j i j

N N N N
i T i i T j

ij ij

i j i j

E Z w w

w w w

w w

   

     

   

    

  

 

 

  

  

z z z z z z

z z z z z z

z z z z

( ) ( )

1

        2 { } 2 { }

        2 { } 2 { } 2 { }

N
i T i T

ii

i

T T T

tr d tr Z WZ

tr ZDZ tr ZWZ tr ZLZ



  

    



 z z

 

 With this reformulation, now the minimization problem is denoted as: 

arg min ( ) arg min ( )
T T

T

ZDZ I ZDZ I
Z E Z trace ZLZ

 
   

, where the constraint TZDZ I is used to prevent degradation. The solution to 

this problem can be computed from L Dv v , while we discard the last 

eigenvector with eigenvalue 0 because it is a trivial solution N1 . 

 

 Laplacian eigenmap is based on the same idea of LLE, preserving only the local 

geometry, while uses another method to model the objective function. The similarity 

matrix W is sparse which facilitates the computation of EVD. The experimental results 

in [44][70] showed that Laplacian eigenmap could achieve nonlinear dimensionality 

reduction in both visualization and data representation tasks. The algorithm of Laplacian 

eigenmap is easier than Isomap and LLE, while there is an additional parameter t to 

define in the heat kernel. Laplacian eigenmap is an unsupervised, explicit, and layered 

feature transform, so it is also suffered from the new sample problem. 

 

3.8.2 Extensions of Laplacian Eigenmap 

 Just like the work of NPE, X. He et al. [45] also proposed the linearization of 

Laplacian eigenmap, called locality preserving projection (LPP). LPP is probably the 
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first work to use linearization for making manifold learning available for new coming 

samples. To further release the restrictions of linear projection, kernelization is 

performed on LPP, which is called kernel LPP. In Table 33, we present the algorithm of 

LPP, and in Table 34, the theoretical justifications are discussed. 

 

Table 33 The algorithm of LPP 

Presetting: 

 Follow the presetting and goal of Laplacian eigenmap in Table 31. 

 Pre-center the data set, where each ( )n
x is replaced by ( )n x x . 

Goal: 

 Find a d p transformation matrix B, then ( )TB z x x for new coming 

samples ,  where pRz .  

 There are three steps in LPP, and only the third step is different. 

Step 3: Compute the projection matrix B 

 Algorithm 

( ) ( ) ( )

( 1) ( 2) ( )

( )

,  where 

 where  is in descending order

, ,......, |

ii ij

j

T i i T i T T

T
N p N p N

p N p p p

L D W d w

XLX XDX XLX V XDX V

B V O I

  

   

  

  

  

       



v v

v v v

 

 

Table 34 The theoretical justifications of LPP 

The modeling of projection matrix 

 Put the model of LPP into the objective function and constraints of Laplacian 

eigenmap: 
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2
( ) ( )

1 1

( ) { } { }

.

N N
i j T T T

ij

i j

T T T

E Z w tr ZLZ tr B XLX B

ZDZ B XDX B I

 

   

 

 z z
 

Then, the optimization problem can be rewritten as: 

* arg min
T T

T T

B XDX B I
B B XLX B


  

, which can be solved through generalized eigenvector problem because both 

TXLX and TXDX are symmetric positive semi-definite matrices. 

Singular problem of
TXX : 

 When TXDX is singular, ( ) ( ) ( )T i i T iXMX XXv v cannot be solve. The same 

solution using PCA in Table 30 can be directly exploited. 

 

 LPP has been experimented in [45] to outperform PCA on the visualization task 

and both LDA and PCA on face recognition using the Yale database. Laplacianfaces 

proposed in [29] directly exploits LPP for face recognition, and more comparisons 

among PCA, LDA, and LPP can be found in that paper. 

 The generalized eigenproblem doesn‟t guarantee that the projection matrix is 

orthogonal. This phenomenon makes LPP difficult to reconstruct data, and may distort 

the metric structure when using LPP for face recognition. In [36], D. Cai et al. proposed 

the orthogonal version of LPP, called the orthogonal locality reserving projection 

(OLPP). The experimental results showed that OLPP has more locality preserving 

power than LPP and outperforms LPP in the face recognition tasks using Yale, ORL, 

and PIE database. OLPP is also adopted in [34][71] for facial age estimation tasks. 

Table 35 presented the algorithm of OLPP, which is different from LPP only in the third 

step. 
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Table 35 The algorithm of OLPP (only the third step is shown) 

Step 3: Compute the projection matrix B 

 Algorithm 

( ) (1) (2) ( )

(1) 1

, ,......,

 is the smallest eigenvector of ( )

p p

T T

B

Q XDX XLX

   



b b b

b

( 1) ( 1) 1 ( 1)

( ) 1 ( 1) ( 1) 1 ( 1)

for 2 :

        compute [ ] ( )

         is the smallest eigenvector of ( ( ) [ ] [ ] )

end

k k T T k

k T k k k T

k p

G B XDX B

I XDX B G B Q

   

    





b
 

 The theoretical justification can be found in [36], which used the Lagrange 

multipliers to solve the orthogonal bases constraint. 

 

 Rather than using neural networks or linearization to extend Isomap, LLE, and 

Laplacian eigenmap for new samples, Y. Bengio proposed [54] an out-of-sample 

extension framework which can be applied on the above three manifold learning 

methods as well as MDS and spectral clustering [28]. The framework is based on seeing 

these algorithms as learning eigenfunctions of a data-dependent kernel. In practice, only 

a set of examples of the underlying manifold can be observed, which means these 

algorithms can only learn eigenvectors rather than eigenfunctions. While as the number 

of samples increases, the learned eigenvalues and eigenvectors will converge. Based on 

the empirical properties extracted from the observed samples, the reduced feature 

vectors of new coming samples can be seen as weighted summations of reduced feature 

vectors obtained from the training samples. The weights of combination are computed 

from the distances or similarities between a new sample and all the training samples. 
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3.9 Graph Embedding and Its Extensions 

3.9.1 The Graph Embedding Framework 

 The previous six sections discuss different algorithms of dimensionality reduction. 

In fact, there are some common characteristics among them, such as building a distance, 

covariance, or similarity matrix among training samples and solving the optimization 

problem by generalized eigenvector decomposition. In 2007, S. C. Yan et al. [50] 

proposed a unified framework for dimensionality reduction, known as graph embedding. 

Graph embedding views each sample of the training set as a graph vertex, and the 

relationship (weight on the edge) between each pair of vertices can be measured by a 

graph similarity matrix that characterizes certain statistical or geometric properties of 

the dataset. The purpose of graph embedding is to represent each vertex of the graph as 

a low-dimensional vector that preserves the measured similarity between the vertex 

pairs. And the solution comes from the eigenvectors corresponding to the leading 

eigenvalues of the graph Laplacian matrix with certain constraints. In order to deal with 

new coming samples, linearization and kernelization are presented to transfer manifold 

learning algorithms into a linear or nonlinear projection matrix. In addition, to preserve 

the higher-order statistics of certain dataset, tensorization is also presented to make 

manifold learning available not only for vectors but also for tensor projects. 

 Graph embedding claims that the properties of a labeled or unlabeled dataset can 

be characterized by two graphs, an intrinsic graph and a penalty graph. The intrinsic 

graph describes the desired statistical or geometrical properties of the dataset to be 

preserved, while the penalty graph characterizes the properties that should be avoided. 

When there is no explicit property to be avoided, the penalty graph is replaced by 

certain constraints for scale normalization to prevent degradation and trivial solutions. 
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In Table 36, the concepts and formulations of graph embedding are summarized.  

 

Table 36 The concepts and formulations of graph embedding 

Presetting: 

 Training set ( )

1{ }n d N

nX R  x , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 Pre-center the data set, where each ( )n
x is replaced by ( )n x x . 

Goal: 

 Desire to transform the original d-dimensional vector into p-dimensional ( p d ) 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

The optimization criterion of graph embedding: 

 Objective function:
2

( ) ( )

1 1

( ) ( )
N N

i j T

ij

i j

E Z w tr ZLZ
 

   z z  

 Constraints: 

2
( )

1

2
( ) ( )

1 1

 (a constant),  for normalization constraints

( )

,  for penalty graph proerties

N
i

ii

iT

N N
i j p

ij

i j

P

tr ZPZ

w







 





 
  






z

z z

 

 Optimization criterion: 
*

( )

( )
arg min ( ) arg min

( )T

T
T

T
tr ZPZ

tr ZLZ
Z tr ZLZ

tr ZPZ
   

 L is the Laplacian matrix of the intrinsic graph { , }G X W , whereW is an 

N N edge weight matrix recording the pairwise similarity properties to be 

preserved in X. The similarities can be measured by various methods though 

domain knowledge, Euclidean distance, local geometry, or label information. The 

Laplacian matrix of G is defined as L D W  , where D is a diagonal matrix 
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and
1

N

ii ij

j

D d


 .  

 P is the constraint matrix to avoid trivial solutions of the objective function. P 

typically is an N N diagonal matrix for scale normalization, and may also be the 

Laplacian matrix pL of a penalty graph { , }p pG X W . The penalty graph pG  

shares the same vertex set as G , while the edge weight matrix pW records 

similarity properties to be avoid during dimensionality reduction. 

Linearization: 

 Modeling: T TB Z B X  z x  

 Optimization criterion: 

*

( )

*

( )

( )
(1) arg min ( ) arg min

( )

( )
(2) arg min ( ) arg min

( )

T T

T

T T
T T

T TBtr B XPX B

T T
T T

TBtr B B

tr B XLX B
B tr B XLX B

tr B XPX B

tr B XLX B
B tr B XLX B

tr B B









 

 

 

Sometimes the (1) scale normalization on Z will be transferred onto (2) B. 

Kernelization: 

 Extends the original d-dimensional x into -dimensionald ( ) x by feature 

transform introduce in Section 2.3.3. Then the kernel trick is exploited to 

represent the inner product of these transformed feature vectors. 

 Modeling: 

( ) ( ) ( ) ( )

1 ,

(1) (2) ( ) ( ) ( )

1

1 1

( )

1

1

: ( )

[ ] ,  where ( , ) ( ) ( )

, ,......, ( ),......, ( ) ( )

( ) ( ) ( ) ( , ),......,

dd

i j i T j

ij i j N ij

N N
p i N

i ip N p

i i

N
T T T i

i ip

i

K k k k

B a a X A

B A X a k a k



 



 



   

    

 
       

 

     

 



x R x R

x x x x

b b b x x

z x x x x
( )

1

( , )

T
N

i

i

 
 
 

 x x
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 Optimization criterion: 

*

( )

*

( )

( )
(1) arg min ( ) arg min

( )

( )
(2) arg min ( ) arg min

( )

T T

T

T T
T T

T TAtr A KPK A

T T
T T

TAtr A KA

tr A KLK A
A tr A KLK A

tr A KPK A

tr A KLK A
A tr A KLK A

tr A KA









 

 

 

Optimization: 

 Through Rayleigh quotient and generalized eigenvector decomposition: 

( ) ( ) ( )i i iL P LV PV   v v . 

, where , , ,  and , , , , .T T TL L XLX KLK P I P K XPX KPK  The eigenvalue matrix 

 is in descending order. 

 The p N matrix Z, d p matrix B, and the N p matrix A are composed of the 

last p eigenvectors inV with smallest eigenvalues. As L L , the last eigenvector 

is a trivial solution with equal entries, so we simply omit it. 

 If P is singular, the generalized eigenvector problem is generally unsolvable. To 

deal with this problem, PCA is often used to pre-reduce the dimensionality of X, 

and then P will probably become nonsingular. 

 

 Tensorization requires additional notations, operators, and iterative optimization 

methods. Besides, in our implementation, the features are fully represented in vector 

form rather than the tensor object form. So, in this section, we ignore the tensorization 

part. Graph embedding doesn‟t explicitly claim how to define the entries in  and pW W . 

The functionality of these weights is similar to the one in Laplacian eigenmap, where 

points with large weights inW should be mapped into nearby points in Z. In contrary, 

points with large weights in pW should be pulled away in Z. In [50], Yan et al. showed 

how the criterion of PCA, LDA, Isomap, LLE, Laplacian eigenmap, and LPP can be 
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transformed into the graph embedding framework. And based on this framework, 

linearization and kernelization are easily to perform. In addition, compared to other 

proposed framework [54][72][73], graph embedding is claimed more flexible in 

manifold learning design and suitable for supervised learning. Manifold learning 

algorithms which can be explained by graph embedding are layered. 

 

3.9.2 Marginal Fisher Analysis 

 Graph embedding not only provides a common framework for dimensionality 

reduction, but can also be used as a platform for developing new DR algorithms. To 

show this functionality, a new supervised dimensionality reduction algorithm, called 

Marginal Fisher analysis (MFA), is proposed. The idea of MFA is based on LDA 

mentioned in Section 3.4 and seeks to preserve neighbors with the same label while pull 

away neighbors with different labels. The intrinsic graph in MFA characterizes the 

intra-class compactness and connects each sample with its neighbor samples of the 

same class, while the penalty graph connects the marginal samples (samples with 

different class label) and characterizes the interclass separability. In Table 37, we show 

the algorithm of MFA. 

 

Table 37 The algorithm of MFA 

Presetting and goal: 

 Follow the presetting and goal of graph embedding in Table 36. 

 MFA is a linearization form, and can be extended to kernelization form. 

 There are four steps in MFA algorithm 

Criterion of MFA: 
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 Intra-class: 

2
( ) ( )

1 ( )

( ) ( ) ( )

{ ( ) },

1,  if  ( ) iff ( ) or ( )
where 

0,  else

N N
T i T j T T

W ij

i j Nei i

j j i

ij

S B B w tr B X D W X B

Nei i KNN i KNN j
w

 

  

   

   
 


  x x

x x x
 

 Inter-class: 

2
( ) ( )

1 ( )

( ) ( ) ( )

{ ( ) },

1,  if  ( ) iff ( ) or ( )
where 

0,  else

N N
T i T j p T p p T

B ij

i j Nei i

j j i

p

ij

S B B w tr B X D W X B

Nei i KNN i KNN j
w

 

  

   

   
 


  x x

x x x
 

 

( )

1

( )

2

( ) means -nearest same-label samples around 

( ) means -nearest different-label samples around 

i

i

KNN i k

KNN i k





x

x
 

 Marginal Fisher criterion:
* ( ( ) )

arg min
( ( ) )

T T

T p p TB

tr B X D W X B
B

tr B X D W X B





 

Step 1: PCA for singular ( )p pD W to reach X and PCAW  

Step 2: Find the 1k same-label and 2k different-label neighbors of each sample. 

Step 3: BuildW and pW . 

Step 4: Perform EVD and get the projection basis B: 

( ){ ( ) } { ( ) } |
TT Tp p

p N p p pX D W X V X D W X V B V O I   
         

Discussions: 

 For new coming samples, ( ).T

PCAB W z x x  

 2k will affects the dimensionality of the reduced feature space p. 
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 Compared to LDA, MFA doesn‟t utilize the between-class and within-class scatter 

for measuring inter-class separability and intra-class compactness. This means MFA 

releases the assumption that data of each class is approximated Gaussian distributed. 

The authors claimed that without a prior assumption on data distributions, the inter-class 

margin used in MFA can better characterizes the separability of different classes than 

the inter-class scatter in LDA. From the face recognition results performed on several 

face database, MFA outperforms PCA and LDA, and the further extended kernel MFA 

(KMFA) and tensor MFA (TMFA) improves the recognition accuracy. 

 

3.9.3 Extensions and Related Work of Graph Embedding 

 Based on or related to the platform of graph embedding, several dimensionality 

reduction techniques in the linearization form were proposed. H. T. Chen et al. [74] 

proposed a supervised dimensionality reduction algorithm called local discriminant 

embedding (LDE). LDE exploits both the neighbor and label information of the data 

and learns the embedding for the submanifold of each class. The derivation and of LDE 

is very similar to MFA, while the neighbor weighting step and the objective function is 

different. Besides, PCA is optional in LDE for singular problem. To our best knowledge, 

LDE is the first manifold learning algorithm to use the intrinsic and penalty graphs 

together for supervised learning. In Table 38, the algorithm of LDE is presented. 

 

Table 38 The algorithm of LDE 

Presetting and goal: 

 Follow the presetting, goal, and the notations of MFA in Table 37. 

 There are three steps in LDE, and the last two are different from MFA. 
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Criterion of LDE:
*

( ( ) ) 1
arg max ( ( ) )

T T

T p p T

tr B X D W X B
B tr B X D W X B

 
   

Step 1: Find the 1k same-label and 2k different-label neighbors of each sample. 

Step 2: BuildW and pW : 

 

2
( ) ( )

( ) ( ) ( )

2
( ) ( )

( ) ( ) ( )

exp( ),  if  ( ) iff ( ) or ( )

0,  else

exp( ),  if  ( ) iff ( ) or ( )

0,  else

i j

j j i

ij

i j

j j i
p

ij

Nei i KNN i KNN jw t

Nei i KNN i KNN jw t

  

  

 
     



 
     



x x
x x x

x x
x x x

 

Step 3: Perform EVD and get B: (largest p eigenvectors are preferred) 

 
( ){ ( ) } { ( ) } |

T
p p T T

p p p N pX D W X V X D W X V B V I O   
         

 

 D. Cai et al. [75] proposed the locality sensitive discriminate analysis (LSDA) for 

supervised dimensionality reduction. The idea of LSDA is very similar to MFA and 

LDE, while it adjusts the importance of the two graphs and modifies the optimization 

criterion. MFA and LDE build the intrinsic graph with the 1-nearestk same-label 

neighbors and the penalty graph with the 2 -nearestk different-label neighbors around 

each sample. This definition implies that the importance ratio between intra- and inter- 

class information is equally at each sample, and the total importance ratio between the 

intrinsic and the penalty graph is controlled by the choices of 1k and 2k . LSDA releases 

these implicit restrictions, and performs better than LDE and MFA on face recognition 

with the Yale database. In Table 39, the algorithm of LSDA is summarized. 
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Table 39 The algorithm of LSDA 

Presetting and goal: 

 Follow the presetting, goal, and the notations of MFA in Table 37. 

 There are three steps in LSDA: 

Criterion of LSDA: 

 Objective function: 

2
( ) ( )

1

2
( ) ( )

1

min min { ( ) }

max max { ( ) }

N N
T i T j T T

ij
B B

i j

N N
T i T j p T p p T

ij
B B

i j

B B w tr B X D W X B

B B w tr B X D W X B





  

  





x x

x x

 

 Constraint: ( ) 1T Ttr B XDX B   

 Optimization criterion:

*

{ } 1

arg max { ( (1 ) ) }

,where  is a suitable constant that 0 1.

T T

T p T

tr B XDX B
B tr B X L W X B 

 



  

 
 

Step 1: Find the neighbors of each sample. ( -neighbors or K-nearest neighbors) 

Step 2: BuildW and pW : 

 

( ) ( ) ( )

( ) ( ) ( )

1,  if  ( ) and 

0,  else

1,  if  ( ) and 

0,  else

j i j

ij

j i j

p

ij

Nei i y y
w

Nei i y y
w

  
 


  
 


x

x
 

Step 3: Perform EVD and get B: (largest p eigenvectors are preferred) 

 
( ){ ( (1 ) ) } { } |

T
p T T

p p p N pX L W X V XDX V B V I O     
         

 

 There are still other formulations of the intrinsic and penalty graphs, and other 

optimization criteria as well as methods for supervised dimensionality reduction in the 

linearization form. Q. You et al. [76] proposed the neighborhood discriminant projection 

(NDP), which builds the intrinsic graph by the linear reconstruction coefficients as in 
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LLE and NPE. The penalty graph of NDP directly follows the one of LDSA, while the 

optimization criterion is similar to the one in LDE. To solve the singular problem, NDP 

exploits the null space method used in [77], rather than the PCA method used in NPE, 

LPP, and MFA, etc. 

 Y. Fu et al. proposed the conformal embedding analysis (CEA) [37] and further 

used it in facial age estimation task [35]. Incorporating both conformal mapping and 

discriminating analysis, CEA first projects the high-dimensional data onto the unit 

hypersphere by vector normalization and preserves intrinsic neighbor relations with the 

intrinsic graph modeling. The distance metric used in CEA for finding neighbors and 

setting the weight of graph edges is defined as
( ) ( ) ( ) ( )

( , ) 1 ,
i j i j

dis    x x x x . Through 

the manifold learning procedure similar to MFA and LDE, the subspace learned by CEA 

is claimed to be gray-level variation tolerable because of the cosine-angle metric and the 

normalization processing. 

 

3.10 Other Nonlinear Dimensionality Reduction Techniques 

 In this section, we briefly introduce other popular techniques of nonlinear 

dimensionality reduction. Some of them are based the concept of manifold, while some 

of them are based on either tensor objects, independence among features, or 

perspectives of neural networks, etc. We will list the references of each method for 

extended studies. 

 

3.10.1 Manifold Alignment 

 In addition to the manifold learning algorithms introduced in the previous four 

sections, there are still other criteria and idea on how to learn the manifold structure 
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from given data. The manifold alignment idea, probably first named in [78], seeks to 

locally build a set of low dimensional coordinates, and then jointly aligns them into a 

global low dimensional coordinate. For example, image that a group of students 

distribute in the playground. Each student is asked to describe his or her relative 

locations to other nearby students. Based on this information, the teacher labels each 

student with a unique location in a global coordinate. In fact, LLE implicitly utilizes this 

idea and exploits linear reconstruction coefficients to record the local geometry. The 

local tangent space alignment algorithm (LTSA), proposed by Z. Y. Zhang et al. [79], is 

also based on the idea of manifold alignment.  

 Originated from the neighbor preserving idea of LLE, LTSA further considers the 

reconstruction of the original feature space from the reduced feature space. The basic 

assumption of LTSA is that the reduced feature set Z controls the observed feature set X, 

and the mapping function : p df R R z x is locally very smooth and with a certain 

degree of noise. Then, the neighborhood relationship defined in Z will be preserved in X. 

Using first-order Taylor‟s expansion on ( )f  at each ( )i
z , we can build a local tangent 

space around ( )i
z and analyzes how a small variation in z linearly affects the variation 

in x . The tangent space characterizes the local geometry around each ( )i
z and its 

neighbors, while in practice, neither ( )f  and Z is given. 

 With the smooth assumption on ( )f  , LTSA first approximately build the set of 

local tangent spaces from the information in X. This can be down by generating a set of 

p-dimensional feature spaces as well as d p projection matrices to represent the local 

tangent geometry of X through SVD or PCA. These coordinate systems are locally 

meaningful, but misaligned from the global view. The second step of LTSA is then to 

align these local coordinates into a global coordinates system Z. Given each local 
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coordinates system the freedom to de individually transformed by an affine matrix, 

LTSA jointly learn these transformation matrices and minimizes the error between local 

coordinates and the global coordinate. LTSA is explicit, unsupervised, and standalone, 

and the linearization of LTSA was proposed later by T. H. Zhang et al. [80]. 

 

3.10.2 Maximum Variance Unfolding 

 Also based on the concept of manifold, K. Q. Weinberger et al. [81] proposed a 

new manifold learning algorithm which can be solved by semi-definite programming 

and EVD. Follow the fundamental notion of isometry, where the manifold can be 

locally rotated and translated into another homeomorphic manifold, this new method 

suggests to preserve local Euclidean distances as well as local angles. This property can 

be further modified as preserving distances in the fully connected clique generated by 

each sample and its neighbors. Set these properties as the constraints of an optimization 

problem, Weinberger et al. proposed to maximize the sum of all pairwise distances 

between the reduced feature vectors in Z. This objective function can be thought of to 

unfold a manifold as much as possible, and implicitly indicates that the reduced space is 

globally Euclidean, just like the assumption in MDS and Isomap. 

 The equality constraints induced by distance preserving are quadratic, which 

makes the optimization problem not convex. To solve this problem, Weinberger et al. 

first transferred the argument Z into TK Z Z , which makes the optimization problem 

fully with linear equality constraints and an additional convex cone constraint. The 

modified optimization problem with argument K is exactly an instance of semi-definite 

programming (SDP) and can be solved by standard convex optimization solver. After 

we get the optimized K, a similar procedure like MDS is performed to extract the 

desired representation Z. 
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 There are two modifications proposed on the constraints, including changing the 

equality constraints into inequality constraints, and adding slack variables to balance the 

violation of equality constraints and the variance gain. In addition, the authors further 

compare this maximum variance unfolding algorithm with LLE, Isomap, Laplacian 

eigenmap and list their advantages and disadvantages. Maximum variance unfolding is 

explicit, unsupervised, and layered. 

 

3.10.3  Kernel PCA and Kernel LDA 

 The kernel trick mentioned in 3.9 can also be applied on the traditional PCA and 

LDA, which yields the so-called Kernel PCA (KPCA) [82] and Kernel LDA (KLDA or 

KFLD) [83]. In [84], M. H. Yang exploits both these two methods in face recognition, 

and showed that KFLD outperforms LDA as well as ICA in both Yale and AT&T 

database. 

 

3.10.4 Independent Component Analysis 

 Base on the same model assumption as PCA where TWz x , independent 

component analysis (ICA) aims at making the entries of z as independent as possible 

with each other. From another perspective, PCA decorrelates the entries of z with the 

Gaussian distribution assumption on data, while ICA requires the distribution of data to 

be non-Gaussian and maximizes the independence of entries in z . There are several 

criteria on how to represent the independencies between features and the probability 

distribution of features, and readers interested in ICA could referred to [30][48][85] for 

more details. 
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3.10.5 Other Methods 

 There are still several popular nonlinear dimensionality reduction techniques. For 

example, the Self-Organizing Map (SOM) proposed by T. Kohonen [46], the Hessian 

eigenmap proposed by D. L. Donoho et al. [86], and the autoencoder neural networks 

[66]. To get more detailed understanding and comparisons on nonlinear dimensionality 

reduction, the textbook [42] written by J. A. Lee et al. is a good reference. And to get an 

overview on several dimensionality reduction algorithms, the survey paper written by I. 

K. Fodor [13] and the one written by L. Maaten et al. [87] are recommended. 

 

3.11 Feature Selection 

 Instead of performing feature transform in the original d-dimensional space to 

extract the p-dimensional representation Z, feature selection directly select a subset of p 

features from the original d features. Feature transform is usually combined with 

supervised learning problems to reduce the model complexity while keep the important 

features for classification and regression. There are generally three categories of feature 

selection methods, embedded feature selection, wrapper, and filtering. 

 Embedded feature selection: This category means that during supervised learning, 

the classification or regression model can simultaneously learns the importance of 

each feature. For example, the Lasso regression [16], random forest (RF) [88], and 

even SVM have these functionalities. 

 Wrapper: This category can be seen as a brute-force searching method, which 

tries different subset of features to train the classifiers or regressors, and the subset 

with the best generalization performance is selected. Wrapper can be used on 

nearly any kind of supervised learning algorithm, and in order to speed-up the 



 

 131 

searching process, several mechanisms on how to select the sub-optimal subset are 

proposed [48]. 

 Filtering: This category utilized the statistical analysis between each feature and 

the label information to denote the feature importance. For example, the correlation 

between each feature and the corresponding class label, or the mutual information 

between them. 

 

In [89], I. Guyon et al. provided a comprehensive survey on feature and variable 

selection, which is a good starting point of feature selection. 

 

3.12 Conclusion 

 In this chapter, the theoretical and practical aspects of dimensionality reduction are 

presented. At first, we introduce the purposes and categorization of dimensionality, and 

a brief mathematical overview of “curse of dimensionality” is given. From Section 3.3 

to Section 3.5, two unsupervised linear dimensionality reduction techniques, PCA and 

MDS, and one supervised technique, LDA, are introduced with detailed mathematical 

justifications. And from Section 3.6 to Section 3.8, three important manifold learning 

techniques, ISOMAP, LLE, and Laplacian eigenmap are presented with their 

mathematical proves as well as algorithms. Several extensions based these three 

methods are also overviewed in these three sections. In Section 3.9, a general 

framework of manifold learning and dimensionality reduction called graph embedding 

is introduced, and we also discuss a few supervised manifold learning techniques based 

on graph embedding. At the end of this chapter, other kinds of dimensionality reduction 

methods are surveyed, and a short introduction of feature selection is presented. The 
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techniques introduced and discussed in this chapter are the main part of the proposed 

human aging estimation method. And even recently in statistics and computer science, 

dimensionality reduction is still a hot research topic. We hope that this chapter to give 

readers a theoretical and practical guidelines to use dimensionality reduction techniques. 
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Chapter 4 Face Detection and Recognition 

 

 In this chapter, we provide a broad overview about face detection and face 

recognition. Face recognition has been one of the most interesting and important 

research fields in the past two decades. The reasons come from the need of automatic 

recognitions and surveillance systems, the interest in human visual system on face 

recognition, and the design of human-computer interface, etc. These researches involve 

knowledge and researchers from disciplines such as neuroscience, psychology, 

computer vision, pattern recognition, image processing, and machine learning, etc. A 

bunch of papers have been published to overcome difference factors (such as 

illumination, expression, scale, pose, small sample size……) and achieve better 

recognition rate, while there is still no robust technique against uncontrolled practical 

cases which may involve kinds of factors simultaneously. Besides, In order to build an 

automatic system for face recognition from given images, face detection is a necessary 

preprocessing step to extract the face patch out from the image.  

 The organization of this chapter is as below: In Section 4.1, we go through general 

ideas and structures of face detection and recognition, and list important issues and 

factors of human faces in Section 4.2. In 4.3, popular and outstanding face detection 

algorithms are overviewed, and in Section 4.4 face recognition techniques and 

algorithms are introduced. Finally in Section 4.5, we give a short conclusion. Readers 

who are interested in face recognition could also refer to published surveys [90][91][92] 

and website about face recognition [93]. To be announced, this chapter only focuses on 

color-image-based (2D) face recognition, rather than video-based (3D) and 

thermal-image-based methods. 
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4.1 Introduction to Face Detection and Face Recognition 

 In this chapter, we focus on image-based face recognition. Given a picture taken 

from a digital camera, we would like to know if there is any person inside, where his or 

her face locates at, and who he or she is. Towards this goal, we generally divide the face 

recognition procedure into three steps: Face Detection, Feature Extraction, and Face 

Recognition. Fig. 4.1 illustrates this procedure 

Face 

Detection

Feature 

Extraction

Face 

Recognition
Image

Verification/

Identification

 

Fig. 4.1 The Configuration of a general face recognition procedure. 

 

4.1.1 Face Detection 

 The main function of this step is to determine (1) whether human faces appear in a 

given image, and (2) where these faces are located at. The expected outputs of this step 

are patches containing each face in the input image. In order to make further face 

recognition system more robust and easy to design, face alignment are performed to 

justify the scales and orientations of these patches. Besides serving as the 

pre-processing for face recognition, face detection could individually be used for 

region-of-interest detection, retargeting, video and image classification, etc. 

 

4.1.2 Feature Extraction 

 After the face detection step, human-face patches are extracted from images. 

Directly using these patches for face recognition have some disadvantages, first, each 

patch usually contains over 1000 pixels (in fact, a 60 60 face patch contains 3600 

pixels), which are too large to build a robust recognition system due to VC bound and 
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curse of dimensionality. Second, face patches may be taken from different camera 

alignments, with different face expressions, illuminations, and may suffer from 

occlusion and clutter. To overcome these drawbacks, feature extractions are performed 

to do information packing, dimension reduction, salience extraction, and noise cleaning. 

After this step, a face patch is usually transformed into a vector with fixed dimension or 

a set of fiducial points and their corresponding locations. In some literatures, feature 

extraction is either included in face detection or face recognition. 

 

4.1.3 Face Recognition 

 After formulizing the representation of each face, the last step is to recognize the 

identities of these faces. In order to achieve automatic recognition, a face database is 

required to build. For each person, several images are taken and their features are 

extracted and stored in the database. Then when an input face image comes in, we 

perform face detection and feature extraction, and compare its feature to each face class 

stored in the database. Face recognition is indeed a multi-class classification problem 

while with limited samples of each class (identity), and there have been many 

researches and algorithms proposed to deal with this classification problem. There are 

two general applications of face recognition, one is called identification and another one 

is called verification. Face identification means given a face image, we want the system 

to tell who he or she is or the most probable identification; while in face verification, 

given a face image and a guess of the identification, we want the system to tell true or 

false about the guess. In Fig. 4.2, we show an example of how these three steps work on 

an input image. 
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Fig. 4.2 An example of how the face recognition procedure works on a given image. (a) 

The input image and the result of face detection (the red rectangle). (b) The extracted 

face patch. (c) The feature vector after feature extraction. (d) Comparing the input 

vector with the stored vectors in the database by classification techniques and determine 

the most probable class (the red rectangle). 

 

4.2 Issues and Factor of Human Face 

 When focusing on a specific application of pattern recognition, the intrinsic 

properties of the ongoing problem should be carefully considered. For example, to 

analyze music or speech, we may first transform the input signal into frequency domain 

or MFCC (Mel-frequency cepstral coefficients) because features represented in these 

domain have been proved to better capture human auditory perception. In this section, 

we will talk about the domain-knowledge of human faces, factors that result in 

face-appearance variations in images, and finally list important issues to be considered 

when designing a face recognition system. 

 

4.2.1 Domain Knowledge of Human Face and Human Visual Perception 

 Aspects from psychophysics and neuroscience 

 There are several researches in psychophysics and neuroscience studying 

http://en.wikipedia.org/wiki/Mel-frequency_cepstral_coefficient
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about how we human performs recognition processes, and many of them have 

direct relevance to engineers interested in designing algorithms or systems for 

machine recognition of faces. In this subsection, we briefly review several 

interesting aspects. The first argument in these disciplines is that whether face 

recognition a dedicated process against other object recognition tasks. Evidences 

that (1) faces are more easily remembered by humans than other objects when 

presented in an upright orientation and (2) prosopagnosia patients can recognize 

faces from other objects but have difficulty in identifying the face support the 

viewpoint of face recognition as a dedicated process. While recently, some 

findings in human neuropsychology and neuroimaging suggest that face 

recognition may not be a unique process. 

 Holistic-based or feature-based 

 This is another interesting argument in psychophysics, neuroscience as well as 

in algorithm design. The holistic-based viewpoint claims that human recognize 

faces by the global appearances, while the feature-based viewpoint believes that 

important facial features such as eyes, noses, and mouths play dominant roles in 

identifying and remembering a person. The design of face recognition algorithms 

also apply these perspectives and will be discussed in Section 4.4. 

 Thatcher illusion 

 The Thatcher illusion is an excellent example showing how the face 

alignment affects human recognition of faces. In the illusion shown in Fig. 4.3, 

eyes and mouth of an expressing face are excised and inverted, and the result looks 

grotesque in an upright face. However, when shown inverted, the face looks fairly 

normal in appearance, and the inversion of the internal features is not readily 

noticed. 
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(a)                                  (b) 

Fig. 4.3 The Thatcher Illusion. (a) The head is located up-side down, and it is hard to 

notice that the eyes are pasted in the reverse direction in the right-side picture, while in 

(b) we can easily recognize the strange appearance. [94] 

 

4.2.2 Factors of Human Appearance Variations 

 There are several factors that result in difficulties of face detection and face 

recognition. Except the possible low quality driven from the image acquisition system, 

we focus on the angle of human faces taken by the camera and the environment of photo 

acquisition. There are generally six factors we need to concern: (1) illumination, (2) 

face pose, (3) RST (rotation, scale, and translation) variation, (4) face expression, (5) 

clutter background, and (6) occlusion. 

 Illumination: 

 The illumination variation has been widely discussed in many face detection 

and recognition researches. This variation is caused by various lighting 

environments and is mentioned to have larger appearance difference than the 

difference caused by different identities. Fig. 4.4 shows the example of 

illumination changes on images of the same person, and it is obviously that under 

some illumination conditions, we can neither assure the identification nor 

accurately point out the positions of facial features such as eyes and mouths. 
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Fig. 4.4 Face-patch changes under different illumination conditions. We can easily 

find how strong the illumination can affects the face appearance. [2] 

 

 Pose: 

 The pose variation results from different angles and locations during the 

image acquisition process. This variation changes the spatial relations among facial 

features and causes serious distortion on the traditional appearance-based face 

recognition algorithms such as eigenfaces and fisherfaces. An example of pose 

variation is shown in Fig. 4.5. 

 RST variation: 

 The RST (rotation, scaling, and translation) variation is also caused by the 

variation in image acquisition process. It results in difficulties both in face 

detection and recognition, and may require exhaustive searching in the detection 

process over all possible RST parameters. 
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Fig. 4.5 Face-patch changes under different pose conditions. When the head pose 

changes, the spatial relation (distance, angle, etc.) among fiducial points (eyes, mouth, 

etc.) also changes and results in serious distortion on the traditional appearance 

representation. [95] 

 

 Expression: 

 Human uses different facial expressions to express their feelings or tempers. 

The expression variation results in not only the spatial relation change but also the 

shape change of facial features 

 Cluttering: 

 In addition to the above four variations which result in changes in facial 

appearances, we also need to consider the influence of environments and 

backgrounds around people in images. The cluttering background affects the 

accuracy of face detection, and face patches including this background also 

diminish the performance of face recognition algorithms. 

 Occlusion: 

 The occlusion is possibly the most difficult problem in face recognition and 

face detection. It means that some parts of human faces are unobserved, especially 

the facial features. 

 

 



 

 141 

4.2.3 Design Issues 

 When designing a face detection and face recognition system, in addition to 

considering the aspects from psychophysics and neuroscience and the factors of human 

appearance variations, there are still some design issues to be taken into account. 

First, the execution speed of the system reveals the possibility of on-line service and 

the ability to handle large amounts of data. Some previous methods could accurately 

detect human faces and determine their identities by complicated algorithms, which 

requires a few seconds to a few minutes for just an input image and can‟t be used in 

practical applications. For example, several types of digital cameras now have the 

function to detect and focus on human faces, and this detection process usually takes 

less than 0.5 second. In recent pattern recognition researches, lots of published papers 

concentrate their work on how to speed-up the existing algorithms and how to handle 

large amounts of data simultaneously, and new techniques also include the execution 

time in the experimental results as comparison and judgment against other techniques.  

 Second, the training data size is another important issue in algorithm design. It is 

trivial that more data are included, more information we can exploit and better 

performance we can achieve. While in practical cases, the database size is usually 

limited due to the difficulty in data acquisition and the human privacy. Under the 

condition of limited data size, the designed algorithm should not only capture 

information from training data but also include some prior knowledge or try to predict 

and interpolate the missing and unseen data. In the comparison between the eigenface 

and the fisherface, it has been examined that under limited data size, the eigenface has 

better performance than the fisherface. 

  Finally, how to bring the algorithms into uncontrolled conditions is yet an unsolved 

problem. In Section 4.2.2, we have mentioned six types of appearance-variant factors, in 
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our knowledge until now, there is still no technique simultaneously handling these 

factors well. For future researches, besides designing new algorithms, we will try to 

combine the existing algorithms and modify the weights and relationship among them 

to see if face detection and recognition could be extended into uncontrolled conditions. 

 

4.3 Face Detection 

 From this section on, we start to talk about technical and algorithm aspects of face 

recognition. We follow the three-step procedure depicted in Fig. 4.1 and introduce each 

step in the order: Face detection is introduced in this section, and feature extraction and 

face recognition are introduced in the next section. In the survey written by Yang et al. 

[96], face detection algorithms are classified into four categories: knowledge-based, 

feature invariant, template matching, and the appearance-based method. We follow their 

idea and describe each category and present excellent examples in the following 

subsections. To be noticed, there are generally two face detection cases, one is based on 

gray level images, and the other one is based on colored images. 

 

4.3.1 Knowledge-Based Face Detection 

 These rule-based methods encode human knowledge of what constitutes a typical 

face. Usually, the rules capture the relationships between facial features. These methods 

are designed mainly for face localization, which aims to determine the image position of 

a single face. In this subsection, we introduce two examples based on hierarchical 

knowledge-based method and vertical / horizontal projection. 
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Fig. 4.6 The multi-resolution hierarchy of images created by averaging and 

sub-sampling. (a) The original image. (b) The image with each 4-by-4 square 

substituted by the averaged intensity of pixels in that square. (c) The image with 8-by-8 

square. (d) The image with 16-by-16 square. [96] 

 

 

Fig. 4.7 Examples of the horizontal / vertical projection method. The image (a) and 

image (b) are sub-sampled with 8-by-8 squares by the same method described in Fig. 

4.6, and (c) with 4-by-4. The projection method performs well in image (a) while can‟t 

handle complicated backgrounds and multi-face images in image (b) and (c). [96] 

 

 Hierarchical knowledge-based method: 

 This method is composed of the multi-resolution hierarchy of images and 

specific rules defined at each image level [97]. The hierarchy is built by image 

sub-sampling and an example is shown in Fig. 4.6. The face detection procedure 

starts from the highest layer in the hierarchy (with the lowest resolution) and 

extracts possible face candidates based on the general look of faces. Then the 
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middle and bottom layers carry rule of more details such as the alignment of facial 

features and verify each face candidate. This method suffers from many factors 

described in Section 3 especially the RST variation and doesn‟t achieve high 

detection rate (50 true positives in 60 test images), while the coarse-to-fine strategy 

does reduces the required computation and is widely adopted by later algorithms. 

 Horizontal / vertical projection: 

 This method uses the fairly simple image processing technique, the horizontal 

and vertical projection [98]. Based on the observations that human eyes and 

mouths have lower intensity than other parts of faces, these two projections are 

performed on the test image and local minimums are detected as facial feature 

candidates which together constitute a face candidate. Finally, each face candidate 

is validated by further detection rules such as eyebrow and nostrils. As shown in 

Fig. 4.7, this method is sensitive to complicated backgrounds and can‟t be used on 

images with multiple faces. 

 

4.3.2 Feature Invariant Approaches 

 These algorithms aim to find structural features that exist even when the pose, 

viewpoint, or lighting conditions vary, and then use these to locate faces. These methods 

are designed mainly for face localization. To distinguish from the knowledge-based 

methods, the feature invariant approaches start at feature extraction process and face 

candidates finding, and later verify each candidate by spatial relations among these 

features, while the knowledge-based methods usually exploit information of the whole 

image and are sensitive to complicated backgrounds and other factors described in 

Section 4.2. We present two characteristic techniques of this category in the following 

subsections, and readers could find more work in [99][100][101][102][103]. 
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 Face detection using color information: 

 In this work, Hsu et al. [104] proposed to combine several features for face 

detection. They used color information for skin-color detection to extract candidate 

face regions. In order to deal with different illumination conditions, they extracted 

the 5% brightest pixels and used their mean color for lighting compensation. After 

skin-color detection and skin-region segmentation, they proposed to detect 

invariant facial features for region verification. Human eyes and mouths are 

selected as the most significant features of faces and two detection schemes are 

designed based on chrominance contrast and morphological operations, which are 

called “eyes map” and “mouth map” and shown in Fig. 4.9 and Fig. 4.10. Finally, 

we form the triangle between two eyes and a mouth and verify it based on (1) 

luminance variations and average gradient orientations of eye and mouth blobs, (2) 

geometry and orientation of the triangle, and (3) the presence of a face boundary 

around the triangle. The regions pass the verification are denoted as faces and the 

Hough transform are performed to extract the best-fitting ellipse to extract each 

face. Fig. 4.8 shows the flowchart of their system, and the  

 This work gives a good example of how to combine several different 

techniques together in a cascade fashion. The lighting compensation process 

doesn‟t have a solid background, but it introduces the idea that despite modeling all 

kinds of illumination conditions based on complicated probability or classifier 

models, we can design an illumination-adaptive model which modifies its detection 

threshold based on the illumination and chrominance properties of the present 

image. The eyes map and the mouth map shows great performance with fairly 

simple operations, and in our recent work we also adopt their framework and try to 

design more robust maps. 
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Fig. 4.8 The flowchart of the face detection algorithm proposed by Hsu et al. [104] 

 

Fig. 4.9 The flowchart to generate the eye map. [104] 

 

Fig. 4.10 The flowchart to generate the mouth map. [104] 
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 Face detection based on random labeled graph matching: 

 Leung et al. [105] developed a probabilistic method to locate a face in a 

cluttered scene based on local feature detectors and random graph matching. Their 

motivation is to formulate the face localization problem as a search problem in 

which the goal is to find the arrangement of certain features that is most likely to 

be a face pattern. In the initial step, a set of local feature detectors is applied to the 

image to identify candidate locations for facial features, such as eyes, nose, and 

nostrils, since the feature detectors are not perfectly reliable, the spatial 

arrangement of the features must also be used for localize the face. 

 The facial feature detectors are built by the multi-orientation and multi-scale 

Gaussian derivative filters, where we select some characteristic facial features (two 

eyes, two nostrils, and nose/lip junction) and generate a prototype filter response 

for each of them. The same filter operation is applied to the input image and we 

compare the response with the prototype responses to detect possible facial 

features. To enhance the reliability of these detectors, the multivariate-Gaussian 

distribution is used to represent the distribution of the mutual distances among 

each facial feature, and this distribution is estimated by a set of training 

arrangements. The facial feature detectors averagely find 10-20 candidate locations 

for each facial feature, and the brute-force matching for each possible facial feature 

arrangement is computationally very demanding. To solve this problem, the 

authors proposed the idea of controlled search. They set a higher threshold for 

strong facial feature detection, and each pair of these strong features is selected to 

estimate the locations of other three facial features using a statistical model of 

mutual distances. Furthermore, the covariance of the estimates can be computed. 

Thus, the expected feature locations are estimated with high probability and shown 
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as ellipse regions as depicted in Fig. 4.11. Constellations are formed only from 

candidate facial features that lie inside the appropriate locations, and the ranking of 

constellation is based on a probability density function that a constellation 

corresponds to a face versus the probability it was generated by the non-face 

mechanism. In their experiments, this system is able to achieve a correct 

localization rate of 86% for cluttered images. 

 This work presents how to estimate the statistical properties among 

characteristic facial features and how to predict possible facial feature locations 

based on other observed facial features. Although the facial feature detectors used 

in this work is not robust compared to other detection algorithms, their controlled 

search scheme could detect faces even some features are occluded. 

 

 

Fig. 4.11 The locations of the missing features are estimated from two feature points. 

The ellipses show the areas which with high probability include the missing features. 

[105] 
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4.3.3 Template Matching Methods: Active Appearance Model 

 In this category, several standard patterns of a face are stored to describe the face 

as a whole or the facial feature separately. The correlations between an input image and 

the stored pattern are computed for detection. These methods have been used for both 

face localization and detection. The following subsection summarizes an excellent face 

detection technique based on deformable template matching, where the template of 

faces is deformable according to some defined rules and constraints. In this subsection, 

we introduce a very popular deformable matching model, called active appearance 

model (AAM). 

 In traditional deformable template matching techniques [48], the deformation 

constraints are determined based on user-defined rules such as first- or second-order 

derivative properties [106]. These constraints are seeking for the smooth nature or some 

prior knowledge, while not all the patterns we are interested in have these properties. 

Furthermore, the traditional techniques are mainly used for shape or boundary matching, 

not for texture matching.  

 The active shape model (ASM) proposed by Cootes et al. [107] exploits 

information from training data to generate the deformable constraints. They applied 

PCA to learn the possible variation of object shapes, and from their experimental results 

shown in Fig. 4.12, we can see the most significant principal components are directly 

related to some factors of variation, such as length or width. Although the principal 

component analysis can‟t exactly capture the nonlinear shape variation such as bending, 

this model presents a significant way of thinking: learning the deformation constraints 

directly from the possible variation. 
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(a)                              (b) 

     

     (c)                     (d)                    (e) 

Fig. 4.12 The example of the ASM for resistor shapes. In (a), the shape variations of 

resistors are summarized and several discrete points are extracted from the shape 

boundaries for shape learning, as shown in (b). From (c) to (e), the effects of changing 

the weight of the first three principal components are presented, and we can see the 

relationship between these components and the shape variation. [107] 

 

 The ASM model can only deal with shape variation but not texture variation. 

Following their work, there are many researches trying to combine shape and texture 

variation together, for example, Edwards et al. proposed that first matching an ASM to 

boundary features in the image, then a separate eigenface model (texture model based 

on PCA) is used to reconstruct the texture in a shape-normalized frame. This approach 

is not, however, guaranteed to give an optimal fit of the appearance (shape boundary 

and texture) model to the image because small errors in the match of the shape model 

can result in a shape-normalized texture map that can‟t be reconstructed correctly using 
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eigenface model. To direct match shape and texture simultaneously, Cootes et al. 

proposed the well-know active appearance model (AAM) [31][33]. 

 The active appearance model (AAM) requires a training set of annotated images 

where corresponding points have been marked on each example (each face image is 

marked with k points as a vector
2k

S Rx ). The ASM is then applied to align these sets 

of points and build a statistical shape model. Based on the trained ASM, each training 

face is warped so the points match those of the mean shape Sx , obtaining a shape-free 

patch. In Fig. 4.13, we show these manually marked points as well as the corresponding 

shape-free patch. These shape-free patches are further represented as a set of vectors 

d

A Rx and undergo the intensity normalization process (each vector is denoted as g ). 

By applying PCA to the intensity normalized data we obtain a linear model that captures 

the possible texture variation. We summarize the process that has been mentioned until 

now as follows: 
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, where SW is the orthonormal bases of the ASM and Sb is the set of shape parameters for 

each training face. The matrix AW is the orthonormal bases of the texture variation and 

Ab is the set of texture parameters for each intensity normalized shape-free patch. The 

details and process of PCA can be referred to Section 3.3. 

 To capture the correlation between shape and texture variation, a further PCA is 

applied to the data as follows. For each training example the concatenated vector is 

generated as follows 
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, where W is a diagonal matrix of weights for each shape parameter, which balances the 

difference in units between the shape and texture models. The PCA is applied on these 

concatenated vectors to generate a further model: 

 
1 2 3, where  is ( ) .Q Q p p p  b c  (4.3) 

Q represents the new projection bases and c is a vector of appearance parameters 

controlling both the shape and texture of the model. Note that the linear nature of the 

model allows us to express the shape and texture directly as function of c: 
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An example image can be synthesized by a given c by generating the shape-free texture 

patch
Ax first and warp it to the shape indicated by

Sx . 

 In the training of AAM for face detection, we learn the mean vectors Sx and Ax and 

projection matrices ,  ,  ,  and S AW W W Q to generate a facial AAM. And in the face 

detection phase, we modify the vector c, the location and scale of the model to minimize 

the difference between synthesized appearance and the input image. After reaching a 

local minimum difference, we compare it with a pre-defined threshold to determine the 

existence of a face. Fig. 4.14 illustrates the difference-minimization process. The 

parameter modification is rather a complicated optimization, and in their work, they 

combined the genetic algorithm and a pre-defined Parameter-refinement matrix to 

facilitate the convergence process. These techniques are beyond the scope of this report, 

and the readers who are interested in them can refer to the original papers [31]. 
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Fig. 4.13 The procedure of building shape-free patches. In the training set, each image 

is labeled with a set of key points x . By performing PCA, we can get the mean shape x , 

and the shape-free patch is generated by warping the key points x into x . [31] 

 

Fig. 4.14 The face detection procedure of AAM after specific iterations. At first, a mean 

face patch is placed at a random position. With the modification of vector c as well as 

the scale and translation of the face patch, the face patch gradually fits the input image. 

The far right column shows the fitted face patch generated by the convergent c. [31] 



 

 154 

4.3.4 Appearance-Based Methods 

 In contrast to template matching, the models (or templates) are learned from a set 

of training images which should capture the representative variability of facial 

appearance. These learned models are then used for detection. These methods are 

designed mainly for face detection, and two high-cited algorithms are introduced in the 

following sections. Other significant techniques are included in [96][102][108][109]. 

 Example-based learning for view-based human face detection: 

 The appearance-based methods consider not the facial feature points but all 

regions of the face. Given a window size, the appearance-based method scans 

through the image and analyze each covered region. In the work proposed Sung et 

al. [110], the window size of 19x19 is selected for training and each extracted 

patch can be represented by a 381-dimensional vector, which is shown in Fig. 4.15. 

A face mask is used to disregard pixels near the boundaries of the window which 

may contain background pixels, and reduce the vector into 283 dimensions. In 

order to better capture the distribution of the face samples, the Gaussian mixture 

model [9] is used. Given samples of face patches and non-face patches, two 

six-component Gaussian mixture models are trained based on the modified 

K-means algorithm [8]. The non-face patches need to be carefully chosen in order 

to include non-face samples as many as possible, especially some naturally 

non-face patterns in the real world that look like faces when viewed in a selected 

window. To classify a test patch, the distances between the patch and the 12 trained 

components are extracted as the patch feature, and a multilayer neural network 

[9][47] is trained to capture the relationship between these patch features and the 

corresponding labels. 

 During the face detection phase, several window sizes are selected to scan the 
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input image, where each extracted patches are first resized into size of 19x19. Then 

we perform the mask operation, extract the patch features, and classify each patch 

into face or non-face based on the neural network classifier. 

 

 

Fig. 4.15 The modeling procedure of face and non-face samples. The 19x19 window 

size is used to represent the canonical human frontal face. In the top row, a 

six-component Gaussian mixture model is trained to capture the distribution of face 

samples; while in the bottom row a six-component model is trained for non-face 

samples. The centroids of each component are shown in the right side. [110] 

 

 Fast face detection based on the Haar features and the Adaboost algorithm: 

 The appearance-based method usually has better performance than the 

feature-invariant because it scans all the possible locations and scales in the image, 

but this exhaustive searching procedure also result in considerable computation. In 
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order to facilitate this procedure, Viola et al. [3][4] proposed the combination of 

the Haar features and the Adaboost classifier [39]. The Haar features are used to 

capture the significant characteristics of human faces, especially the contrast 

features. Fig. 4.16 shows the adopted four feature shapes, where each feature is 

labeled by its width, length, type, and the contrast value (which is calculated as the 

average intensity in the black region minus the averaged intensity in the white 

region). A 19x19 window typically contains more than one thousand Haar features 

and results in huge computational cost, while many of them don‟t contribute to the 

classification between face and non-face samples because both face and non-face 

samples have these contrasts. To efficiently apply the large amount of Haar 

features, the Adaboost algorithm is used to perform the feature selection procedure 

and only those features with higher discriminant abilities are chosen. Fig. 4.16 also 

shows two significant Haar features which have the highest discriminant abilities. 

For further speedup, the chosen features are utilized in a cascade fashion as shown 

in Fig. 4.17, where the features with higher discriminant abilities are tested at the 

first few stages and the image windows passing these tests are fed into the later 

stages for detailed tests. The cascade procedure could quickly filter out many 

non-face regions by testing only a few features at each stage and shows significant 

computation saving.  

 The key concept of using the cascade procedure is to keep sufficient high true 

positive rate at each stage, and this could be reached by modifying the threshold of 

the classifier at each stage. Although modifying the threshold to reach high true 

positive rate will also increases the false positive rate, this effect could be 

attenuated by the cascade procedure. For example, a classifier with 99% true 

positive rate and 20% false positive rate is not sufficient for practical use, while 
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cascading this performance for three times could result in 95% true positive rate 

while 0.032% false positive rate, which is surprisingly improved. During the 

training phase of the cascade procedure, we set a lower bound of true positive rate 

and a higher bound of false positive rate for each stage and the whole system. We 

train each stage in term to achieve the desired bound, and increase a new stage if 

the bound of the whole system hasn‟t been reached.  

     

(a)                                  (b) 

Fig. 4.16 The Haar features and their abilities to capture the significant contrast feature 

of the human face. [4] 

 

Fig. 4.17 The cascade procedure during the training phase. At each stage, only a portion 

of patches can be denoted as faces and pass to the following stage for further 

verifications. The patches denoted as non-face at each stage are directly rejected. [4] 
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 In the face detection phase, several window scales and locations are chosen to 

extract possible face patches in the image, and we test each patch by the trained 

cascade procedure and those which pass all the stages are labeled as faces. There 

are many researches later based on their framework, such as [111]. 

 

4.3.5 Part-Based Methods 

 With the development of the graphical model framework [15][112] and the point of 

interest detection such as the difference of Gaussian detector [113] (used in the SIFT 

detector) and the Hessian affine detector [114], the part-based method recently attracts 

more attention. We introduce two outstanding examples, one is based on the generative 

model and one is based on the support vector machine (SVM) classifier. 

 Face detection based on the generative model framework: 

 R. Fergus et al. [115] proposed to learn and recognize the object models from 

unlabeled and unsegmented cluttered scenes in a scale invariant manner. Objects 

are modeled as flexible constellations of parts, and only the topic of each image 

should be given (for example, car, people, or motors, etc.). The object model is 

generated by the probabilistic representation and each object is denoted by the 

parts detected by the entropy-based feature detector. Aspects including appearances, 

scales, shapes, and occlusions of each part and the object are considered and 

modeled by the probabilistic representation to deal with possible object variances. 

 Given an image, the entropy-based feature detector is first applied to detect 

the top P parts (including locations and scales) with the largest entropies, and then 

these parts are fed into the probabilistic model for object recognition. The 

probabilistic object model is composed of N interesting parts (N<P) and denoted as 

follows: 
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, where X denotes the part locations, S denotes the scales, and A denotes the 

appearances. The indexing variable h is a hypothesis to determine the attribute of 

each detected part (belong to the N interesting parts of the object or not) and the 

possible occlusion of each interesting part (If no detected part is assigned to an 

interesting part, this interesting part is occluded in the image). Note that P regions 

are detected from the image while we assume that only N points are characteristics 

of the object and other parts belong to the background. 

 The model is trained by the well-known expectation maximization (EM) 

algorithm [9] in order to cope with the unobserved variable h, and both the object 

model and background model are trained from the same set of object-labeled 

images. Then when an input image comes in, we first extract its P parts and 

calculate the quantity R. Comparing this R with a defined threshold, we can 

determine if there is any face appears in the image. In addition to this 

determination, we can analyze each h and extract the N interesting parts of this 

image according to h with the highest probability score. From Fig. 4.18, we see 

that these detected N parts based on the highest score h actually capture the 

meaningful characteristics of human faces. 
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Fig. 4.18 An example of face detection based on the generative model framework. 

(Up-left) The average location and the variance of each interesting part of the face. 

(Up-right) Sample appearances of the six interesting parts and the background part (the 

bottom row). (Bottom) Examples of faces and the corresponding interesting parts. [115] 

 

 Component-based face detection based on the SVM classifier: 

 Based on the same idea of using detected parts to represent human faces, 

Heisele et al. [116] proposed the face detection algorithm consisting of a two-level 
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hierarchy of support vector machine (SVM) classifiers [23]. On the first level, 

component classifiers independently detect components of a face. On the second 

level, a single classifier checks if the geometrical configuration of the detected 

components in the image matches a geometrical model of a face. Fig. 4.19 shows 

the procedure of their algorithm. 

 On the first level, the linear SVM classifiers are trained to detect each 

component. Rather than manually extracting each component from training images, 

the authors proposed an automatic algorithm to select components based on their 

discriminative power and their robustness against pose and illumination changes 

(in their implementation, 14 components are used). This algorithm starts with a 

small rectangular component located around a pre-selected point in the face. In 

order to simplify the training phase, the authors used synthetic 3D images for 

component learning. The component is extracted from all synthetic face images to 

build a training set of positive examples, and a training set of non-face pattern that 

have that same rectangular shape is also generated. After training an SVM on the 

component data, they estimate the performance of the SVM based on the estimated 

upper bound  on the expected probability of error and later the component is 

enlarged by expanding the rectangle by one pixel into one of the four directions (up, 

down, left, right). Again, they generated training data, trained an SVM, determined 

 , and finally kept the expansion which decreases  the most. This process is 

continued until the expansions into all four directions lead to an increase in  and 

the SVM classifier of the component is determined.  

 On the second level the geometrical configuration classifier performs the final 

face detection by linear combining the results of the component classifiers. Given a 

58 58 window (a current face searching window), the maximum continuous 
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outputs of the component classifiers within rectangular search regions around the 

expected positions of the components and the detected positions are used as inputs 

to the geometrical configuration classifier. The search regions have been calculated 

from the mean and standard deviation of the locations of the components in the 

training images. The output of this second-level SVM tells us if a face is detected 

in the current 58 58 window. To search all possible scales and locations inside an 

input image, we need to change the window sizes of each component and possible 

face size, which is an exhaustive process. 

 

      

(a)                                  (b) 

Fig. 4.19 In (a), the system overview of the component-based classifier using four 

components is presented. On the first level, windows of the size of the components 

(solid line boxes) are shifted over the face image and classified by the component 

classifiers. On the second level, the maximum outputs of the component classifiers 

within predefined search regions (dotted lined boxes) and the positions of the 

components are fed into the geometrical configuration classifier. In (b), the fourteen 

learned components are denoted by the black rectangles with the corresponding centers 

marked by crosses. [116] 
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 In their work, they proposed three basic ideas behind part- or 

component-based detection of objects. First, some object classes can be described 

well by a few characteristic object parts and their geometrical relation. Second, the 

patterns of some object parts might vary less under pose changes than the pattern 

belonging to the whole object. Third, a component-based approach might be more 

robust against partial occlusions than a global approach. And the two main 

problems of a component-based approach are how to choose the set of 

discriminatory object parts and how to model their geometrical configuration. 

 

4.4 Feature Extraction and Face Recognition 

 Assumed that the face of a person is located, segmented from the image, and 

aligned into a face patch, in this section, we talk about how to extract useful and 

compact features from face patches. The reason to combine feature extraction and face 

recognition steps together is that sometimes the type of classifier is corresponded to the 

specific features adopted. In this section, we separate the feature extraction techniques 

into four categories: holistic-based method, feature-based method, template-based 

method, and part-based method. The first three categories are frequently discussed in 

literatures, while the forth category is a new idea used in recent computer vision and 

object recognition. The notation of database for face recognition is denoted as below: 
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There are totally N faces in the dataset set, where i denotes the face patch extracted from 

each training image, and c means the number of people included in the training set. We 

use kI to denote the image set of the kth person which contains kN images. 
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4.4.1 Holistic-based methods 

 Holistic-based methods are also called appearance-based methods, which mean we 

use whole information of a face patch and perform some transformation on this patch to 

get a compact representation for recognition. To distinguish from feature-based methods, 

we can say that feature-based methods directly extract information from some detected 

fiducial points (such as eyes, noses, and lips, etc. These fiducial points are usually 

determined from domain knowledge) and discard other information; while 

appearance-based methods perform transformations on the whole patch and reach the 

feature vectors, and these transformation basis are usually obtained from statistics. 

 During the past twenty years, holistic-based methods attract the most attention 

against other methods, so we will focus more on this category. In the following 

subsections, we will talk about the famous eigenface [1] (performed by the PCA), 

fisherface [2] (performed by the LDA), and some other transformation basis such as the 

independent component analysis (ICA), nonlinear dimension reduction technique, and 

the over-complete database (based on compressive sensing). Other interesting 

techniques could be found in [84][95][117]. 

 Eigenfaces and PCA: 

 Eigenfaces is proposed by Turk et al. [1] with the use of PCA. The idea of 

eigenface is rather easy. Given the face training set, we first scale each face 

patch i into a constant size (for example, 100x100) and transfer each patch into 

vector representation x (100-by-100 matrix into 10000-by-1 vector). Based on 

these N d-dimensional vectors (d=10000 in this case), we can apply the principal 

component analysis (PCA) mentioned in Section3.3 to obtain suitable basis (each 

is a d-dimensional vector) for dimension reduction. Assume we choose p 

projection bases (p<d), each d-dimensional vector x could be transformed into a 
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p-dimensional vector z by a d p transformation matrix W. Generally, these p 

projection bases of W are called eigenfaces, and the achieved p-dimensional vector 

of each face image are used as features for face recognition. The algorithm of PCA 

is introduced in Section 3.3. 

 The PCA method has been proved to discard noise and outlier data from the 

training set, while they may also ignore some key discriminative factors which 

may not have large variation but dominate our perception. We will compare this 

effect when introducing the fisherfaces. To be announced, the eigenface algorithm 

did give significant influences on the algorithm design for holistic-based face 

recognition in the past twenty years, so it is a great starting point for readers to try 

building a face recognition system. In Fig. 4.20, we show an example on 

perfroming PCA to extract a mean face and several eigenfaces, and the 

reconstruction process with different number of projection bases is shown in Fig. 

4.21 

 Fisherfaces and LDA: 

 The eigenfaces have the advantage of dimension reduction as well as saving 

the most energy and the largest variation after projection, while they do not exploit 

the information of face label included in the database. Besides, there have been 

several researches showing that the illumination differences result in serious 

appearance variations, which means that first several eigenfaces may capture the 

variation of illumination of faces rather than the face structure variations, and some 

detailed structured difference may have small eigenvalues and their corresponding 

eigenfaces are probably dropped when only preserving the p largest eigenvectors. 

 Instead of calculating the projection bases from the whole training data 

without labels (without human identities, which corresponds to unsupervised 
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learning), Belhumeur et al. [2] proposed to use the linear discriminative analysis 

(LDA) for bases finding. The objective of applying the LDA is to look for 

dimension reduction based on discrimination purpose as well as to find bases for 

projection that minimize the intra-class variation but preserve the inter-class 

variation. They didn‟t explicitly build the intra-class variation model, but linearly 

projected the image into a subspace in a manner which discounts those regions of 

the face with large intra-class deviation. The concept and algorithm of LDA can be 

referred to Section 3.4. 

 

 

(a) 

      

(b)                           (c) 

Fig. 4.20  (a) A database with only 10 faces and each face patch is of size 100-by-100. 

Through PCA, we get (b) a mean face and (c) 9 eigenface (the order of eigenfaces from 

highest eigenvalues is listed from left to right, and from top to bottom). 
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                                         (a) 

 

(b) 

Fig. 4.21 The reconstruction process based on eigenface representation. (a) The original 

face in the database could be reconstructed by its eigenface representation and the set of 

projection vectors (lossless if we use all PCA projection vectors, or this reconstruction 

will be lossy). (b) The reconstruction process with different number of basis used: From 

left to right, and from top to bottom, we in turn add one projection vector with its 

corresponding projection value. 

 

 In their experiment results, the LDA bases outperform the PCA bases, 

especially in the illumination changing cases. The LDA could also be applied in 

other recognition cases. For example, Fig. 4.22 shows the projection basis for the 

glasses / without glasses case, and as you can see, this basis capture the glass shape 

around human eyes, rather than the face difference of people in the training set. 
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(a)               (b) 

Fig. 4.22 The recognition case of human faces with glasses or without glasses. (a) An 

example of faces with glasses. (b) The projection basis reached by the LDA. [2] 

 

 Face recognition with independent component analysis (ICA) 

 Followed the projection and bases finding ideas, the following three methods 

use different criteria to find the bases or decomposition of the training set. Because 

these criteria involve many mathematical and statistical theorems and backgrounds, 

here we will briefly describe the ideas behind them but no more details about the 

mathematical equation and theorems. 

 PCA exploits the second-order statistical property of the training set (the 

covariance matrix) and yields projection bases that make the projected samples 

uncorrelated with each other. The second-order property only depends on the 

pair-wise relationships between pixels, while some important information for face 

recognition may be contained in the higher-order relationships among pixels. The 

independent component analysis (ICA) is a generalization of the PCA, which is 

sensitive to the higher-order statistics. Fig. 4.23 shows the difference of the PCA 

bases and ICA bases. 
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Fig. 4.23 (top) Example of a 3-D data distribution and the corresponding PC and IC 

axes. Each axis is a column of the projection matrix W found by the PCA and the ICA. 

Note that PC axes are orthogonal while the IC axes are not. If only two components are 

remained, the ICA chooses a different subspace than ICA. (bottom left) Distribution of 

the first two PCA coordinates of the data. (bottom right) Distribution of the first two 

ICA coordinates of the data. 

 

 In the work proposed by Bartlett et al. [118], they derived the ICA bases from 

the principle of optimal information transfer through sigmoidal neurons. In 

addition, they proposed two architectures for dimension-reduction decomposition, 

one treats the image as random variables and the pixels as outcomes, and the other 

one treats the pixels as random variables and the image as outcomes. The 

Architecture I depicted in Fig. 4.24 finds p “source of pixel” images, where each 

has the appearance as shown in the column U illustrated in Fig. 4.25, and a human 

face could be decomposed in to a weight vector as in Fig. 4.26. This architecture 

finds a set of statistically independent basis images and each of them captures the 
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facial features such as eyes, eyebrows, and mouths. 

 The Architecture II finds the basis images which have similar appearances as 

the PCA does as shown in Fig. 4.27, and has the decomposition as shown in Fig. 

4.28. This architecture uses the ICA to find a representation in which the 

coefficients used to code images are statistically independent. Generally speaking, 

the first architectural finds spatially local basis images for the face, while the 

second architecture produces a factorial face code. In their experimental results, 

both these two representation were superior to the representation based on the PCA 

for recognizing faces across days and changes in expression, and a classifier 

combining these two ICA representation gave the best performance. 

 

(a) 

                                

(b)                              (c) 

Fig. 4.24 (a) Two architectures for performing the ICA on images. (b) Architecture I 

treats the image as random variables and the pixels as outcomes. (c) Architecture II 

treats the pixels as random variables and the image as outcomes. [118] 
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Fig. 4.25 Image synthesis model for the Architecture I. To find a set of IC images, the 

image in X are considered to be a linear combination of statistically independent basis 

images, S, where A is an unknown mixing matrix. The basis images were estimated as 

the learned ICA output U. [118] 

 

Fig. 4.26 ICA representation of an image based on Architecture I. 

 

Fig. 4.27 Image synthesis model for the Architecture II. Each face image is considered 

to be a linear combination of basis images in the matrix A. Each basis image was 

associated with a set of independent “causes,” given by a vector of coefficients S. The 

basis images were estimated by 1

IA W  , whereW is the learned ICA matrix. [118] 
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Fig. 4.28 The ICA factorial code representation of Architecture II. [118] 

 

 Laplacianfaces: 

 Despite using linear projection to obtain the representation vector of each face 

image, some researchers claim that the nonlinear projection may yield better 

representation for face recognition. The Laplacianfaces proposed by He et al. [29] 

used the locality preserving projections (LPP) [45] mentioned in Section 3.8.2 to 

find an embedding that preserves local information, and obtains a face subspace 

that best detects the essential face manifold structure. Using the weight vector 

reached by the LPP, we can train a classifier or use the K-NN (K-nearest neighbors) 

technique for face recognition. Fig. 39 illustrates how the Laplacianfaces preserve 

the face variation from the high-dimension space into a 2-D space, where the 

closed points have similar appearances. 

 Robust face recognition via sparse representation: 

 Wright et al. [119] proposed to use the sparse signal representation for face 

recognition. They used the over-complete database as the projection basis, and 

applied the L1-minimization algorithm to find the representation vector for a 

human face. They claimed that if sparsity in the recognition problem is properly 

harnessed, the choice of features is no longer critical. And the most critical 

concerns, however, are that whether the number of features is sufficiently large and 

whether the sparse representation is correctly computed. This framework can 
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handle errors due to occlusions and corruptions uniformly by exploiting the fact 

that these errors are often sparse with respect to the standard (pixel) basis. Fig. 4.30 

shows the overview of their algorithm. 

 

 

Fig. 4.29 Two-dimensional linear embedding of face images by Laplacianfaces. As can 

be seen, the face images are divided into two parts, the faces with open mouth and the 

faces with closed moth. Moreover, it can be clearly seen that pose and expression of 

human faces change continuously and smoothly, from top to bottom, from left to right. 

The bottom images correspond to points along the right path (linked by solid line), 

illustrating one particular mode of variability on pose. [29] 
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Fig. 4.30 The sparse representation technique represents a test image (left), which is (a) 

potentially occluded or (b) corrupted. Red (darker) coefficients correspond to training 

images of the correct individual. [119] 

 

4.4.2 Feature-based Methods 

 We have briefly compared the differences between holistic-based methods and 

feature-based methods based on what the information they use from a given face patch, 

and from another point of view, we can say that holistic-based methods rely more on 

statistical learning and analysis, while feature-based methods exploit more ideas from 

image processing, computer vision, and domain knowledge form human. In this section, 

we discus two outstanding features for face recognition, the Gabor wavelet feature and 

the local binary pattern. 

 Gabor wavelets with elastic graph matching: 

 The application of Gabor wavelet for face recognition is pioneered by Lades 

et al.‟s work [120]. In their work, the elastic graph matching framework is used for 

finding feature points, building the face model, and performing distance 

measurement. Gabor wavelets are then used to extract local features at these 

feature points. The set of complex Gabor wavelet coefficients (with different 
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orientations and scales) at each point is called a jet. Graph matching based methods 

normally requires two stages to build the graph Ig for a face image i and compute 

its similarity with a model graph Mg , where each graph contains V vertices and K 

edges. During the first stage, Mg is shifted within the input image to find the 

optimal global offset of Ig while keeping its shape rigid. Then in the second stage, 

each vertex in Ig is shifted in a topological constraint to compensate the local 

distortions due to rotations in depth or expression variations. It is actually the 

deformation of the vertices that makes the graph matching procedure elastic. To 

achieve these two stages, a cost measure function ( , )I MS g g  is defined and these 

two stages terminate when this function reaches the minimum value. 

 Lades et al.‟s [120] used a simple rectangular graph to model faces in the 

database while each vertex is without the direct object meaning on faces. In the 

database building stage, the deformation process mentioned above is not included, 

and the rectangular graph is manually placed on each face and the features are 

extracted at individual vertices. When a new face i comes in, the distance between 

it and all the faces in the database are required to compute, which means if there 

are totally N face models in the database, we have to build N graphs for i based on 

each face model. This matching process is very computationally expensive 

especially for a large database. Fig. 4.31 shows an example of a model graph and a 

deformed graph based on it, and the cost function is defined as: 

 ( ) ( ) ( ) ( ) 2

1 1

( , ) ( , ) ( , )
V K

v v k k

I M m I M I M

v k

S g g S 
 

    j j d d  (4.8) 

, ( )kd is the distance vector of the labeled edge k between two vertices, and
( )v

j is 

the jet vector at the vertex v. The function ( )mS  is the distance measure between 
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two jets based on the magnitude of jets, and determines the relative importance of 

jet similarity and the topography term. 

 

 

(a)                            (b) 

Fig. 4.31 The graphic models of face images. The model graph (a) is built to represent a 

face stored in the database, and features are directly extracted on vertices in the 

rectangular graph. When a new face comes in and we want to recognize this person, a 

deformed graph (b) is generated based on the two-stage process. [120] 

 

 Wiskott et al. [121] later proposed an improved elastic-graph-matching 

framework to deal with the computational-expensive problem above and enhance 

the performance. They employed object-adaptive graph to model faces in the 

database, which means the vertices of a graph refer to special facial landmarks and 

enhance the distortion-tolerant ability (as shown in Fig. 4.32). The distance 

measure function here not only counts on the magnitude information, but also takes 

in the phase information from the feature jets. The most important improvement in 

their work is the use of face bunch graph (FBG), which is composed of several 

face models to cover a wide range of possible variations in the appearance of faces, 

such as differently shaped eyes, mouths, or noses, etc. A bunch is a set of jets taken 
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from the same vertex (facial landmark) from different face models, and Fig. 4.33 

shows the FBG structure. The cost function is redefined as a similarity function: 

( ) ( ) 2
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,where B is the FBG representation, and V and K are the total amounts of vertices 

and edges in the FBG. mB denotes the mth model graph of B and ( )pS  is the 

new-defined similarity measure function which takes the phase of jets into account. 

To build the database, a FBG is first built and models for individual faces are 

generated by the elastic graph matching procedure based on FBG. When a new face 

comes in, the same elastic graph matching procedure based on FBG is executed to 

generate a new face model, and this model could directly compare with the face 

models in the database without re-modeling. The FBG serves as the general 

representation of faces and reduce the computations for face modeling. 

 Besides these two symbolic examples using the elastic graph matching 

framework, a number of varied versions have been proposed in literature and 

readers could found a brief introduction in [122]. 

 

Fig. 4.32 The object-adaptive grids for difference poses. Now the vertices are 

positioned automatically on faces in the database by elastic bunch graph matching and 

are located at special facial landscapes. One can see that in general, the matching finds 

the fiducial points quite accurately, but still with some miss-positioning. [121] 
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Fig. 4.33 The face bunch graph serves as the general representation of faces. As shown 

in this figure, there are nine vertices in the graph and each of them contains a bunch of 

jets to cover the variations in the facial appearance. The edges are represented by the 

averaged distance vector calculated from all face models sued to build the FBG. [121] 

 

 Local binary patterns (LBP) 

 Besides applying the Gabor wavelet features with elastic graph matching 

based methods, Ahonen et al. [123] proposed to extract the local binary pattern 

(LBP) histograms with spatial information as the face feature and use a nearest 

neighbor classifier based on Chi-square metric as the dissimilarity measure. The 

idea behind using the LBP features is that the face images can be seen as 

composition of micro-patterns which are invariant with respect to monotonic gray 

scale transformations. Combining these micro-patterns, a global description of the 

face image is obtained. 

 The original LBP operator, introduced by Ojala et al. [124], is a powerful 

method of texture description. The operator labels pixels of an image by 
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thresholding a 3 3 neighborhood of each pixel with its pixel value and considering 

the result as a binary number. Then the histogram of labels computed from an 

image can be used as a texture descriptor. Fig. 43 illustrates the basic LBP operator. 

Later the operator was extended to use neighborhoods of different sizes based on 

circular neighborhoods with bilinear interpolation of the pixel values [125]. The 

notation (P,R), where P means the number of sampling points on a circle of radius 

R, is adopted and illustrated in Fig. 4.35. 

 

Fig. 4.34 The basic LBP operator. [123] 

 

 

Fig. 4.35 The circular (8,2) neighborhood. The pixel values are bilinearly interpolated 

whenever the sampling point is not in the center of a pixel. [123] 

 

 Another extension to the original operator uses so called uniform patterns 

[125]. A local binary pattern is called uniform if it contains at most two bitwise 
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transitions from 0 to 1 or vice versa when the binary string is considered circular. 

Ojala et al. noticed that in their experiments with texture images, uniform patterns 

account for a bit less than 90 % of all patterns when using the (8,1) neighborhood 

and for around 70% in the (16,2) neighborhood. 

 The notation 2

,

u

P RLBP is used to denote the LBP operator, where the subscript 

represents executing the operator in a (P,R) neighborhood. The superscript 2u  

means using only uniform patterns and labeling all remaining patterns with a single 

label. A histogram of the labeled image
( , )l x yf can be defined as: 

 
( , )

,

, 0,......, 1i l x y

x y

H f i i M     (4.10) 

, in which M is the number of different labels produced by the LBP operator. 

 This histogram contains information about the distribution of the local 

micro-patterns, such as edges, spots and flat areas, over the whole image. For 

efficient face representation, one should retain also spatial information. For this 

purpose, a face image is divided into K regions as shown in Fig. 4.36 and the 

spatially enhanced histogram is defined as: 

 
, ( , )

,

( , ) , 0,......, 1, 0,......, 1.i j l x y j

x y

H f i x y R i M j K        (4.11) 

In this histogram, we effectively achieve a description of the face on three different 

level of locality: (1) The labels for the histogram contain information about the 

patterns on a pixel-level, (2) the labels are summed over a small region to produce 

information on a region level, and (3) regional histograms are concatenated to 

build a global description of the face. 
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(a)                       (b) 

Fig. 4.36 (a) An example of a facial image divided into 7 7 windows. (b) The weights 

set for weighted 2 dissimilarity measure. Black square indicate weight 0.0, dark gray 

1.0, light gray 2.0 and white 4.0. [123] 

 

 In the face recognition phase, the nearest neighbor classifier is adopted to 

compare the distance between the input face and the database. Several metrics 

could be applied for distance calculation, such as the histogram intersection, 

log-likelihood statistic, 1L distance, 2L distance, and Chi-square statistic ( 2 ), etc. 

When the image has been divided into regions, it can be expected that some of the 

regions contain more useful information than others in terms of distinguishing 

between people. For example, eyes seem to be an important cue in human face 

recognition. To take advantage of this, a weight can be set for each region based on 

the importance of the information it contains. For example, the weighted
2  

statistic becomes: 
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   (4.12) 

, in which jw is the weight for region j and S and M denote two histograms to be 

compared. Fig. 4.36 also shows the weights they applied in the experiments. Later 

on, several recent researches used this feature for face recognition, such as [126]. 
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4.4.3 Template-based Methods 

 The recognition system based on the two methods introduced above usually 

perform feature extraction for all face images stored in the database and train classifiers 

or define some metric to compute the similarity of a test face patch with each class 

person class. To overcome variations of faces, these methods increase their database to 

accommodate much more samples and expect the trained transformation basis or 

defined distance metric could attenuate the intra-class variation while maintaining the 

inter-class variation. Traditional template-matching is pretty much like using distance 

metric for face recognition, which means selecting a set of symbolic templates for each 

class (person), the similarity measurement is computed between a test image and each 

class, and the class with the highest similarity score is the selected as the correct match. 

Recently, deformable template techniques are proposed [48]. In contrast to implicitly 

modeling intra-class variations (ex. increasing database), deformable template methods 

explicitly models possible variations of human faces from training data and are expected 

to deal with much severe variations. In this section, we introduce the face recognition 

technique based on ASM and AAM introduced in Section 4.3.3. 

  From the introduction in Section 4.3.3, we know that during the face detection 

process, AAM will generates a parameter vector c which could synthesize a face 

appearance that is best fitted to the face shown in the image. Then if we have a 

well-sampled database containing several significant views, pose, expressions of each 

person, we can achieve a set of AAM parameter vectors to represent each identity. To 

compare the input face with the database, Edwards et al. [32] proposed to use the 

Mahalanobis distance measure for each person and generate a person-specific metric to 

encounter the intra-class variation. To better exploit the inter-class variation against the 

intra-class variation, they also exploit LDA for supervised dimension reduction. 
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4.4.4 Part-based Methods 

 Following the ideas presented in Section 4.3.5, there have been several researches 

these years exploiting information from facial characteristic parts or parts that are robust 

against pose or illumination variation for face recognition. To be distinguished from the 

feature-based category, the part-based methods detect significant parts from the face 

image and combine the part appearances with machine learning tools for recognition, 

while the feature-based methods extract features from facial feature points or the whole 

face and compare these features to achieve the recognition purpose. In this subsection, 

we introduced two techniques, one is an extension system of the method described in 

Section 4.3.5, and one is based on the SIFT (scale-invariant feature transform) features 

extracted from the face image. 

 Component-based face recognition: 

 Based on the face detection algorithm described in Section 4.3.5, Heisele et al. 

[127] compared the performance of the component-based face recognition against 

the global approaches. In their work, three different face recognition structures 

based on the SVM classifier are generated: a component-based algorithm based on 

the output of the component-based face detection algorithm, a global algorithm 

directly fed with the detected face appearance, and finally a global approach which 

takes the view variation into account. 

 Given the detected face patches, the two global approaches have the only 

difference that whether the view variation of the detected face is considered. The 

algorithm without this consideration directly builds a SVM classifier for a person 

based on all possible views, while the one with this consideration first divides the 

training images of a person into several view-specific clusters, and then trains one 

SVM classifier for each of them. The SVM classifier is originally developed for 
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binary classification case, and to extend for multi-class tasks, the one-versus-all 

and the one-versus-one approaches are described in 2.4.2. The view- specific 

clustering procedure is depicted in Fig. 4.37. 

 The component-based SVM classifier is cascaded after the component-based 

face detection algorithm. After a face is detected in the image, they selected 10 of 

the 14 detected parts, normalized them in size, and combined their gray values into 

a single feature vector. Then a one-versus-all multi-class structure with a linear 

SVM for each person is trained for face recognition purpose. In Fig. 4.38, we 

revisit the face detection procedure, and in Fig. 4.39, we present the detected face 

and the corresponding 10 components fed into the face recognition algorithm. 

 

 

Fig. 4.37 Binary three of face images generated by divisive clustering. [127] 
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Fig. 4.38 System overview of the component-based face detector. [127] 

 

 

Fig. 4.39 Examples of the component-based face detection and the 10 components used 

for face recognition. [127] 
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 In the experimental results, the component system outperforms the global 

systems for recognition rate larger than 60% because the information fed into the 

classifiers capture more specific facial features. In addition, the clustering leads to 

a significant improvement of the global method. This is because clustering 

generates view-specific clusters that have smaller intra-class variations than the 

whole set of images of a person. Based on these results, they claimed that a 

combination of weak classifiers trained on a properly chosen subsets of the data 

can outperform a single, more powerful classifier trained on the whole data. 

 Person-specific SIFT features for face recognition: 

 The scale-invariant feature transform (SIFT) proposed by Lowe et.al [113] has 

been widely and successfully applied to object detection and recognition. In the 

work of Luo et al. [128], they proposed to use the person-specific SIFT features 

and a simple non-statistical matching strategy combined with local and global 

similarity on key-point clusters to solve face recognition problems. 

 SIFT is composed of two functions, the interest-point detector and the 

region-descriptor. Lowe et al. used the difference-of-Gaussian (DOG) algorithm to 

detect these points in a scale-invariant fashion, and generated the descriptor based 

on the orientation and gradient information calculated in a scale-specific region 

around each detected point. Fig. 4.40 shows the SIFT features extracted on sample 

faces and some corresponding matching points in two face images. In each face 

image the number and the positions of the features selected by the SIFT point 

detector are different, so these features are person-specific. In order to only 

compare the feature pairs with similar physical meaning between faces in the 

database and the input face, same number of sub-regions are constructed in each 

face image to compute the similarity between each pair of sub-regions based on the 
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features inside and at last get the average similarity values. They proposed to 

ensemble a K-means clustering scheme to construct the sub-regions automatically 

based on the locations of features in training samples. 

 After constructing the sub-regions on face images, when testing a new image, 

all the SIFT features extracted from the image are assigned into corresponding 

sub-regions based on the locations. The construction of five sub-regions is 

illustrated in Fig. 4.41. It can be seen that the centers of regions denoted by crosses 

just correspond to two eyes, nose and two mouth corners. This agrees with the 

opinion of face recognition experience that these areas are the most discriminative 

parts of face images. Based on the constructed sub-regions, a local-and-global 

combined matching strategy is used for face recognition. The details of this 

matching scheme are described in [128]. 

 

Fig. 4.40 SIFT features and features matches in faces with expression variation. [128] 

 

Fig. 4.41 Illustrations of sub-region construction and similarity computation. [128] 
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4.5 Conclusion 

 In this chapter, an overview of face detection and face recognition is presented. At 

first, the structure of the face recognition system is introduced, and several domain 

knowledge, issues, and challenges of human face understanding are discussed. In 

Section 4.3 and Section 4.4, many outstanding techniques and algorithms of face 

detection and recognition are surveyed, including the well-known Adaboost method for 

face detection and eigenfaces for recognition. 

 Face recognition and detection are still very popular in the disciplines of pattern 

recognition and computer vision. Compared to previous research directions, recent face 

recognition and detection focus more on uncontrollable conditions, such as various 

illuminations, multi-view face acquisition, and serious cluttering and occlusion. Now in 

many electronic devices such as digital cameras and laptops, we can found the systems 

of face detection for auto-focusing and face recognition for security. Even the popular 

Facebook currently offers the functions of face detection and recognition for convenient 

photo tagging. In the coming future, we expect that more and more powerful and 

efficient techniques and algorithms of human face understanding will be proposed and 

developed.  
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Chapter 5 Facial Age Estimation 

 

 In the previous chapters, we have overviewed machine learning and dimensionality 

techniques as well as their basis ideas. These tools and concepts are very important in 

recent face recognition, face detection, and facial age estimation. In this chapter, we 

start to introduce the main topic of this thesis, facial age estimation. There are several 

ways to estimate human ages, either from anthropometry, biomedical way, or 

neuropsychologist way, etc. In this thesis, we focus on estimate human ages through 

their facial images. 

 The goal of facial age estimation can be categorized into (true) age estimation and 

age level classification, where the second category aims at determining if a person is a 

baby, a youth, a middle-age adult, or an elder. Facial age estimation involves techniques 

in computer vision, image processing, and domain-knowledge to extract important 

features from facial images, and algorithms in dimensionality reduction and machine 

learning to learn the relationships between the facial features and the age label. In this 

chapter, we will focus on what features to use in age estimation task, and how to 

combine them with different machine learning algorithms to achieve better 

performances. 

 This chapter is organized as follows: In Section 5.1, we list several challenges on 

age estimation using facial images, and show the general framework of facial age 

estimation in 5.2. In 5.3, the facial features proposed in existing literatures are 

introduced and summarized, and then in 5.4 we show different usage or classifiers, 

regressors to determine human ages. In 5.5, general experimental settings are introduced, 

and finally the conclusion is given in 5.6. 
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5.1 Challenges of Facial Age Estimation 

 Each recognition task has its characteristics and difficulties. For human age 

estimation, we also observe several challenges that need to be overcome. These 

challenges are roughly categorized into intrinsic factors and technical factors. 

 

5.1.1 Intrinsic Factors 

 Intrinsic factors result from human bodies, environment, and the meaning of 

human age. In this subsection, we list several intrinsic factors as bellow. 

 The facial aging process of each person is different. It is affected by both the 

personal-specific factors and the environmental factors. The personal-specific 

factors involve personality, race, gender, health, and nutritional intake, etc. And the 

environmental factors involve weather, climate, social events, jobs, and maybe 

wars. 

 The facial change between different people is usually larger than the facial change 

of a person with different ages, which results in the difficulty in designing facial 

features. 

 The aging process is not stationary, which means at different ages the degrees of 

change in facial appearance are different. In addition, from biomedical perspective 

and anthropometry, the types of facial change in the youth and adult stages are 

different. In the youth stage, the change mainly concentrates on facial shape, while 

in the adult stage, the change occur mostly in skin texture. 

 The meaning of human age is indeed a fuzzy concept. For example, the facial 

appearance of a person may have only a slight change in a certain age interval but a 

sudden change in another or larger interval. Based on this observation, some 
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researchers [129] claimed to separate ages into several age ranges where each 

contains a 3 to 10 year interval. 

 The last but not the least, even we human can not exactly estimate human ages. 

The experiments in [129] showed that the average absolute error of age estimation 

by human is around 3.64, which indicates the difficulty to this research topic. 

 

5.1.2 Technical Factors 

 Technical factors indicate the difficulties in designing age estimation algorithms 

from the view of engineers or researchers, and we discuss four of them as follows: 

 Facial age features: The first challenge encountered in age estimation is how to 

extract facial features from facial images. As mentioned in Section 5.1.1, intrinsic 

factors of human faces and ages do result in difficulties in age estimation task. A 

good set of facial features should mark the facial change according to age variation, 

while be robust to the appearance change caused by different individuals, 

expressions, and poses. In addition, the facial image itself may suffer from 

different lighting conditions, different capturing angles, and some possible 

cluttering and occlusion effects. These factors will cause problems in the feature 

extraction process. 

 Database: Facial age estimation by learning from data relies hardly on the quality 

and scale of database. Compared to face recognition and face detection, there are 

fewer databases providing facial images with age labels. Besides, the quality and 

scale of these databases are usually worse. For example, the popular FG-Net 

database [130] contains only 1002 images and 82 people, and the pose and location 

of each facial image is not well-aligned. A well-aligned and large-scale database is 

desired to train good age estimation algorithms. 
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 The nature of multiple classes: Age estimation can be seen as a multi-class or 

multi-label problem, where each class indicates a possible value of human ages. 

This nature makes age estimation harder than face detection and gender 

classification from the perspective of machine learning, where well-studied binary 

classifiers cannot be directly used and with limited database. In addition, with 

limited database, the trained classifier will easily over-fit to the training set. 

 Supervised learning techniques: Supervised learning techniques are used to learn 

the relationships between the facial features and the age labels. Usually in the age 

estimation dataset, each image is associated with a single integer aging label. This 

form of dataset directly indicates age estimation as a multi-class classification 

problem. While there is a natural order embedded in aging label, for example, age 

60 is larger than age 30. This order makes age estimation a regression-like problem 

if we see these integer aging labels as samples of the real value. In the age level 

classification task, multi-class classification is mostly preferred. While in the (true) 

age estimation task, both multi-class classification and regression are frequently 

exploited. Recently, some (true) age estimation algorithms proposed to apply 

cost-sensitive classification [131], ordinal regression [132][133], or combine 

classification and regression to achieve better performances. While until now, there 

is no conclusion on what method exactly outperforms others.  

 

5.2 The General Framework 

 In this section, we introduce the general framework of age estimation, including 

the algorithm structure, databases, and performance evaluations. 
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5.2.1 The Algorithm Structure of Facial Age Estimation 

 Different facial age estimation algorithm has its own detailed implementation, 

while they nearly follow a general structure and design their own functional blocks. The 

general structure is composed of four stages: Preprocessing, feature extraction, 

dimensionality reduction, and age determination. Fig. 5.1 illustrates this structure. 

 

 

Fig. 5.1 The general structure of facial age estimation 

 

 Given an image i , the preprocessing step has to detect the human location and 

extract an image patch which bounds the detected human face in i . For simplicity, we 

assume that each image only contains one face inside. These face patches are probably 

with different sizes, lighting conditions, capturing angels, and poses. To make the 
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feature extraction step robust to these variations, the preprocessing step can further 

perform image size normalization, intensity normalization, and image alignment to 

reduce these unwanted variations. The output face patch of image i from the 

preprocessing step is denoted as i and fed into the feature extraction step. 

 The purpose of feature extraction is to find out important facial features from the 

face patch i and generate a feature vector dRx . The extracted features are expected to 

be robust against small misalignment in face and image noise, and mark the facial 

change according to age variation. Compared to face recognition, face detection, facial 

expression, and gender classification, facial features relevant to age variation is harder 

to define and design. It is difficult to recognize the change in face due to different 

individuals or age variation, and even we human can not exactly tell what features we 

use to determine human ages. Wrinkles on faces may provide certain information, while 

it can only be used to distinguish elders from adults and youths, but not for estimating 

the true age. To solve this problem, general facial age estimation algorithms extract 

features which can describe facial changes in appearance as well as shape but don‟t 

consider whether these changes are caused by age variation. The simplest feature 

extraction is just to set x as the vector form of i . The work to link facial features with 

age variation is remained for the next two steps. 

 Dimensionality reduction, as mentioned in Chapter 3, decreases the dimensionality 

of dRx into pRz , where d p . This step can be done through feature transform or 

feature selection, and can be either supervised or unsupervised. In addition to the 

purposes of dimensionality reduction introduced in Section 3.1, there are some specific 

reasons to perform it in face age estimation. First, because of the difficulties in 

designing features for age estimation, usually the number of extracted features is very 
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large and there exists much redundancy among them. Second, the relationship between 

extracted features and age labels are not implicitly considered yet in the preceding step. 

Third, because face age estimation is a multi-class problem, under limited database, it 

can easily suffer from over-fitting. 

 The final step in facial age estimation is the age determination step. There are 

many choices of machine learning algorithms for this step, such as multi-class classifier, 

regressor, ordinal regression, and cost-sensitive classifier, etc. When training these 

supervised algorithms, the relationships between facial features and age labels will be 

further learned and discovered. In order to distinguish the inputs and outputs of each 

step, we list the notation of this chapter in Table 40. The image dataset for training and 

testing is denoted as: 
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c means the number of ages or age ranges considered in age estimation problems, and  

indicates the aging order. 

 

Table 40 The notation of face age estimation 

Step Input Output 

Preprocessing image i  Normalized face patch i  

Feature extraction Normalized face patch i  Feature vector dRx  

Dimensionality reduction Feature vector dRx  Feature vector pRz  

Age determination Feature vector pRz  Determined age label y  
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5.2.2 The Performance Evaluation Criterion 

 There are two widely-used performance evaluations in age estimation: Mean 

absolute error (MAE), and Cumulative score (CS). A good age estimation algorithm will 

result in small MAE while large CS. The formulations of them are listed in Table 41.  

 

Table 41 The Performance evaluations of age estimation 
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   , usually plotted as a function of j. 

 

5.2.3 The Face Age Databases 

 In Table 42, we list several face image databases containing human age labels. 

Among them, The FG-Net database [130] and the YGA [34][35] database are the most 

popular two in existing literatures. The FG-Net database provides 68 landmark points of 

each face image which makes AAM available for facial feature extraction.  

 

Table 42 Databases for face age estimation 

Database # images # people Age range Landmarks Acquisition Ref. 

FG-Net 1002 82 0-69 Yes Public [130] 

MORPH A: 1690 628 15-68 No Public [134] 

YGA 8000 1600 0-93 No Private [34] 

PAL 576 576 18-93 No Public [135] 
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5.3 Facial Feature Extraction 

 From this section on, we introduce age estimation algorithms proposed in existing 

literatures. In fact, not all the algorithms follow the structure introduced in 5.2.1. Some 

algorithms don‟t explicitly claim the dimensionality reduction step, but embed it in the 

age determination step or feature extraction step. Some algorithms don‟t exploit 

machine learning techniques for age determination while use their heuristic decision 

mechanisms. For this, reason, we mainly focus on the feature extraction step and age 

determination step in this chapter, but will also cover the dimensionality reduction 

techniques used in some algorithms. 

 In this section, we introduce and overview the feature extraction techniques. 

 

5.3.1 Anthropometric Model 

 The anthropometric model is probably the first type of features used in facial age 

estimation. This model is based on the domain knowledge of aging progress on human 

faces, such as wrinkle occurrence and face shape change. In 1996, Y. H. Kwon et al. 

[136] proposed to use both geometrical features and texture features for age level 

classification. They first detected fiducial points such the eyes, nose, and mouth from a 

human face, and computed several ratios of lengths defined on these points. The wrinkle 

information is extracted by the snake algorithm [106] with some post processing. With 

some heuristic decision rules, these features are combined to classify human faces into 

baby, adult, and senior level. Fig. 5.2 shows these two types of features.  

 The anthropometric model is also exploited in [137][138] and resulted in plausible 

performance in age level classification. While in [139], the anthropometric model is 

claimed not suitable for (true) age estimation task from several experiments. 
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(a)                                   (b) 

Fig. 5.2 The anthropometric features exploited in [136]. (a) The geometrical features. 

(b) The regions of wrinkle and the detected wrinkle locations. 

 

5.3.2 Active Appearance Model (AAM) 

 As introduced in , Active appearance model (AMM) can jointly extracted the shape 

and appearance change of human face. Because aging is indeed a process related to 

shapes and textures of human faces, AAM is then become the most widely-used feature 

in age estimation. AAM is first proposed for face detection and recognition, and later 

used in facial expression classification. In 2002, A. Lanitis et al. [140] extended it into 

the age estimation task. In their work, the first 50 dimensions of AAM are used to 

represent each face, and four age determination methods are proposed. And in 2004, 

they provided a comparison work combining AAM features with different machine 

learning techniques, and further proposed three age determination structures. Later, lots 

of age estimation algorithms [132][161][168][180][182][183] exploited AAM for 

feature extraction and proposed different kinds of dimensionality reduction techniques 

as well as age determination techniques to improve the estimation accuracy. 
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5.3.3 Aging Pattern Subspace (AGES) 

 The aging pattern subspace (AGES) method is proposed by X. Geng et al. 

[141][142] in 2006. AGES is based on the AAM features and further considers some 

unique characteristics of the age estimation task. Geng et al. claimed that the aging 

process is uncontrollable, personalized, and monodirectional, and the design of aging 

patterns should follow these characteristics. AGES views the aging pattern as a 

sequence of personal facial images sorted in time order, and tries to learn a low 

dimensional subspace to represent the variation of these aging patterns. The AAM 

feature is used to represent each face, and the aging pattern of a person is represented as 

a concatenated vector of AMM features. PCA is then exploited to learn the subspace 

representation. While due to the difficulty in collecting such a sequence, the aging 

pattern of a person is usually incomplete that at some ages there is no corresponding 

facial image. Fig.5.3 shows the aging pattern vector of AGES as well as the missing 

data condition. 

 To deal with this problem, Geng Et al. proposed an EM-like algorithm to 

simultaneously fill in the missing facial features and learn the subspace representation. 

At first, each missing feature of an aging pattern vector is replaced by the mean of that 

feature from other aging patterns in the database, and the PCA projection matrix is 

trained. Then, this algorithm iteratively fills in missing features by reconstruction, and 

re-trains the PCA projection matrix until convergence. The finally reached projection 

matrix is called the AGES and denoted as
AGESW . This process interactively exploits 

information in an aging pattern (through reconstruction) and among all aging patterns 

(through subspace learning) to recover the missing features and learn the subspace. Fig. 

5.4 presents some examples of re-filled faces, and the EM-like algorithm is summarized 

in Table 43. 
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Fig.5.3 Illustrations of the aging pattern of AGES and the incompleteness condition. 

In the age range from 0 to 8, only 3 face images are observed. The missing parts in the 

aging pattern vector are marked by „m‟. [142] 

 

 

Fig. 5.4 The re-filled aging pattern. Each horizontal line shows the aging pattern of 

one person, and the faces re-filled by the EM-like algorithm are surrounded by the 

dashed squares. [141] 
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Table 43 The summary of AGES algorithm for both training and testing 

Training set: 
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n n cI Y y L L l l l    i . Totally M people. 

Preprocessing: 

 Generate M aging patterns 1 2 ( )( ) ( )( )

1{ [ , ,......, ] }cmm mm T M

ma x x x , where ( )km dRx is the 

AAM feature of person m at age k. If the corresponding AMM features are 

missing at age k, just set ( )km
x as a zero vector or leave it blanked. 

 Each ( )m
a can be separated into ( )' m

a and ( )" m
a , where ( )' m

a represent the entries 

of ( )m
a with observed features, and ( )" m

a for unobserved features. 

Goal: 

 Learn a ( )d c p  -dimensional matrix
AGESW and a ( ) 1 mean vector AGESd c   . 

Learning algorithm: 

( )

1

( ) (0)

1

Set  as the maximum # iterations, and  as the recosntruction threshold

Fill { " }  by the mean values computed from other aging patterns.

Perform PCA on the filled { }  to get  a

m M

m

m M
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T

W
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Age determination algorithm: 
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 The learned AGES is a global model for aging pattern vectors, which can 

characterizes possible aging patterns and progresses of human. While during age 

estimation, the task is to estimate the age of a person based on just one facial image not 

an aging pattern. Then, the age determination method of AGES should be specially 

designed. We separate this method from other age determination methods and introduce 

in this section. Denote a new coming facial image as i , AAM is first performed to 

extract the feature vector x . To determine the age, we have to generate an aging pattern 

vector from the learned AGES which can best reconstruct x , and check which age 

should x be located at. This process is indeed ill-posed because the dimensionality of 

aging pattern vectors is different from x . To solve this problem, Geng et al. suggested to 

place x at each possible age to build c incomplete age pattern vectors, and then choose 

the one which can be best reconstructed by AGES. The age of i is then determined by 

the location of x in this chosen vector. Table 43 also summarizes this process. 

 X. Geng et al. later extended AGES into the nonlinear subspace form called kernel 

AGES (KAGES) [143] and the multilinear subspace analysis form called MSA [144]. 

Experimental results performed on the FG-Net database showed both of them improve 

the performance of AGES. 

 

5.3.4 Bio-Inspired Features (BIF) 

 Bio-Inspired models were first proposed to deal with object recognition tasks [145]. 

There were designed based on the feedforward path of object recognition in cortex and 

accounts for the first 100-200 milliseconds of processing in the ventral stream of 

primate visual cortex, which are also called the HMAX models. In 2009, G. Guo et al. 

[146] proposed to use BIF for the age estimation task. BIF is composed of two types of 
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units, one is the simple unit (
1S ) and one is the complex unit (

1C ). The
1S units perform 

the multi-orientated and multi-scale Gabor filters on the input face patch and only the 

real part is remained. Consider the case of 8 scales and 8 orientations, there will be 

totally 64 output images from the
1S units. These output images are then fed into 

the
1C units. The

1C units consider two scales as a scale band, and then combine images of 

the same orientation and scale band through the MAX operator. The MAX operator 

chooses the maximum value at the same pixel location and result in a combine image. 

This image is then separated into several overlapped patches, and the standard deviation 

(STD) value is computed in each patch. For example, there will be totally 32 combined 

images in our case, and each image is denoted by a set of STD values. These values are 

then concatenated into a single feature vector to represent each face patch. Duo to the 

high dimensionality of this BIF vector, PCA is usually performed before training the age 

determination algorithm. 

 

 

Fig. 5.5 The procedure of BIF features. Assume the case of 8 orientations and 8 scales, 

this figure illustrates the procedure with one fixed orientation and 16 non-overlapped 

patches. 
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 M.Y. El Dib et al. [147] later proposed an modification on BIF feature. The face 

patch is first aligned using ASM, and then only the parts of face around the facial 

landmark points are considered for generating BIF feature vectors. This modification 

does improve the estimation accuracy on the FG-Net database. 

 

5.3.5 Aging Manifold 

 The manifold learning algorithms introduced in Chapter 3 assume that there is a 

low dimensional latent space controlling the high dimensional observed feature space, 

and exploit the idea of manifold structure to discover the unobserved latent space. 

Human faces are indeed similar objects, where the relative locations among fiducial 

points such as mouths and eyes are roughly unchanged, but the detailed appearance and 

shape varies among different people. This nature motivates the usage of using manifold 

learning in analyzing human face. In 2007, Y. Fu et al. [34] exploited this idea on facial 

age estimation. In their work, there is no feature extraction step on face patches, but 

resizing each face patch into a 60 60 gray image and concatenating it into a 3600- 

dimensional vector x . And then, the dimensionality reduction technique is performed to 

reduce this high dimensional vector x into a lower dimensional vector z . Fu et al. 

compared PCA, NPP, LPP, and OLPP for dimensionality reduction, and found that 

OLPP with the label information performed the best among them in both MAE and CS 

evaluation on the private UIUC-IFP age (YAS) database. 

 Later in [35],Y. Fu et al. proposed to use the supervised CEA [37] for 

dimensionality reduction, which did improve the age estimation performance. G. Guo et 

al. [148] perform a study on combining BIF features with different dimensionality 

reduction techniques, and BIF + LSDA achieved on the private Yamaha gender and age 

(UGA) database. The synchronized submanifold embedding (SSE) [149] proposed by 
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S.C. Yan for head pose estimation is also combined with AAM feature for age 

estimation task and outperformed the use of LEA and PCA. 

 

5.3.6 Spatially Flexible Patches (SFP) 

 Motivated by the fact that age information can often be observed from local 

evidence on the human face, S.C. Yan et al. [150] proposed a new feature extraction 

method, called spatially flexible patch (SFP), which encodes the local appearance and 

position information simultaneously. For a training face image
( )n

i , M overlapped local 

patches of size
p pN N are first extracted out, and each of them is represented by SFP. 

Denote the appearance and location of the jth local patch as
( )

( )
n

ji and [ , ]T

i i ip x y , SFP 

encodes each local patch as: 

 

( )
( ) ( )( ( ))

( , ) ,  ( ) p p

n
n N N

i

R j
SFP j R R

p


 

   
  

i
i  (5.2) 

, where ( )R  means the 2D DCT operator with coefficients reshaped into the vector form. 

Then, the face image
( )n

i with age
( )ny can be characterized by a set of aged SFP vectors: 
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1

( , )
( ) .p p
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n

N Nn
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j

SFP j
j R

y

 



   
   
    

i
x  (5.3) 

 The advantage of SFP is its ability to encode local appearance with position 

information and its tolerance to small misalignment of face images. To jointly model the 

change of appearance, position, and age, the Gaussian mixture model (GMM) is 

exploited to learn a global probability distribution ( )p x from the local patches extracted 

in the training set. Fig. 5.6 shows the process of extraction SFP vectors. 
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Fig. 5.6 The process of extracting spatially flexible patches. This can be down by 

either sparsely sampled (non-overlapped) or densely sampled (overlapped). [150] 

 

 The age determination step is specially designed, so we separate it from Section 

5.4. When a new image i comes in, the M SFP vectors are first computed. Because the 

age label of i is unknown, we have to try all possible ages and choose the one with the 

maximum sum of likelihood computed from ( )p x : 

 
1

( , )
argmax ( ).

M

y L
j

SFP j
y p

y


 
  

 


i
 (5.4) 

The SFP model is claimed to be the most robust facial aging representation under 

misalignment and slight pose change [139], while using a unified probability model to 

characterize all possible local appearances from all people may be too simplified. 

 To release this problem, Yan et al. [151] further proposed to the patch kernel 

method, which train an image-specific GMM for each training image, which. 

Representing each image
( )n

i by
( )( )

1{ ( ) ( , )}
nn M

jj SFP j x i (now without considering age 

labels), a global GMM is first trained from the whole training set. And the 

image-specific GMMs are learned from the global GMM by maximum a posterior 

(MAP) criterion, where only the mean vectors are modified for each image. The 

image-specific GMM is denoted as: 
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 ( ) ( )

1

( ) ( ; , )
K

i i

k k k

k

p w


 x x   (5.5) 

, where ( ) denotes the normal distribution. 

 These image-specific GMMs are probability distribution models, and the most 

popular method to compare two probability distributions is the Kullback-Leibler (KL) 

divergence. Because there is no closed form to compute the KL divergence, a more 

efficient representation for each GMM is desired. Yan et al. approximated the KL 

divergence by its upper bound, and defined a supervector representation for each GMM: 

 
( ) ( ) 1/2 ( ) 1/2 ( )1

1 1( ) ,......, .
2 2

T

n n i i KK
K K

w w
R  

 
     

  
x i    (5.6) 

This supervector is then used as the feature vector of each image to train the age 

determination algorithm. For a new coming image, the GMM supervector is first 

extracted based on the trained global GMM. And the age is determined by the learned 

classifier or regressor. 

 Also based on SFP, X. D. Zhuang et al. [152] proposed the use of hidden Markov 

models (HMM) to jointly model the spatial and image-specific structure of face. Placing 

the SFP vectors (without age labels) of each training image in the zigzag scanning order, 

a global one-way HMM is first trained on the database. Then, the image-specific HMM 

of each training image is reached by MAP criterion. To compare the facial appearance 

between two faces, the HMM supervector is extracted from each image-specific HMM. 

Fig. 5.7 presents the flowchart of this work. More recently, Z. Li et al. [153] proposed a 

framework for multi-view age estimation based on SFP. In their work, training images 

are first separated into K groups based on the pose, age, or gender labels, called the code 

groups 1[ ]k k KS   . The feature vector x of a face image i is then defined as 

1[ ( , ),......, ( , )]T

Kdis S dis Sx i i and used for training the age determination algorithm. 
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Fig. 5.7 The flowchart of training image-specific HMMs and extraction HMM 

supervectors for training an age classifier. [152] 

 

5.3.7 Gabor Features 

 The Gabor features mentioned in both and Section 5.3.4 are used in another form 

by F. Gao et al. [154] for age level classification. After the preprocessing step, the face 

patch i is convolved with a set of Gabor filters, and the resulting magnitude images are 

underwent dimensionality reduction by PCA. The feature vector x is then represented by 

concatenating these PCA projected coefficients. In their work, to deal with the fuzzy 

concept of age level, they proposed a fuzzy LDA method to extract the most 

discriminant features z form x for training the age determination algorithm. 

 

5.3.8 Local Binary Patterns 

 Local binary patterns (LBP) mentioned in [123] for face recognition are extended 

into age level classification by A. Gunay et al. [155] in 2008. After the preprocessing 
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step, the face patch i  is divided into several regions, and the LBP histogram 

considering the uniform patterns is computed inside each of them. The feature 

vector x is then represented by concatenating these LBP histograms. 

 Later, C. F. Shan [156] proposed the use of Adaboost for selecting discriminant 

LBP bins in the concatenated LBP histogram before training SVM for age determination. 

And H. Fang [157] proposed to combine the LBP histogram with OLPP, and trained 

neural networks for age determination. 

 

5.3.9 Other Kinds of Feature Extraction Methods 

 There are still other methods for extracting facial aging features from images. In 

[158], K. Ueki et al. proposed the combination of 2D-LDA and LDA for extracting 

illumination invariant features for age level classification. And in [159], J. L. Suo et al. 

designed a set of sparse features for age estimation based on the hierarchical face model 

proposed in [160]. A. Montillo et al. [138] designed many length or region ratios based 

on the provided landmark points in FG-Net database, and concatenated these ratios as 

the face feature. And both in [161][162], the idea of learning distance metric in the 

feature vector space for age regression is exploited. 

 

5.4 Age determination 

 The previous section has introduced many kinds for features for (true) age 

estimation as well as age level classification, and in this section, we will introduce the 

age determination algorithms, including regressor, multi-class classifier, hybrid 

combination of regressor and classifier, and recently proposed ordinal regression and 

cost-sensitive classifier. For convenience, the training set for this section is defined as: 
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5.4.1 Multi-class Classification for Age Determination 

 Both (true) age estimation and age level classification can be seen as a problem of 

multi-class classification. As mentioned in Chapter 2, there are two ways to train 

multi-class classifiers, one it to directly use classifiers that can handle multi-class 

problem, and the other one is to combine several binary classifiers through the 

one-versus-one or one-versus-one strategies. In the following, we introduce different 

usage of multi-class classifiers in facial age estimation. 

 Shortest distance or nearest centroid classifier: 

 The shortest distance classifier, also called the nearest centroid classifier, is 

possibly the easiest classifier type in age estimation problems. This classifier can 

be seen as a special case of Gaussian discriminant analysis (GDA) when the 

adopted distance metric is the Mahalanobis distance. The representation of age 

label or age range k is defined as its mean vector
k computed in the training set: 

 ( )1
.

kN
i

k k

ikN
 z  (5.8) 

Then, when new face image with feature vector z comes in, the corresponding age 

or group label is determined by: 

 arg min ( , ).k
k L

y dis


 z   (5.9) 

The operator ( )dis  computes the pairwise distance between two vectors, which can 

be specially designed. And in some applications, the distance metric is defined 

unequally for each class: 
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 arg min ( , ).k k
k L

y dis


 z   (5.10) 

The shortest distance classifier is adopted in [129][140]. Fig. 5.8 illustrates the 

shortest distance classifier.  

 

Fig. 5.8 The illustration of the shortest distance classifier. 

 

 Multi-layer Perceptron or neural networks: 

 The multi-layer perceptron (MLP) or neural networks (NN) which can learn 

the multiple-to-multiple mapping from the training set are frequently used or 

compared in age estimation problems. In fact, they can be used either in the 

classification way or in the regression way. 

 KNN: 

 The K-nearest neighbors (KNN) classifier which can easily handle multi-class 

problem is also frequently used or compared in age estimation problems 

[142][161]. 

 SVM: 

 The support vector machine (SVM) mentioned in Section 2.4.2 is also very 

popular in age estimation problems. In order to deal with multi-class problems, the 

one-versus-one, one-versus-all, and the tree-structured strategies can be used to 
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extend the original binary SVM into multi-class SVM.  

 Random Forest (RF): 

 Random forest (RF) is another type of classifier that can directly handle 

multi-class problems. RF can be applied to both classification ore regression 

problems, and in [138], RF is used as a regressor. 

 

5.4.2 Regressor for Age Determination 

 Regressors are mainly used for (true) age estimation rather than age level 

classification because aging labels can still be seen as samples on the real value. In this 

subsection, we review the use of regressors in age estimation, either for dimensionality 

reduction or for age determination. 

 Linear regressor and its extension: 

 The linear regressor with least square criterion introduced in Section 2.4.2 is 

probably the easiest regression model in age estimation problems. The original 

model is linear to the input features, while it can be easily extended into nonlinear 

by feature transform mentioned in Section 2.3.3 and by the kernel trick. In 

[129][142][149][157], the quadratic form of the least square criterion is used for 

age determination. 

 Least angel regression for feature selection: 

 Least angel regression (LAR) is also based on the linear regression model, 

while the optimization criterion and procedure are different. In [163][164], LAR is 

used for feature selection rather than age determination. Like the Forward Stepwise 

regression and Lasso, LAR has the intrinsic ability to mark the most important 

features during training. The detailed algorithm and discussion on LAR can be 

referred to [16]. 
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 SVR: 

 Support vector regression (SVR) introduced in 2.4.2 is probably the most 

widely-used regression model in age estimation problems. SVR is either 

individually trained [164], or combined with other classifiers [165][166] for hybrid 

age determination. Besides the regularization functionality embedded in SVR, 

there are other reasons why it is so popular in age estimation: 

(1) Age is fuzzy: The age label corresponding to a face image is fuzzy, which 

means a small variation on the age label may not distort the learning result, and 

a face may provide information to ages around the given age label. From 

another perspective, the prediction error inside a tolerable threshold should be 

ignored. The training criterion of SVR inherently embeds this function. 

(2) Criterion: The loss function of SVR is to minimize the mean absolute 

prediction error rather than the mean square error, which directly matches the 

formula of MAE used for performance evaluation. The difference of these two 

objective functions is shown in Fig. 5.9. 

 

 

(a)                                  (b) 

Fig. 5.9 The illustration of absolute and square error. (a) The square error used in 

traditional linear regression. (b) The absolute error used in SVR. 
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 Kernel regression: 

 The kernel regression mentioned is exploited in [151] for age estimation. In 

their work, the form of kernel regression is modified a little bit based on [167]. 

Training images are first evenly divided into M subsets, and the regression formula 

is defined as below: 

 1

1

( , )

( , )

M

m m

m

M

m

m

k Z

y

k Z











z

z

 (5.11) 

, where ( )k  denotes the image-to-set similarity and
1[ ]m m M  

is the parameter set to 

trained. This parameter set can be learned by either linear regression or SVR. 

 Other regression methods: 

In [168], S. Yan et al. proposed an auto-structured regression based on the 

claim that aging labels given for each image should be a nonnegative interval, 

rather than a fixed value. To achieve nonnegative prediction, they exploited 

Frobenius matrix norm for age determination. The objective function can be 

modeled as a semi-definite programming (SDP) problem where nonnegative aging 

labels are treated as inequality constraints. Later in [169], S. Yan et al. exploited 

the Expectation Maximization (EM) method for solving the optimization problem, 

which resulted in better estimation performance than SDP. 

 S. K. Zhou et al. [170] proposed an image-based regression using boosting 

method. The regression model is based on an ensemble of wear learners (decision 

stumps in their work), and the Haar-like features are used to represent each image. 

Through the boosting procedure, important weak learners are selected, and the 

parameter corresponding to each weak learner is learned simultaneously. 
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5.4.3 Hybrid Combination 

 The previous two subsections introduce the use of a single classification or 

regression model for age determination. Indeed, the facial appearance change not only 

results from human age, but also from the personality, gender, race, and some other 

factors. In addition, the degree of aging progress on human face is different in each age 

level and age range. To better discover the complicated relationship between facial 

features and aging labels, the idea of hybrid combinations of regressors and classifiers is 

proposed [140]. In this subsection, we review several combination and their basic 

concepts. 

 Age-specific combination: 

 The age-specific combination is based on the assumption that in different age 

range or age level, the aging progress on face is different. To better model the 

aging progress, training a local age classifier or age regressor inside a specific age 

range is a feasible solution. In order to assign an input image into the suitable local 

classifier or regressor, a global age range classifier should also be trained. This idea 

is first proposed in [129], which trained a global age classifier based on all the 

training samples, and generated a set of local classifiers from samples in the 

corresponding age ranges. The adopted feature extraction in this work is AAM. 

When a new image comes in, the global classifier roughly predicts its age, and the 

local classifier associated to the rough age is used to predict the detailed age. Fig. 

5.10 shows the illustration of this combination. 

 Following this idea, K. Luu et al. [166] proposed to separate ages into adults 

and youths, and train a specific age regressor inside each group. Using AAM as the 

feature extraction method, a SVM is trained to classify adults from youths, and 

then two age regressors (SVR) are trained for these two age groups respectively. 
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Fig. 5.10 The illustration of the age-specific combination proposed in [129]. (1D 

feature) 

 

 Appearance-specific combination: 

 This combination is based on the observation that people who look similar 

tend to age in a similar way. To model this observation, training a classifier or 

regressor for a specific cluster of people is a feasible way. This idea is first 

proposed in [140], where an appearance-specific classifier is trained for each 

person in the training set. When a new image comes in, the distance between this 

image and all the people are computed (based on the projection distance). The age 

classifier associated with the most similar person is used for the new image. Fig. 

5.11 shows the illustration of this combination. 

 Also in [140], this appearance-specific idea is extended into a weighted 

combination, called the Weighted appearance-specific (WAS) classifier. Rather 

than choosing the classifier of the most similar cluster, it adopts a weighted 

combination on the predicted age from each appearance-specific classifier. 
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Fig. 5.11 The illustration of the appearance-specific combination. The red lines show 

the learned multi-class classifiers or regressors of each cluster. (2D feature) 

 

 In [129], the training procedure of appearance-specific classifiers is modified, 

where the appearance-specific clusters are not person-specific defined, but through 

a data-driven fashion. The modified training procedure is summarized in Table 43. 

 

Table 44 The training procedure of the appearance-specific combination 

Step 1: Training a set of appearance-specific classifiers (or regressors) 
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Step 2: Training or building a cluster-selection classifier to assign new image into a 

suitable appearance-specific classifier. 
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 Appearance-specific and age-specific combination: 

 Combining the idea of age-specific and appearance-specific, A. Lanitis et al. 

[129] further proposed a hybrid combination, called the appearance- and 

age-specific (AAS) classifier. Following the procedure in Table 44, inside each 

appearance-specific cluster, a set of age-specific classifiers are trained. The 

previous trained ( )tg  is then used as the global age classifier in each cluster. When 

a new image i comes in, the cluster-selection classifier assigns it into a cluster t, 

and the global classifier ( )tg  roughly predicts the possible age range of i . Then, the 

local classifier associated with the predicted age range is used to determine the age. 

Fig. 5.12 shows the flowcharts of AAS and its predecessors. 

 

(a) 

 

(b) 

 

(c) 

Fig. 5.12 The illustrations of (a) age-specific, (b) appearance-specific, and (c) 

appearance- and age-specific (WAS) combinations. 
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 Gender-specific combination: 

 Aging progress on human face is also affected by genders. For example, 

females usually wear makeup on their faces, which make them look younger than 

males at the same ages. In order to represent this factor, training gender-specific 

age classifiers or regressors is one feasible solution. In [171], R. Iga et al. first 

trained a gender classification based on Gabor features, geometric arrangement, 

skin color, hair, and mustache. Then two gender-specific age classifiers are 

generated based on the same features with additional texture features, while the 

mustache feature is disregarded. Fig. 5.13 shows the flowchart of this combination. 

 

 

Fig. 5.13 The flowchart of the gender-specific combination. 

 

 In may experiments [34][35][71][148][150][165], the dataset are manually 

divided into different genders, and the proposed algorithms are trained and tested 

only in each gender. The experimental results showed that taking gender 

information into accounts does improve the estimation performance, while the 

gender of a new coming image is manually determined, not by a gender classifier. 

This kind of experimental settings doesn‟t consider the possible misclassification 

results from an automatic gender classifier, and may overestimate the performance 

improvement. 
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 Locally adjusted robust regression: 

 In [71][165], G. Guo et al. experimented the capability of SVR for age 

estimation. In their claim, SVR cannot fit the true aging progress well, and the true 

age of an image is usually located around the estimated age. To better estimate 

human ages (drag the estimated age toward the true age), they proposed a hybrid 

combination of SVR and SVM, called the locally adjusted robust regression 

(LARR). One SVR is trained on all the training samples for global age estimation. 

And a set of binary SVMs are trained for each pair of ages. When a new image 

patch i comes in, the SVR first roughly estimates the age y . Then inside the age 

range ,y y    
, the trained binary SVMs are used to estimate the detailed 

age y through binary tree search (  is the local search range ). The flowchart of 

LARR is presented in Fig. 5.14, and the illustration of LARR is shown in Fig. 5.15. 

 

 

Fig. 5.14 The flowchart of LARR 
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Fig. 5.15 The illustration of LARR. LARR first (1) predicts the rough age through SVR, 

and (2) the pairwise SVMs are compared in the search range around the rough age to 

determine the more accurate age. (1D feature) 

 

 LARR is further extended into a probabilistic fusion approach (PFA) [172] 

that considered the probabilistic output of SVR and SVM. A probabilistic 

multi-class SVM is built based on the binary output of pairwise SVMs, and a 

probabilistic SVR is generated by a uniform distribution around the discriminative 

output of the originally trained SVR. Denote the probabilistic SVM 

as SVM ( | )p y z and the probabilistic SVR as SVR ( | )p y z , the estimated age y by PFA is 

determined as: 

 SVR SVMarg max ( | ) ( | ).
y

y p y p y z z  (5.12) 

 

5.4.4 Ordinal Regression 

 As mentioned in Section 2.2.4, no matter what classifiers or what regressors are 

used, their desired learning goal is to minimize the out-of-sample error defined on the 

universal set with
UN samples: 
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Compared the two equations, we found that classification only cares if ( )( )nh z is equal 

to ( )ny , while regression further consider the difference between ( )( )nh z and ( )ny . In (true) 

age estimation problems, because of the special form of dataset where the labels are 

“discrete values with natural order”, it can be seen either a multi-class classification 

problem or a regression problem. Multi-class classification treats each age label as an 

uncorrelated class, and trains one multi-class classifier or combines several binary 

classifiers to achieve estimation. This idea limits the possibility of aging values, but 

may suffer from small sample size and ignore some ordinal characteristics among aging 

labels [132]. On the other hand, regression learns the mapping from feature vectors to 

real values, which cannot limit the possible aging values but utilizes the ordinal 

information provided by age labels. In [132], K. Y. Chang et al. proposed to view age 

estimation as a learning to rank problem (also called ordinal regression), which 

simultaneously considers the finite number of aging values and the ordinal information 

among aging labels. 

 Ordinal regression is first proposed and used in information retrieval, where the 

retrieved articles or websites should be established in a suitable order based on their 

importance, popularities, and correlations to the queries provided by users. The form of 

database for ordinal regression is the same as of multi-class classification, while ordinal 

regression explicitly considers the order of labels during training. There are generally 

three types of ordinal regression based on the objective functions: Pointwise, pairwise 

[173][174][175][176][177], and listwise [178]. For example in [175], R. Herbrich et al. 

modeled the pairwise ordinal regression problem based on a special multi-class 



 

 223 

SVM ( )h  with the following objective function: 

  ( ) ( ) ( ) ( )

1 1

 ( ) ( ) ( ) ( )
U UN N

n m n m

n m

E h sign h h sign y y
 

    z z  (5.14) 

, which aims at minimizing the number of classification miss-orderings. 

 In [132], Chang et al. adopted the ordinal regression algorithm, RED-SVM, 

proposed by L. Li et al. [177], which reduces ordinal regression to binary classification 

based on extended examples. Denote 
1

1
( , )

c
T

k
k

h k 



 z w z as a set of linear binary 

classifiers with the same hyperplane direction pRw but different thresholds (offset)
k , 

these linear binary classifiers are used to determine if the age of z is equal to or larger 

than k. The age determined by these classifiers is: 

 
1

1

1 ( , ).
c

k

y h k




  z  (5.15) 

The objective function of this ordinal regression model is exactly a special case of 

cost-sensitive learning, which will be introduced in Section 5.4.5. With a suitable 

modification on the dataset, this objective function could be transferred into the 

standard form of SVM, and the popular SVM package, LIBSVM [23], can be directly 

applied for training. In addition, the original linear form of RED-SVM can be made 

nonlinear through the kernel trick. More details of the training procedure can be referred 

to [177]. Fig. 5.16 illustrates the linear form of RED-SVM. 

 The age estimation algorithm proposed by P. Yang et al. [133] also utilized the idea 

of ordinal regression. RankBoost [174], a pairwise ordinal regression method trained in 

the boosting procedure, is used to select the Haar-like features extracted from facial 

images. Then different kinds of regressors are experimented for age determination. 
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Fig. 5.16 An illustration on linear RED-SVM. This example shows a 4-class problem 

with 2-dimensional features, where “blue” ”red” ”green” ”orange”. (2D feature) 

 

5.4.5 Cost-Sensitive Classification 

 Traditional classification problems aims to find the final hypothesis g which 

minimizes the misclassification error listed in(5.13): 

 ( ) ( )

1

1
argmin ( ) argmin ( ) .

UN
n n

out
h h

nU

g E h h y
N 

   z  (5.16) 

This objective function only considers if the predicted label ( )h z is equal to the ground 

truth label y. If they are different, the misclassification penalty is set to a constant, no 

matter how serious the misclassification is. While in many practical issues, different 

misclassification cases usually cause different penalties. For example, consider asking a 

doctor to check a patient and predict his or her status as H1N1-infected, cold-infected, 

or healthy. The case that a H1N1-infected patient is predicted to be healthy is much 

more serious than the case that a healthy person is predicted to be H1N1-infected. 

 Rather than minimizing the misclassification error, cost-sensitive classification 

desires to find the final hypothesis g that minimizes the mean penalty (cost): 
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  ( ) ( )

1

1
argmin ( ) argmin , ( ) .

UN
n n

out
h h

nU

g E h C y h
N 

   z  (5.17) 

C is a c c cost matrix with ( , )C i j indicating the penalty of misclassifying an ith-class 

sample into the jth class. The cost matrix is usually defined based on domain knowledge. 

Multi-class classification and ordinal regression can be seen as special cases of 

cost-sensitive learning with special designed cost matrices. Both cost-sensitive 

classification and ordinal regression give different penalties to different 

misclassification cases, while there is no explicit order in the labels of cost-sensitive 

classification.  

 In [131], K. Y. Chang et al. proposed a new age determination algorithm, called the 

ordinal hyperplanes ranker (OHRank), which minimizes the misclassification cost. The 

algorithm is very similar to the one in [177], while releases the constraint that all the 

binary classifier
1 1[ ( , )] k ch k    are based on the same hyperplane direction w . The cost 

matrix C can be defined based on the adopted performance evaluation, for example, Fig. 

5.17 shows the cost matrix based on MAE. A brief overview of cost-sensitive 

classification can be referred to [179]. 

 

Fig. 5.17 The illustration of cost matrix C based on MAE.  
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5.4.6 Other Methods 

 There are still other ideas to achieve age determination. In [180], X. Geng et al. 

proposed a new way of thinking on database managements and age determination 

algorithms. In their claim, a facial image in the training set not only provides 

information to the corresponding aging label, but also to the ages around the given label. 

To model this idea, they proposed to re-label each facial image by a label distribution, 

and use a maximum entropy model to learn the modified training set. The proposed 

algorithm is called IIS-LLD. 

 B. B. Ni et al. [181] proposed a work on automatically collecting facial images 

online for age estimation. At first, information retrieval techniques are used to collect 

images from Internet. The retrieved images are then further checked by face detection 

and PCA to filter out noisy images and noisy labels. Based on the fact that an image 

may contain more than one face inside, they proposed to use multi-instance regression 

for training the age determination algorithm. The feature extraction method used in this 

work is the patch kernel method. 

 In [182], C. C. Wang et al. proposed to combine AAM features with the 

multivariate Gaussian probability distribution for age estimation. Their work is based on 

the fact that the entries of AAM features are mutually uncorrelated. And in [183], Y. 

Zhang et al. utilized probabilistic graphical models for age estimation based on their 

proposed multi-task warped Gaussian process.  

 

5.5 Experimental Settings 

 To judge the performance of each age estimation algorithm, we need to design 

experiments based on the two evaluation criteria mentioned in Table 41. Because 
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different databases contain different number of images, identities, age ranges as well as 

different ratios of genders, experimental settings should be designed specifically for 

each database. In this section, we introduce the settings proposed in existing literatures 

for the FG-Net database. 

 Since the FG-Net database contains 82 individuals, Leave-One-Person-Out (LOPO) 

[141][142][168][169] experiments is a popular setting to test the age estimation 

performance for unseen people. LOPO is similar to 82-fold cross validation, where 

images from 81 people are used for training and images from the remaining person for 

testing. From this setting, each image is tested once, and the average MAE and CS 

among 1002 images are used to evaluate the performance of each age estimation 

algorithm. In [138][157], the authors considered the problem where the number of 

images in different age ranges are highly unbalanced. To solve this problem, they 

claimed to discard images over age 20 or 30, and perform LOPO on the remaining 

images. Besides LOPO, direct cross validation without considering identities has also 

been used on the FG-Net database. For example, 4-fold cross validation are performed 

in [133][159]. 

 

5.6 Conclusion 

 In this chapter, an overview of human age estimation based on human faces is 

presented. At first, some challenges of age estimation are discussed, and the structure of 

age estimation system is defined, including the feature extraction, dimensionality 

reduction, and age determination step. And then, we give a comprehensive survey on 

the algorithms and techniques of age estimation proposed in existing literatures. In the 

following chapter, the proposed framework and methods for age estimation will be 



 

 228 

presented in detailed. 
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Chapter 6 Proposed Methods and Modifications 

 

 In this chapter, the proposed age estimation algorithm is presented and discussed. 

After representing each face image by a fixed-length vector, algorithms of supervised 

distance metric learning and supervised dimensionality reduction are concatenated to 

learn the relationship between facial features and aging labels. This step not only 

attenuates noisy and irrelevant features, but also drastically reduces the dimensionality 

of effective features for age determination. Taking the local preserving nature of 

dimensionality reduction algorithms into consideration, we exploit local regression 

rather than global regression for age determination. 

 This chapter is organized as follows. In Section 6.1, we introduce the framework of 

the proposed age estimation algorithm and list some important factors that we consider 

all over the framework. In Section 6.2, we describe the distance metric learning 

algorithms and our modification, and in Section 6.3, the proposed dimensionality 

reduction algorithm suitable for aging labels is described in details. The proposed usage 

of regression algorithms is later presented in Section 6.4. In Section, experimental 

results of the proposed algorithm is reported and discussed, and we also show the 

improvement resulting from each step. The conclusion of this chapter is given in 

Section 6.6. 

 

6.1 The Proposed Framework and Important Factors 

 In this section, we introduce the framework of the proposed age estimation 

algorithm and list some important factors that we consider all over the framework. The 

feature extraction method and database used in our experiments are also described. 
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6.1.1 The Proposed Framework 

 The framework of our proposed age estimation algorithm is shown in Fig. 6.1. It is 

mainly based on the flowchart shown in Fig. 5.1 and the framework introduced in 

Section 5.2, and we further include a “distance metric adjustment” step, which aims at 

enhancing the performance of dimensionality reduction. 

 

Fig. 6.1 The flowchart of the proposed age estimation framework. Different from the 

one shown in Fig. 5.1, the proposed framework further includes a distance metric 

adjustment step highlighted by the green-dotted rectangle.  

 

 When an image i comes in, the preprocessing step first detects and cuts out a 

normalized face patch i from i . The feature extraction step then extracts important 

features from i and stores these features into a vector dRx . Because the extracted 

features in x may have different statistical properties and are possibly irrelevant or noisy 

for age estimation, the distance metric adjustment step is introduced to attenuate these 

problems and results in a new vector
d

adjust Rx . The vector adjustx may still have the 

same dimensionality as x , but provides better metric structure (approximately Euclidean) 
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in the resulting space. In order to further discover and learn the relationship between 

features in
adjustx and its corresponding aging label, the dimensionality reduction step is 

exploited. This step can drastically reduce the dimensionality of feature vectors from 

d-dimensional into p-dimensional and simultaneously preserves the most important 

information for age estimation. Finally, based on the low-dimensional vector pRz , the 

age determination step is trained to predict the aging label y .  

 

6.1.2 Important Factors 

 In addition to the intrinsic properties of human age and challenges of age 

estimation introduced in Section 5.1, there are still some important factors that we 

consider in the proposed algorithm: 

 Unbalanced data: The number of images of each aging label may be different in 

the database, which may results in serious unbalanced problem. For example, in 

the FG-Net database, there are over 800 images with ages less than 30, and only 

near 200 images with ages higher than 30. Previous work based on this database 

showed poor estimation results on images over age 30. 

 Irrelevant features: Compared to face detection, face recognition, and facial 

expression classification, features for age estimation are hard to design and define. 

As introduced in Fig. 5.3, most of the features used for age estimation are related 

to shape and texture variation on human faces, but not directly to aging process. 

This implies that there may be a bunch of extracted features irrelevant to the task 

of age estimation. 

 Correlation between aging labels: Unlike general multi-class classification 

problem, there exists correlation between aging labels. For example, age 10 is 
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closer to age 15 than age 30. This nature can be easily captured by cost-sensitive 

learning as well as regression, while most of the distance metric learning and 

dimensionality reduction algorithms are designed for general multi-class 

classification. To extend them for aging labels is a critical issue in our work. 

 Complicated process: It has been mentioned that aging process on human face is 

definitely a complicated process, and building a unified classifier or regressor for 

age estimation may results in under-fitting [71][131]. Based on this observation, 

using a hybrid model maybe a great choice for age determination. 

 

6.1.3 The Adopted Database 

 In our experiments, we tested the proposed algorithm on the FG-Net database. The 

FG-Net database is a highly unbalanced database, and a few images of it are either far 

from frontal-face pose or of poor quality. In Fig. 6.2, several samples of the FG-Net 

database are shown, and Fig. 6.3 shows the histogram of image count at each aging 

label in the FG-Net database. Besides these drawbacks, FG-Net is the most widely-used 

database in age estimation researches and contains the information of identities, which 

can be used to discover personal aging processes. 

 

Fig. 6.2 Several samples of the FG-Net database. 
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Fig. 6.3 The histogram of image count at each aging label in the FG-Net database. 

 

6.1.4 The Adopted Feature Extraction Method 

 The FG-Net database contains 1002 images and each of them is marked with 68 

landmark points covering the face, eye, mouth, noise, and eyebrow boundaries, as 

shown in Fig. 6.4. This side information provides the availability to exploit AAM for 

feature extraction, which can simultaneously describe texture and shape variations of 

human faces. From existing literatures, we found that AAM not only is the most popular 

feature extraction method on the FG-Net database, but also achieves the best 

performance than other types of features. In our implementation, we also adopt AAM 

for feature extraction. 

 We used a public AAM toolbox, AAM-API [184], to perform AAM training and 

feature extraction. This toolbox provides several choices for model training, such as the 

methods for defining landmark boundaries and training projection bases. In our 

implementation, we selected “convex boundary” and “tensor bases”, and remained 98 % 

on shape, texture, and combined variances. These settings result in a 127-dimensional 

feature vector for each face image. Fig. 6.5 illustrates the standard deviation of each 

feature component arranged in the descending order of eigenvalues. 



 

 234 

 

Fig. 6.4 An illustration of the 68 landmark points provide in the FG-Net database. 

 

 

Fig. 6.5 The standard deviation of each feature component (arranged in the descending 

order of eigenvalues) measured from all 1002 images in the FG-Net database. 
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6.2 The Modified Distance Metric Learning Algorithm 

 After the feature extraction step, general age estimation algorithms directly use the 

extracted feature vectors for dimensionality reduction or age determination. However, 

these features often have different statistical properties and contain irrelevant or noisy 

information for age estimation, which may degrades the overall performance. For 

example, as shown in Fig. 6.5, features extracted by AAM have various standard 

deviations. From the perspective of preserving variation of face appearances and shapes, 

the resulting variation in standard deviations seems quite reasonable, while from the 

persptive of age estimation, this variation may distort the computation of feature 

similarity. 

 There have been several simple treatments for this problem, such as normalizing 

the standard deviation or scaling the value of each feature component into a unified 

range. For example, feature scaling is usually recommended before training SVM and 

SVR. And for other kind of classifiers or regressors such as decision tree, random forest, 

and Adaboost, the variation in standard deviations usually provides no influence on the 

result of training. 

 In the proposed algorithm, we adopt dimensionality reduction techniques for 

learning the relationship between features and aging labels, which highly depends on 

the distance metric used for computing feature similarity. For example, neighborhood 

preserving embedding (NPE) and locality preserving projection (LPP) introduced in 

Section 3.7 and Section 3.8 assume that the feature space is locally Euclidean and 

search a finite number of neighbors based on the Euclidean distance. To find the 

semantic neighbors (neighbors with similar labels) in the dimensionality reduction step, 

an additional distance metric adjustment step is introduced in our framework. 
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6.2.1 A Brief Overview of Distance Metric Learning 

 Distance metric learning is originated for non-parametric learning such as 

K-nearest neighbors and kernel regression. Besides determining K or the kernel width, 

the most important issue in non-parametric learning is the definition of distance metric 

or similarity metric. If there is no prior knowledge on the distance metric, the Euclidean 

distance ( 2L distance), Manhattan distance ( 1L distance), qui-square distance, histogram 

intersection, and KL divergence are popular metrics without any training procedure. 

While given a labeled or unlabeled database, learning the distance metric from the 

statistical properties in the database usually improves the performance of non- 

parametric learning. In this subsection, we mainly consider the supervised learning case. 

 As introduced in Section 2.4.1, the basic assumption of non-parametric learning is 

that similar features are labeled similarly, and the class conditional probabilities are 

locally constant. While when a query point is close to the class boundary or when the 

dimensionality is high, these assumptions may become irrational and result in poor 

performance. There have been several studies and researches on how to learn a suitable 

distance metric to address these problems. In [185], T. Hastie et al. proposed a local 

linear discriminant analysis to estimate an effective metric for computing 

neighborhoods, which shrinks neighborhoods in directions orthogonal to the local 

decision boundaries while elongates them parallel to the boundaries. Based on the same 

goal, J. Friedman [186] and C. Domeniconi et al. [187] proposed the concept of local 

feature relevance to weight each feature component for distance computation. In [188], 

N. Shental et al. first proposed the relevant component analysis (RCA) for distance 

metric learning, and later A. Bar-Hillel et al. [189][190] provided more theoretical and 

practical analyses on RCA. The concept of RCA was further extended by S. Hoi et al. 

[191] to take both relevant an irrelevant constraints into consideration, called the 
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discriminative component analysis (DCA). E. Xing et al. [192] also proposed a distance 

metric learning algorithm considering relevant and irrelevant constraints. Compared to 

RCA and DCA, they formulized the optimization problem as a constraint optimization 

problem rather than an eigenproblem.  The neighborhood components analysis (NCA) 

proposed by J. Goldberger et al. [193] directly optimizes the leave-one-out KNN 

classification error based on the stochastic neighbor assignments. A critical drawback of 

NCA is that the optimization problem is not convex. From the same idea of stochastic 

assignments, A. Globerson et al. [194] proposed a new convex formulization which 

aims at collapsing samples of each class into a single point. The maximum-margin 

nearest neighbor (LMNN) proposed by K. Weinberger [195][196] exploits the idea of 

large margin in distance metric learning, and is formulizes as a semi-definite 

programming problem. This work was further extended for dimensionality reduction by 

L. Torresani et al. [197], which is called the large margin component analysis. For more 

understanding on distance metric learning, the comprehensive survey and overview 

written by L. Yang [198][199] are highly recommended. 

 

6.2.2 The Proposed Usage of Distance Metric Learning Algorithm 

 Instead of directly optimizing the classification performance of KNN, in our 

framework, we utilize distance metric learning for deriving a suitable metric for 

searching semantic neighbors. Among all the above distance metric learning algorithms, 

we adopted the relevant component analysis (RCA) in our work not only because of its 

simplicity and efficiency, but also because it utilizes only the 2
nd

-order statistics. RCA is 

a supervised distance metric learning algorithm, which requires the presence of labels 

during learning. Compared to LDA, the label provided for RCA is not exactly the class 

label, but a chunklet index that indicates a set of feature vectors that come from an 
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unknown class. In other words, the label provided for RCA only stands for class 

similarity, not for class distinctness. Another description to distinguish LDA from RCA 

is: LDA simultaneously minimized the intra-class variation and maximizes the 

inter-class variation based on the 2
nd

-order statistics, while RCA only focuses on 

minimizing the intra-class variation. The algorithm of RCA is summarized in Table 45. 

 

Table 45 The algorithm of RCA 

Presetting: 

 Training set: ( )

1{ }n d N

nX R  x , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 Pre-center the data set, where each ( )n
x is replaced by ( )n x x . 

 Define iX as the feature set containing all feature samples with label il , and the 

number of sample of label il in iX is denoted as iN . 

 Define the class mean vector as
( )

( )1

n
i

n

i

XiN 

 
x

x  

 Define the intra scatter matrix for label il as
( )

( ) ( )1
( )( )

n
i

n n T

i i i

Xi

S
N 

  
x

x x   

 Define the total intra scatter matrix as
1

1 c

i i

i

S N S
N 

   

Goal: 

 Find a d d transformation matrixW , then ,  where T d

adjust adjustW R x x x . Each 

column of W is a projection dimension. 

 Get a transformed set:
( )

1{ } ,n d N

adjust adjust nX R  x  denote adjustX as a d N matrix. 

 Whitening the total intra scatter matrix computed from adjustX . 

Algorithm: 
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( 1/2)

Compute the eigendecomposition of ,  

The whitening matrix  is defined as 

TS S V V

W W V



 




 

Justification: 

( 1/2) ( 1/2)

( 1/2) ( 1/2)

( 1/2) ( 1/2)
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                       ( ) ( )

                       

T
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T T T

adjust
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 The whitening matrixW is free to multiply with a rotation matrix, which means 

other kinds of decomposition methods can be performed on the inverse matrix of S if 

and only if ( )TW W inv S . 

 

6.2.3 The Proposed Modification on RCA 

 As mentioned in Section 6.1.2, there exists ordering nature (correlation) among 

aging labels. If we adopted traditional LDA for distance metric learning, this correlation 

will be ignored and results in over separation in the feature space. On the other hand, 

RCA only seeks to minimize the variation of features vectors with the same label, which 

can avoids this problem. To further incorporate the ordering nature into the computation 

of RCA, we proposed a concept called “label sensitive”. 

 The idea of label sensitive is to consider the label similarity between different 

labels. For example, age 10 is very close to age 11, but far from age 30. This 

information can be embedded into the definition of the intra scatter matrix, where iS is 

not only computed from ( ) ( ){ | }n n

iX y l x , but form ( ) ( ){ |  is similar to }n n

iX y lx . 

There are several choices to represent the similarity between labels, and following we 

introduce three different measurements, where E is ac N matrix recording the label 
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similarity score between each aging label il and each sample ( )n
x : 

 Hard weight:

( )1,  if y
( , )

0,  otherwise

, where  is a label sensitive threshold

n

il
e i n





  
 


 

 Exponential weight:

( ) 2 ( )exp( (y ) / ),  if y  
( , )

0,  otherwise

, where  determines the degree of label sensitive

n n

i il l
e i n

 



    
 


 

 Triangular weight: 

( ) ( )( 1 y ) / ( 1),  if y  
( , )

0,  otherwise

n n

i il l
e i n

        
 


 

The label sensitive threshold stands for the range of similar labels. With these 

definitions of label similarity, the traditional RCA can be modified into the 

label-sensitive RCA (lsRCA), as summarized in Table 46. 

 

Table 46 The algorithm of lsRCA 

Presetting: 

 Follow the presetting and goals in Table 45, but discard the definition of mean 

vectors and intra scatter matrices. 

 Set the parameter and . 

Step 1: Computing the label sensitive intra scatter matrices 

 Algorithm: 

1

( )

1

( ) ( )

1

for   1:

    ( , )

1
( , )

1
( , )( )( )

N

i

n

N
n

i

ni

N
n n T

i i i

ni

i c

e i n

e i n

S e i n



















  









  

x

x x
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end

1

c

total i

i

c

i i

itotal

S S

 












 

Step 2: Computing the whitening matrix W (as described in Table 45) 

 

To further compensate the unbalanced problem in the FG-Net database, the computation 

of the total intra scatter matrix in Table 46 can be modified as: 

 
1

.
c

i

i

S S
c

    (6.1) 

For convenience, the label-sensitive RCA with unbalance compensation is called 

C-lsRCA in later sections. 

 

6.2.4 Simulation Results 

 In this subsection, the result after performing the distance metric adjustment by 

C-lsRCA is shown and discussed. As depicted in Fig. 6.5, the standard deviations of the 

127 AAM coefficients in x have explicit variations. This condition can be further 

illustrated in Fig. 6.6, where the 1
st
 AAM feature has the standard deviation nearly 10 

times bigger than that of the 60
th

 feature. Also from this figure, there is no explicit 

relationship between AAM features and aging labels, which meets our previous 

statement. After performing C-lsRCA, the variation of standard deviations has been 

significantly reduced in the adjusted feature vector
d

adjust Rx , as shown in Fig. 6.7. 

And in Fig. 6.8, we see how C-lsRCA minimizes the variation of feature vectors with 

similar labels, where the red and yellow circles become closer than in Fig. 6.6. 

 



 

 242 

 

(a)                                 (b) 

Fig. 6.6 An illustration of the standard deviation variation in AAM features. The color 

marked on each circle shows the corresponding aging label. (a) The distribution of the 

1
st
 and 2

nd
 AAM features. (b) The distribution of the 1

st
 and 60

th
 AAM features. 

 

 

Fig. 6.7 The standard deviation of each adjusted feature component in
d

adjust Rx . 
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(a)                                 (b) 

Fig. 6.8 An illustration of the standard deviation variation after performing C-lsRCA 

(with exponential weight). (a) The distribution of the 1
st
 and 2

nd
 adjusted features. (b) 

The distribution of the 1
st
 and 60

th
 adjusted features. 

 

 To further investigate the influence of the “label-sensitive” concept and the 

unbalance compensation on RCA, the distance metric results of RCA, lsRCA, C-RCA, 

and C-lsRCA are presented and compared in Fig. 6.9. As can be seen, C-lsRCA 

achieves the best aggregation effect for aging labels with fewer samples. 
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(a) 

 

(b) 
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(c) 

 

(d) 

Fig. 6.9 The comparison of the distance metric learning results of (a) RCA, (b) lsRCA, 

(c) C-RCA, and (d) C-lsRCA. The distribution of the 1
st
 and 2

nd
 adjusted features is 

shown in each figure. The exponential weight is adopted with 3  and 8  for lsRCA 

and C-lsRCA. 
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6.3 The Proposed Dimensionality Reduction Algorithm 

 After performing C-lsRCA, the intra scatter matrix of
d

adjust Rx is whitened, 

which indicates an approximately (global) Euclidean space in the resulting feature space. 

Based on this condition, dimensionality reduction algorithms introduced in Chapter 3 

can now be performed to extract more discriminant features and drastically reduce the 

effective dimensionality for age determination. In this section, we introduce the 

proposed dimensionality reduction algorithms based on the “label-sensitive” concept 

mentioned in Section 6.2.3. In Section 6.3.1, the strategy of extending supervised or 

unsupervised dimensionality reduction algorithms for ordering labels is presented. The 

proposed label-sensitive graph embedding is then introduced in Section 6.3.2, and the 

modified label-sensitive locality preserving projection is discussed in Section 6.3.3. In 

Section 6.3.4, our modification scheme for compensating the unbalanced data is 

introduced, and finally in 6.3.5, we show the experimental results. 

 

6.3.1 Extending Dimensionality Reduction for Ordering Labels 

 As introduced in Chapter 3, Isomap, LLE, and Laplacian Eigenmap are originally 

unsupervised nonlinear dimensionality reduction algorithms which preserve local 

Euclidean properties. To incorporate the label information for supervised dimensionality 

reduction, there have been several work on modifying the definition of neighbors or 

adjusting the weights of neighbors based on the corresponding labels [50][59][61][64] 

[74][75]. These methods, although lacking of theoretical justifications, have shown 

improvements in practical cases such as face recognition against the original 

unsupervised learning. In this subsection, we present a simple scheme to extend 

dimensionality reduction algorithms for labels with correlations or orders. 
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 When defining the objective function of dimensionality reduction, previous 

supervised extensions such as MFA and LDE build an intrinsic graph that preserves 

neighbors with the same label and a penalty graph that punishes neighbors with 

different labels. For aging labels, we modify the definition of the intrinsic graph to 

preserve neighbors with “similar” labels. The definition of ( )KNN i and ( )KNN i  

introduced in Table 37 are redefined as: 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1

( )

2

( ) { | ,  } for similar label

( ) { | } for dissimilar label

( ) means -nearest samples in ( ) around 

( ) means -nearest samples in ( ) aroun

j j i

j j i

i

N i y y j i

N i y y

KNN i k N i

KNN i k N i









 

 

   

  

x

x

x

( )d  i
x

  (6.2) 

, where is a label sensitive threshold. This new definition can also be applied on NPP, 

LPP, and OLPP, where the local properties are defined only within ( )KNN i
of each 

sample i. 

 

6.3.2 Label-Sensitive Graph Embedding (lsGE) 

 Incorporating the concept of “label-sensitive”, the graph embedding framework, 

and the modified definition of ( )KNN i and ( )KNN i , we proposed a new supervised 

dimensionality reduction algorithm, label-sensitive graph embedding (lsGE). Fig. 6.10 

illustrates the basic idea of lsGE. At first, a fixed number of neighbors with similar 

labels and a fixed number of neighbors with dissimilar labels are defined for each 

sample I in the input space. Then during dimensionality reduction, lsGE seeks to reduce 

the distances from each sample to its similar-label neighbors based on the corresponding 

similarity scores, while enlarge the distances to the dissimilar-label neighbors based on 

the corresponding dissimilar scores. The similarity and dissimilarity scores are defined 

in the following paragraph. 
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Fig. 6.10 An illustration of the basic idea of lsGE. In the original space, similar-label 

neighbors and dissimilar-label neighbors are defined around each sample. Then during 

dimensionality reduction, seeks to reduce the distances from each sample to its 

similar-label neighbors based on the corresponding similarity scores, while enlarge the 

distances to the dissimilar-label neighbors based on the corresponding dissimilar scores. 

 

 Given a dataset of N samples, two N N matrices ( )E  and ( )E  are built to record 

the label similarity and dissimilarity between each pair of training samples. For the 

similarity score, the exponential weight and triangular weight defined in Section 6.2.3 

are adopted: 

 Exponential weight:
( ) ( ) 2( , ) exp( ( ) / ) 

, where  determines the degree of label sensitive

i je i j y y 



   
 

 Triangular weight: ( ) ( )( , ) max{0,( 1 ) /( 1)}i je i j y y        

And for the dissimilarity score, the sigmoid function is exploited: 

 Sigmoid weight:
( ) ( )

1
( , )

1 exp( ( ( )))

, where  and  control the shape of ( , )

i j
e i j

y y

e i j

  

 






      

Fig. 6.11 illustrates both the similarity and dissimilarity score functions. 
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(a)                     (b)                     (c) 

Fig. 6.11 Illustrations of the similarity and dissimilarity score. The x-axis stands for the 

absolute label difference between two samples. (a) The exponential similarity weight 

with 12  and 5  . (b) The triangular similarity weight with 5  . (c) The sigmoid 

dissimilarity weight with 2,  2, and =5    . 

 

 Based on ( )E  and ( )E  as well as ( )KNN i and ( )KNN i , the label-sensitive intrinsic 

and penalty graphs can be constructed. The p N projection basis B for supervised 

dimensionality reduction then can be computed through the linearization form of graph 

embedding, as mentioned in Table 36. The implementation detail of lsGE is listed in 

Table 47, where the “label-sensitive” concept is introduced in Step 2. 

 

Table 47 The algorithm of lsGE 

Presetting: 

 Training set:
( )

1{ }n d N

adjust adjust nX R  x , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 Pre-center the data set, where each ( )n
x is replaced by ( )n

adjustadjust x x . 

 Define the N N label similarity matrix ( )E  and label dissimilarity matrix ( )E   

based on the above weighting functions with suitable choices of , ,  ,  and     . 
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 Define 1k and 2k for the size of KNN in Step 1. 

 Initialize two N N matricesW and pW with zero entries to record the pairwise 

weights of the intrinsic and penalty graphs. 

Goal: 

 Find a p d transformation matrix B ( p d ), then ,  where T p

adjustB R z x z . 

Each column of B is a projection dimension. 

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

Criterion of lsGE: 

 Intrinsic graph: 

2
( ) ( )

1 ( )

( ) ( )

{ ( ) },

( , ),  if ( ) or ( )
where 

0,  else

N N
T i T j T T

W ij

i j Nei i

j i

ij

S B B w tr B X D W X B

e i j KNN i KNN j
w

 

  

   

  
 


  x x

x x
 

 Penalty graph: 

2
( ) ( )

1 ( )

( ) ( )

{ ( ) },

( , ),  if ( ) or ( )
where 

0,  else

N N
T i T j p T p p T

B ij

i j Nei i

j i

p

ij

S B B w tr B X D W X B

e i j KNN i KNN j
w

 

  

   

  
 


  x x

x x
 

 Optimization criterion:
* ( ( ) )

arg min
( ( ) )

T T

T p p TB

tr B X D W X B
B

tr B X D W X B





 

Step 1: Find ( )KNN i
and ( )KNN i

for each sample i, as defined in (6.2). 

Step 2: BuildW and pW : 

 Based on the weighting strategies defined in the criterion of lsGE. 

Step 3: Perform EVD and get the projection basis B: 

1 1

( )

 and  are diagonal matrices:  and 

{ ( ) } { ( ) } |

N N
p p p

ii ij ii ij

j j

TT T
p p

p N p p p

D D d w d w

X D W X V X D W X V B V O I

 

  

 

       

 
 

 



 

 251 

6.3.3 Label-Sensitive Locality Preserving Projection (lsLPP) 

 The concept of “label-sensitive” can also be applied on locality preserving 

projection (LPP), resulting in the label-sensitive locality preserving projection (lsLPP). 

The algorithm of lsLPP is summarized in Table 48, where the label similarity score is 

added in the computation of Step 2. 

 

Table 48 The algorithm of lsLPP 

Presetting: 

 Training set:
( )

1{ }n d N

adjust adjust nX R  x , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 Pre-center the data set, where each ( )n
x is replaced by ( )n

adjustadjust x x . 

 Define the N N label similarity matrix ( )E  with suitable choices of , ,   

,  and   as defined in Section 6.3.2. 

 Define 1k for the size of KNN in Step 1. 

 Initialize a N N matrix
1[ 0]ij j NW w    to record the spatial and label 

similarities between points, where
ijw records the similarity between ( )i

x and ( )j
x . 

Goal: 

 Find a d p transformation matrix B, then ( )TB z x x for new coming 

samples ,  where pRz .  

 Get a transformed set: ( )

1{ } ,n p N

nZ R  z  denote Z as a p N matrix. 

Step 1: Find ( )KNN i
for each sample I, as defined in (6.2). 

Step 2: BuildW  

 Algorithm: 
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2
( ) ( )

( ) ( ) ( ) ( )

for each pair { , }

      if ( ( )  or ( ) ) exp( ) ( , )

end

i j

j i

ij

i j

KNN i KNN j w e i j
t

  


     
x x

x x  

 t is an adjustable parameters for computing spatial similarity. 

Step 3: Compute the projection matrix B 

 Algorithm 

( ) ( ) ( )

( 1) ( 2) ( )

( )

,  where 

 where  is in descending order

, ,......, |

ii ij

j

T i i T i T T

T
N p N p N

p N p p p

L D W d w

XLX XDX XLX V XDX V

B V O I

  

   

  

  

  

       



v v

v v v

 

 

6.3.4 The Modifications for Unbalanced Data 

 To compensate the potential problem of unbalanced data in the adopted FG-Net 

database or other databases, three modifications are proposed for both lsGE and lsLPP: 

Sample weight modification (SWM), Neighbor size modification (NSM), and 

Neighbor range modification (NRM). 

 

 Sample weight modification (SWM): Sample weight modification is to balance 

the number of samples of each aging label in the objective function. In other words, 

we seek to balance the influence of each aging label during the training phase of 

lsGE and lsLPP. As defined in Table 47 and Table 48, the objective functions of 

lsGE and lsLPP are fully based onW and pW  (  and pD D are directly computed 

from  and pW W ). From the basic criterion and formulation of graph embedding 

and LPP: 
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2
( ) ( )

1 ( )

2
( ) ( )

1 ( )

{ ( ) }

{ ( ) }

N N
T i T j T T

W ij

i j Nei i

N N
T i T j p T p p T

B ij

i j Nei i

S B B w tr B X D W X B

S B B w tr B X D W X B





 

 

   

   

 

 

x x

x x

   (6.3) 

, both these two dimensionality reduction techniques treat each sample equally. To 

achieve SWM, higher weight should be given to samples from minor aging labels 

(labels with fewer samples). In our implementation, an SWM weighting 

function ( )( )i

SWMf y is defined, which gives higher weight for sample from minor 

aging labels. Table 49 illustrates the modification of lsGE and lsLPP based on 

SWM. 

 

Table 49 Sample weight modification on lsGE and lsLPP 

Step 2: BuildW and pW : 

( ) ( ) ( ) ( )( , ) ( ) ( ),  if ( ) or ( ) 

0,  else

i j j i

SWM SWM

ij

e i j f y f y KNN i KNN j
w

      
 


x x

( ) ( ) ( ) ( )( , ) ( ) ( ),  if ( ) or ( )

0,  else

i j j i

p SWM SWM

ij

e i j f y f y KNN i KNN j
w

      
 


x x
 

For lsLPP, an additional term

2
( ) ( )

exp( )

i j

t




x x
is multiplied with

ijw . 

 

 Neighbor size modification (NSM): Instead of giving higher weights to samples 

from minor aging labels, we proposed another strategy to balance the influence of 

each aging label during dimensionality reduction training, the neighbor size 

modification (NSM). It can be seen from (6.3) that the original formulation of 

W and pW  not only gives the same weight to each sample, but also consider 

(nearly) the same amount of neighbors around each sample. To enlarge the 
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influence of samples from minor aging labels, NSM defines the number of 

neighbors ( 1k and 2k ) for each sample based on its corresponding aging label: 

 

( )

1 1

( )

2 2

( ) ( )

( ) ( )

i

NSM

i

NSM

k i k f y

k i k f y





 

 
  (6.4) 

, where ( ) and ( )
NSM NSM

f f   give higher values to samples from minor aging labels. 

 

 Neighbor range modification (NRM): In the age range with sufficient samples, it 

is easy to find 1k similar-label samples (within threshold ) in the neighborhood of 

a sample. However, in the age range with insufficient samples, the smallest 

diameter to include 1k similar-label samples around a sample may drastically 

increase and disobey the definition of manifold. In extreme cases, there may be 

less than 1k samples in some age ranges. To compensate this problem, the 

label-sensitive threshold can be set individually for each sample based on the 

number of samples around its aging label. In our implementation, the idea of NRM 

is exploited for both (label-sensitive threshold), and (in exponential weight): 

 

( )

( )

( ) ( )

( ) ( )

i

NRM

i

NRM

i f y

i f y





 

 





 

 
  (6.5) 

, where ( ) and ( )NRM NRMf f    give higher values to samples from minor aging 

labels. The modification of NRM is summarized in Table 50. 
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Table 50 Neighbor Range Modification on lsGE and lsLPP 

Similarity scores: 

Exponential weight:
( ) ( ) 2( , ) exp( ( ) / ( )) i je i j y y i     

Triangular weight: ( ) ( )( , ) max{0,( ( ) 1 ) /( ( ) 1)}i je i j i y y i        

Dissimilarity scores: 

Sigmoid weight:
( ) ( )

1
( , )

1 exp( ( ( ( ) )))i j
e i j

y y i  

 
    

 

 

The use of NSM and NRM may result in non-symmetricW and pW , which means 

the Rayleigh quotient is no longer usable for solving the optimization problem. To 

deal with this condition, we simply perform the following computation: 

    
1 1

,  ( )
2 2

T p p p TW W W W W W      (6.6) 

, and the resultingW and pW are made symmetric again. 

 

6.3.5 Simulation Results 

 In this section, the results of C-lsRCA + lsGE and C-lsRCA + lsLPP are presented 

thought visualizing the distribution of the 1
st
 and 2

nd
 features in pRz . In Fig. 6.12, the 

comparison between C-lsRCA + lsGE and C-lsRCA + lsGE with unbalance 

compensation (SWM + NRM) is presented. The parameters of C-lsRCA are set 

as 3  and 8  with exponential weight, and the parameters of lsGE are set 

as 1 15,  12,  1,  =2, 19,  and 25k k        with exponential weight. The adopted 

weighting function for SWM and NRM are shown in Fig. 6.13. 
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(a) 

 

(b) 

Fig. 6.12 The dimensionality reduction result after C-lsRCA + lsGE. The distribution of 

the 1
st
 and 2

nd
 features is shown for visualization purpose. (a) Without unbalance 

compensation. (b) With unbalance compensation (SWM + NRM). 
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(a)                      (b)                     (c) 

Fig. 6.13 The corresponding weighting functions for SWM and NRM used in Fig. 6.12. 

(a) SWM: (age)SWMf  (b) NRM: (age)NRMf   (c) NRM: (age)NRMf   

 

 From Fig. 6.12, it can be found that the combination of C-lsRCA + lsGE does 

discover the important projection bases for aging estimation. The unbalance 

compensation with SWM + NRM further shrinks samples with higher ages. The 

functions of SWM and NRM are manually designed, which can be properly modeled by 

polynomial functions. 

 In Fig. 6.14, the comparison between C-lsRCA + lsLPP and C-lsRCA + lsLPP with 

unbalance compensation (NSM + NRM) is presented. The parameters of C-lsRCA are 

set as 3  and 8  with exponential weight, and the parameters of lsGE are set 

as 13,  6,  and 8k     with exponential weight. The corresponding weighting 

function for NSM and NRM are shown in Fig. 6.13. 
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(a) 

 

(b) 

Fig. 6.14 The dimensionality reduction result after C-lsRCA + lsLPP. The distribution 

of the 1
st
 and 2

nd
 features is shown for visualization purpose. (a) Without unbalance 

compensation. (b) With unbalance compensation (NSM + NRM). 
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Fig. 6.15 The corresponding weighting functions for NSM and NRM used in Fig. 6.14. 

(a) NSM: (age)
NSM

f   (b) NRM: (age)NRMf   (c) NRM: (age)NRMf   

 

 From Fig. 6.14, it can be found that the combination of C-lsRCA + lsLPP could 

discover the important projection bases for aging estimation. The unbalance 

compensation with NSM + NRM further shrinks samples with higher ages.  

 

6.4 The Proposed Age Determination Scheme 

 After performing distance metric learning and dimensionality reduction, the 

resulting vectors pRz are used for age determination training. Compared to the 

original AAM feature vector dRx , pRz better extract the relationship between 

features and aging labels, and drastically reduces the number of features for age 

determination. For example, in our implementation, the vector x is 127-dimensional, 

while z is usually of 10 dimensions to achieve plausible results. 

 As introduced in Section 5.4, there have been many studies and researches on how 

to model the function of age determination. In our implementation, a basic but 

important concept of Laplacian eigenmap as well as graph embedding is taken into 

account: The re-embedded space is locally Euclidean rather than globally Euclidean. 

This concept indicates that using all the samples in Z for building a global classifier or 
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regressor may misuse the statistical properties provided in Z. And as mentioned in [71], 

a single regressor like SVR may not extract the complicated aging process of human 

face. Jointly considering these two aspects, we exploit non-parametric learning, which 

only utilizes local information around the query and could result in complicated 

regression function, for age determination. Two non-parametric regressors are studied in 

our implementation: KNN regression and KNN-Support vector regression (KNN-SVR). 

 

6.4.1 KNN Regression 

 KNN regression, although with a very simple formulation, still shows comparable 

performances in many applications, especially when nearby samples are with similar 

labels. From the experimental results shown in Section 6.3.5, samples with similar 

labels have been pulled together, which indicates the availability of KNN-regression for 

age determination. The KNN-regression adopted in our work is summarized in Table 51, 

where the Euclidean distance is utilized for neighbor searching. 

 

Table 51 The algorithm of KNN-regression 

Presetting: 

 Training set: ( )

1{ }n p N

nZ R  z , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 A predefined distance metric ( )dis   

 Define k for KNN and the weighting parameter  

Algorithm: 

 Given a query z, find its k-nearest neighbors ( ) ( )

1{ , }i i k

KNN KNN ny z in Z based on ( )dis   
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( ) ( )

( ) 2 ( )1

( )

1

,  where exp( ( , ) / )

k
i i

KNN KNN
i ii

KNN KNNk
i

KNN

i

w y

y w dis

w





  



z z  

 

6.4.2 KNN-Support Vector Regression (KNN-SVR) 

 The advantages of using SVR for age estimation are discussed in Section 5.4.2. 

SVR is generally trained with all the training samples. Inspired by the work in [200], we 

proposed a non-parametric modification on SVR, called the KNN-SVR. The training 

procedure of KNN-SVR is very similar to KNN-regression, where only the k-nearest 

neighbors of an input query are considered for training the SVR regressor. The 

algorithm of KNN-SVR is summarized in  

 

Table 52 The algorithm of KNN-SVR 

Presetting: 

 Training set: ( )

1{ }n p N

nZ R  z , ( )

1 1 2{ } ,  { , ,......, }n N

n cY y L L l l l    

 A predefined distance metric ( )dis   

 Define k for KNN and the parameters of SVR. 

Algorithm: 

 Given a query z, find its k-nearest neighbors ( ) ( )

1{ , }i i k

KNN KNN ny z in Z based on ( )dis   

 Train a SVR regressor based on ( ) ( )

1{ , }i i k

KNN KNN ny z , and use it to predict y for z. 

 

6.4.3 The Modification for Unbalanced Data 

 The problem of unbalanced data can also be alleviated in the age determination 

step. In our implementation, a simple treatment that gives higher weights to samples 



 

 262 

from minor aging labels (labels with fewer samples) is adopted for both KNN regression 

and KNN-SVR. Table 53 summarizes this idea. 

 

Table 53 The unbalanced-data treatment for KNN-regression and KNN-SVR 

KNN-regression: (after neighbor finding) 

 

( ) ( )

1

( )

1

( )

( )

( )

,  where ( ) provides higher weight if  is a minor aging label.

k
i i

KNN KNN KNN

i

k
i

KNN KNN

i

i

KNN KNN

f i w y

y

f i w

f i y














 

KNN-SVR: (after neighbor finding) 

 Define an integer-valued function ( )KNNf i which provides higher weight if ( )i

KNNy is 

a minor aging label. 

 Duplicates each neighbor ( )i

KNNz for ( )KNNf i times to reach an extended neighbor set. 

 Train a SVR regressor based on this extended neighbor set. 

 

6.5 Experimental Results 

 In this section, several experiments are performed and discussed. In Section 6.5.1, 

we compare different combinations in the proposed framework based on the 

leave-one-person-out (LOPO) strategy introduced in Section 5.5. Then in Section 6.5.2, 

the two best combinations (C-lsRCA + C-lsGE + KNN-SVR and C-lsRCA + C-lsLPP + 

KNN-SVR) in the proposed framework are further compared with existing algorithms. 

Finally in section 6.5.3, more discussions are presented on the proposed framework and 

the age estimation task. Both the mean absolute error (MAE) and the cumulative score 

(CS) mentioned in Section 5.2.2 are used for performance evaluation. 
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6.5.1 Different Combinations in The Proposed Framework 

 In this subsection, we compare different combinations in the proposed framework. 

The compared methods in each step are summarized in Table 54, where totally 120 

combinations are included in the experiments. To simplify the notation, the standard 

deviation normalization is denoted as STDN, the ordinal label extension is denoted as 

OLE, and the unbalance-compensated lsGE and lsLPP are denoted as C-lsGE and 

C-lsLPP. The KNN-regression is also simplified as KNN-R.  

Table 55 presents the lowest MAE of each combination, where the number of features 

after each dimensionality reduction method is kept in the range between 5 and 13, and 

the number of neighbors in KNN-R and KNN-SVR is selected between 15 and 23. The 

kernel type for SVR and KNN-SVR is the RBF kernel. 

 

Table 54 The compared methods in each step of the proposed framework. The numbers 

in the brackets indicates how many methods are compared in each step. 

Step Method 

Database The whole FG-Net database (1002 images and 82 individuals) 

Feature 127-dimensional AAM features 

Experimental setting Leave-one-person-out (LOPO) 

Distance metric 

adjustment (4) 
C-lsRCA, RCA, STDN, and no operation 

Dimensionality 

reduction (10) 

Supervised NPE with / without OLE 

Supervised LPP with / without OLE 

MFA with / without ordinal label extension 

lsGE / C- lsGE (SWM + NRM) 

lsLPP / C- lsLPP (NSM + NRM) 

Age determination (3) SVR, KNN-regression, and KNN-SVR 
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Table 55 The LOPO MAE of all the 120 combinations in the proposed framework 

 

NPE MFA LPP lsGE lsLPP 

No OLE No OLE No OLE No C- No C- 

SVR 

No 7.00 6.71 8.07 7.50 7.35 6.86 7.62 7.58 6.95 7.28 

STDN 5.80 5.90 5.62 5.77 5.79 5.84 5.71 5.84 5.82 5.85 

RCA 5.46 5.48 5.49 5.40 5.43 5.38 5.43 5.48 5.38 5.44 

C-lsRCA 5.40 5.46 5.89 5.46 5.55 5.36 5.46 5.37 5.32 5.34 

KNN 

-R 

No 5.72 5.87 4.98 4.75 4.90 4.82 4.74 4.64 4.59 4.71 

STDN 5.08 5.42 5.04 4.93 4.83 4.83 4.91 4.89 4.59 4.64 

RCA 4.79 4.97 5.01 4.70 4.75 4.58 4.65 4.67 4.59 4.64 

C-lsRCA 4.75 4.93 5.41 4.87 4.71 4.62 4.63 4.61 4.50 4.54 

KNN 

-SVR 

No 5.64 5.82 5.06 4.67 4.84 4.94 4.61 4.68 4.85 4.81 

STDN 5.09 5.38 5.07 5.11 5.10 4.97 4.97 5.12 4.95 4.85 

RCA 4.70 4.92 4.95 4.66 4.67 4.53 4.60 4.62 4.53 4.49 

C-lsRCA 4.69 4.92 5.40 4.82 4.74 4.49 4.67 4.44 4.43 4.38 

 

 From this table, the three proposed combinations C-lsRCA + C-lsGE + KNN-SVR 

and C-lsRCA + C-lsLPP (or lsLPP) + KNN-SVR achieve the lowest MAEs in the totally 

120 combinations. In the following, we discuss some important observations from this 

table: 

 The distance metric adjustment step does affect the performance in the proposed 

age estimation framework. When using NPE, LPP, and lsLPP for dimensionality 

reduction, RCA and C-lsRCA drastically reduce the MAE. Although this 

improvement is not obvious for MFA and lsGE, we found that using the traditional 

STDN seriously degrades the age estimation performance in these two cases. 
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 The ordinal label extension reduces the MAE for MFA and LPP, while increase the 

MAE for NPE. 

 The proposed label-sensitive concept in dimensionality reduction improves the 

performance against the traditional ordinal label extension scheme. 

 The proposed unbalance compensation modification for both lsLPP and lsGE does 

improve the performance in some combinations. 

 The use of local regression scheme (KNN-regression and KNN-SVR) outperforms 

the use of global regression scheme (SVR). 

 

In the following subsections, only the combinations C-lsRCA + C-lsGE + KNN-SVR 

and C-lsRCA + C-lsLPP + KNN-SVR are used to compare with algorithms in existing 

literatures. 

 

6.5.2 Comparisons with Existing Algorithms 

 In this subsection, we compare the two combinations mentioned above with the 

existing algorithms. Due to there are several experimental settings in existing literatures, 

instead of LOPO for all the FG-Net database, LOPO for images under age 30 and 4-fold 

cross validations are also performed in our experiments: 

 LOPO for the whole FG-Net database: In Table 56, we list nearly all the MAE 

performances in existing literatures and the corresponding references. Compared to 

the other algorithms, both the two proposed combinations achieve the lowest 

MAEs, even better than the state-of-art ordinal hyperplanes ranker (OHR) 

proposed by K. Chang [131]. In Table 57, we compare the MAEs over different 

age ranges, and show that both the proposed methods result in significantly lower 

MAEs in the higher-age ranges. 
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Table 56 The comparison of LOPO MAEs on the FG-Net database 

Method Name MAE Method Description 

KNN 8.24 AAM + KNN 

SVM 7.25 AAM + OVO-SVM 

MLP 6.95 AAM + MLP 

QF 6.70 AAM + quadratic function 

KNN-regression 6.44 AAM + KNN-regression 

RUN1 [168] 5.78 AAM + RUN1 

SVR 5.68 AAM + SVR 

RUN2 [169] 5.33 AAM + RUN2 

RED-SVM [132] 5.24 AAM + RED-SVM 

LARR [165] 5.07 AAM + LARR 

PFA [172] 4.97 AAM + probabilistic fusion approach 

MHR [131] 4.87 AAM + multiple hyperplanes ranker 

OHR [131] 4.48 AAM +ordinal hyperplanes ranker 

WAS [140] 8.06 AAM + weighted appearance-specific 

AGES [142] 6.77 AAM + AGES 

AGES with LDA [142] 6.22 AAM + AGES with LDA 

KAGES [143] 6.18 AAM + Kernel AGES 

MSA [144] 5.36 AAM + multi-linear subspace analysis 

IIS-LLD with Gaussian [180] 5.77 AAM + learning from label distribution 

LEA [149] 7.65 AAM + LEA 

SSE [149] 5.21 AAM + SSE 

mGPR [162] 5.08 AAM + distance metric learning + GPR 

mKNN [161] 4.93 AAM + distance metric learning + KNN 

GP 5.39 AAM + Gaussian process 

WGP [183] 4.95 AAM + warped GP 

MTWGP [183] 4.83 AAM + multi-task warped GP 

BIF [146] 4.77 BIF + PCA + SVR 

RPK [151] 4.95 SFP + patch kernel + kernel regression 

C-lsRCA + lsGE (SWM + NRM) 4.44 AAM + proposed method + KNN-SVR 

C-lsRCA + lsLPP (SWM + NRM) 4.38 AAM + proposed method + KNN-SVR 
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Table 57 The comparison of LOPO MAEs over different age ranges on the FG-Net 

database. The second column is the total number of images for each age range. 

Range # images LEA MLP QF KNN-R RUN1 SSE 

0-9 371 3.89 5.25 5.67 4.76 2.51 2.06 

10-19 339 4.85 5.24 5.54 3.43 3.76 3.26 

20-29 144 8.67 5.85 5.92 5.46 6.38 6.03 

30-39 70 13.02 11.29 10.27 13.51 12.51 9.53 

40-49 46 19.46 16.48 12.24 22.2 20.09 11.17 

50-59 15 26.13 28.80 18.60 31.17 28.07 16.00 

60-69 8 39.00 39.50 28.00 43.47 42.50 26.88 

Average 1002 7.65 6.95 6.70 6.44 5.78 5.21 
 

Range # images mGPR RPK mKNN BIF C-lsGE C-lsLPP 

0-9 371 2.99 2.3 2.29 2.99 1.965 1.911 

10-19 339 4.19 4.86 3.65 3.39 3.7021 3.5264 

20-29 144 5.34 4.02 5.44 4.30 5.5278 5.326 

30-39 70 9.28 7.32 10.55 8.24 10.06 10.67 

40-49 46 13.52 15.24 15.81 14.98 10.80 10.11 

50-59 15 17.79 22.2 25.18 20.49 14.53 15.07 

60-69 8 22.68 33.15 36.80 31.62 22.25 23.37 

Average 1002 5.08 4.95 4.93 4.77 4.45 4.38 

 

 From Fig. 6.16 to Fig. 6.19, we present the performance comparison based on 

the cumulative scores (CS), and our methods outperform nearly all the existing 

algorithms except the OHR. While in OHR [131], the cost-sensitive functions used 

for the MAE comparison and CS comparison are individually designed, which 

means a OHR that can results in a great CS performance may not results in a low 

MAE. In our methods, the same setting is used for both the MAE and CS 

comparisons and simultaneously achieves great performances against the existing 

algorithms. 
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Fig. 6.16 The comparison of the cumulative scores (CS) between the proposed methods 

and the existing algorithms published before 2008. 

 

Fig. 6.17 The comparison of the cumulative scores (CS) between the proposed methods 

and the existing algorithms based on distance metric learning. 
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Fig. 6.18 The comparison of the cumulative scores (CS) between the proposed methods 

and the existing algorithms published after 2010. 

 

Fig. 6.19 The comparison of the cumulative scores (CS) between the proposed methods 

and the existing algorithms exploiting features other than AAM. 
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 LOPO with age under 30: Based on this setting, the FG-Net database now 

reduces to 82 people with 873 images. In Table 58, the proposed combinations are 

compared with the LBP + OLPP method proposed in [157] and achieve smaller 

MAEs by 0.6. 

 

Table 58 The LOPO MAE comparison based on images under age 30 in the FG-Net 

database. 

Method Name MAE Method Description 

LBP + OLPP + MLP [157] 4.28 LBP + OLPP + MLP 

LBP + OLPP + QF [157] 3.65 LBP + OLPP + quadratic function  

C-lsRCA + lsGE (SWM + NRM) 3.10 AAM + proposed method + KNN-SVR 

C-lsRCA + lsLPP (SWM + NRM) 3.06 AAM + proposed method + KNN-SVR 

 

 4-fold cross validation: In this setting, the 1002 images are randomly separated 

into 4 folders and the 4-fold cross validation is performed to achieve an average 

MAE. In Table 59, the proposed combinations are compared HFM [159] and 

RankBoost [133] and achieve much smaller MAEs than both these two methods. 

 

Table 59 The 4-fold MAE comparison using the FG-Net database 

Method Name MAE Method Description 

HFM [159] 5.97 Hierarchical face model + MLP 

RankBoost [133] 5.67 Haar-like + RankBoost + SVR 

C-lsRCA + lsGE (SWM + NRM) 4.23 AAM + proposed method + KNN-SVR 

C-lsRCA + lsLPP (SWM + NRM) 4.11 AAM + proposed method + KNN-SVR 
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6.5.3 More Discussions 

 In this subsection, more discussions on the proposed age estimation framework and 

the task of age estimation are presented. In the proposed framework, distance metric 

adjustment, dimensionality reduction, and age determination are concatenated to give 

the final age estimation. The distance metric adjustment and the dimensionality 

reduction steps are off-line trained, which requires around 6 seconds on a 2-core PC for 

1000 images with 127-dimensional features. During the test phase, both these two steps 

are only matrix operations and performed very fast on Matlab. Although the 

KNN-regression and KNN-SVR are on-line training algorithms, when the feature 

dimensionality are kept around 10-dimensional, the neighbor searching step can be 

efficient performed and further facilitated by indexing techniques such as KD-tree [201] 

and locality sensitive hashing [202][203]. In addition, because only around 20 neighbors 

are used for regressor training, the model of SVR can be trained in real time (0.002 

second per test). 

 Compared the results in Table 56 and Table 59, we found that the LOPO test has a 

higher MAE than the 4-fold test. This means that if some images of the person under 

testing have been seen in the training phase (although in different ages), the 

performance of age estimation can be further improved. While in real cases, this 

condition doesn‟t often exist. To achieve better LOPO performance, the personal 

specific information embedded in the training set should be considered and utilized in 

the training phase. 

 In Fig. 6.20, several poor age estimation results of the proposed C-lsRCA + lsGE + 

KNN-SVR method are presented (on the LOPO setting). The common characteristics of 

these cases are underestimation, which is probably caused by the unbalance problem in 

the database. To overcome this problem, other kinds of aging features such as wrinkles 
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and moustaches can be further added into the proposed framework. In addition, a rough 

age range classifier can be built before the detailed age estimation, which may correctly 

classify these higher-age images into the corresponding age range and reduce the 

estimation errors.  

 

     

     67 (14)        55 (19)         54 (19)        52 (25)        48 (21) 

Fig. 6.20 Some poor age estimation results based on the LOPO setting. The ages shown 

in the brackets are the predicted ages. 

 

6.6 Conclusion 

 In this chapter, an age estimation framework is proposed, which contains four steps: 

feature extraction, distance metric adjustment, dimensionality reduction, and age 

determination. The popular AAM model is utilized for feature extraction, which can 

jointly represent the shape and texture variations on human faces. The dimensionality 

reduction step is then performed to drastically reduce the dimensionality of features 

while preserve important information for age estimation. Because the manifold learning 

techniques are adopted for dimensionality reduction, the distance metric embedded in 

the AAM features should be carefully considered. In our framework, a distance metric 

adjustment step is included before dimensionality reduction, which can result in a better 

metric structure and enhance the performance of supervised dimensionality reduction. 
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Furthermore, because the output space of manifold learning is only guaranteed to be 

locally Euclidean, local regression techniques such as KNN-regression and KNN-SVR 

are used for age determination. 

 The aging labels themselves have intrinsic ordinal relationships. In order to exploit 

this information during distance metric and dimensionality reduction training, we 

proposed a concept called “label-sensitive” to consider label similarity and dissimilarity 

when computing the projection matrices. In addition, several modifications are 

proposed in our work to overcome the possible unbalance problem in the database. 

From the experimental results on the FG-Net database, the proposed framework and 

algorithms achieve the lowest MAEs against existing algorithms in both the 

leave-one-person-out (LOPO) and 4-fold cross validation settings. 
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 275 

Chapter 7 Conclusion and Future work 

 

7.1 Conclusion 

 In this thesis, we provide an overview and a broad introduction on machine 

learning, including both the theoretical aspects and practical usages. In addition, a 

specific technique of machine learning, dimensionality reduction, is discussed in more 

detailed, where the theoretical justifications and algorithms are summarized for the 

convenience of implementations and modifications. In fact, dimensionality reduction is 

the core technique used in the proposed age estimation framework. For better 

understanding on face-related topics, a survey on face detection, face recognition, and 

human age estimation is given in this thesis, where many important and outstanding 

concepts and algorithms are briefly introduced and summarized. 

 For the topic of human age estimation, we proposed a framework containing four 

steps: feature extraction, distance metric adjustment, dimensionality reduction, and age 

determination. In the dimensionality reduction step, the manifold learning techniques 

(ex. locally linear embedding and Isomap) are adopted to drastically reduce the 

dimensionality of features while simultaneously preserve the most important 

information for age estimation. Because manifold learning assumes that the original 

input space is locally Euclidean, the distance metric adjustment is considered to result in 

a better metric structure. In addition, based on the locality preserving properties of 

manifold learning, we proposed to utilize local regression instead of global regression 

for age determination. 

 To better exploit the ordinal information of aging labels, the concept of 

“label-sensitive” is proposed, which takes the label similarity and dissimilarity into 
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consideration. This concept is embedded in both the distance metric and dimensionality 

reduction learning. And to overcome the possible unbalance problem in the database, 

several compensation mechanisms are proposed in our framework. From the 

experimental results, the proposed framework achieves the lowest mean absolute error 

(MAE) against the existing algorithms in several experimental settings based on the 

most widely-used FG-Net database. 

 

7.2 Future work 

 For our feature work, we will consider the personal information provided in the 

FG-Net database and try to learn the aging process on human faces. A possible way to 

achieve this is to combine SVR with the techniques of learning to rank. In [204], D. 

Sculley proposed the combined regression and ranking (CRR), which is very similar to 

our idea. However, CRR only considers linear models and seems difficult to extend into 

nonlinear regression and ranking. Until now, we have derived the nonlinear formulation 

and the kernel form for jointly performing regression and ranking learning, and seek to 

modify the source codes of LIBSVM for efficient computing. 

 In addition, we will embed the concept of regression or cost-sensitive learning into 

some distance metric learning algorithms and see if these modifications can improve the 

performance of age estimation. Finally, other kinds of features such as LBP, Gabor 

wavelets, and edges can be added into the feature extraction step of the proposed 

framework. 
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