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Introduction
• Such jumps, spikes and sudden drops can impact the physical 

meaningfulness of a signal decomposition [1].

• The discontinuities are wide-band components on the spectrum.
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Jump and oscillatory (AM-FM) modes
• Jump Plus AM-FM Mode Decomposition (JMD) [2] algorithm is 

proposed that jointly decomposes a nonstationary signal into jump 
and oscillatory (AM-FM) modes.

• The signal model:

𝑓 𝑡 = 

𝑘=1

𝐾

𝑢𝑘 𝑡 + 𝑣 𝑡 + 𝑛 𝑡

• 𝑢𝑘 𝑡 : The 𝐾 number of oscillatory or AM-FM components (or mode).

• 𝑣 𝑡 : The jump component in the input data.

• 𝑛 𝑡 : Noise component.
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Oscillatory Components

• The Variational Mode Decomposition (VMD) algorithm [3] that aims 
to minimize the bandwidth of the AM-FM components:

𝐽1 =

𝑘

𝜕𝑡 𝑢𝑘
+ 𝑡 𝑒−𝑗𝜔𝑘𝑡

2

2

• 𝜕𝑡:  The partial derivative with respect to time.

• 𝑢𝑘
+ 𝑡 = 𝑢𝑘 𝑡 + 𝑗ℋ 𝑢𝑘 𝑡 : The analytic signal of the 𝑘-th mode.

• 𝜔𝑘: The center frequency of each mode.
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Jump Component
• This penalty term penalizes the derivative of the jump component to 

promote a piecewise-constant component:

𝐽2 = න
0

∞

𝜙 𝜕𝑡𝑣 𝑡 ; 𝑏 𝑑𝑡

• 𝜕𝑡𝑣 𝑡 : the first derivative of the jump component.

• 𝜙 ⋅; 𝑎 : 0, +∞ → 0,1 : The non-convex sparsity-promoting penalty 
function is defined as a piecewise-quadratic function [4].
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𝜙 𝑡; 𝑎 = ൝
−

𝑎

2
𝑡2 + 2𝑎𝑡, 𝑡 ∈ 0, 2/𝑎

1 , 𝑡 ∈ 2/𝑎 +∞

𝜙′′ 𝑡; 𝑎 = ൝
−𝑎, 𝑡 ∈ 0, 2/𝑎

0 , 𝑡 ∈ 2/𝑎 +∞

[4] M. Huska, A. Lanza, S. Morigi and I. Selesnick, "A convex-nonconvex variational method for the additive decomposition of functions on surfaces," in Inverse Problems, vol. 35, no. 12, pp. 
124008, 2019.



Joint Formulation
• The formulation includes 𝛼 and 𝛽 for balancing the first and second 

terms:
argmin
𝑢𝑘 , 𝜔𝑘 ,𝑣,𝑥

𝒥 𝑢𝑘 , 𝜔𝑘 , 𝑣, 𝑥

subject to 𝑥 = 𝜕𝑡𝑣

where 𝒥 𝑢𝑘 , 𝜔𝑘 , 𝑣, 𝑥 = 𝛼 σ𝑘 𝜕𝑡 𝑢𝑘+ 𝑡 𝑒−𝑗𝜔𝑘𝑡
2

2
+ 𝛽 0

∞
𝜙 𝑥 𝑡 ; 𝑏 𝑑𝑡 +

𝑓 𝑡 − σ𝑘=1
𝐾 𝑢𝑘 𝑡 + 𝑣 𝑡

2

2

• The above formulation is solved using the alternate direction method 
of multipliers (ADMM). 
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Augmented Lagrangian
• The augmented Lagrangian:

ℒ 𝑢𝑘 , 𝜔𝑘 , 𝑣, 𝑥, 𝜌

= 𝛼

𝑘

𝜕𝑡 𝑢𝑘+ 𝑡 𝑒−𝑗𝜔𝑘𝑡
2

2
+ 𝛽න

0

∞

𝜙 𝑥 𝑡 ; 𝑏 𝑑𝑡

− 𝜌 𝑡 , 𝑥 𝑡 − 𝜕𝑡𝑣 𝑡 +
𝛾

2
𝑥 𝑡 − 𝜕𝑡𝑣 𝑡 2

2

+ 𝑓 𝑡 − 

𝑘=1

𝐾

𝑢𝑘 𝑡 + 𝑣 𝑡

2

2

• 𝜌 𝑡 : The dual variable.

• 𝛾: The penalty scalar parameter.
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Optimization Solution using ADMM - ො𝑢𝑘
𝑖+1

, 𝜔𝑘
𝑖+1

• ℒ 𝑢𝑘 , 𝜔𝑘 = 𝛼σ𝑘 𝜕𝑡 𝑢𝑘+ 𝑡 𝑒−𝑗𝜔𝑘𝑡
2

2
+ 𝑓 𝑡 − σ𝑘=1

𝐾 𝑢𝑘 𝑡 + 𝑣 𝑡
2

2

• Solve in the Fourier domain [3].

• ො𝑢𝑘
𝑖+1

𝜔 =
መ𝑓 𝜔 −σ𝑙≠𝑘 ෝ𝑢𝑙

𝑖
𝜔 −ො𝑣 𝑖 𝜔

1+2𝛼 𝜔−𝜔𝑘
𝑖 2

• 𝜔𝑘
𝑖+1

=
0
∞
𝜔 ෝ𝑢𝑘

𝑖+1
𝜔

2
𝑑𝜔

0
∞

ෝ𝑢𝑘
𝑖+1

𝜔
2
𝑑𝜔
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Optimization Solution using ADMM - 𝑣 𝑖+1

ℒ 𝑣, 𝑥, 𝜌

= 𝛽න
0

∞

𝜙 𝑥 𝑡 ; 𝑏 𝑑𝑡 − 𝜌 𝑡 , 𝑥 𝑡 − 𝜕𝑡𝑣 𝑡 +
𝛾

2
𝑥 𝑡 − 𝜕𝑡𝑣 𝑡 2

2 + 𝑓 𝑡 − 

𝑘=1

𝐾

𝑢𝑘 𝑡 + 𝑣 𝑡

2

2

= 𝛽

𝑗=1

𝑁

𝜙 𝑥𝑗 ; 𝑏 − 𝜌, 𝑥 − 𝐷𝑣 +
𝛾

2
𝑥 − 𝐷𝑣 2

2 + 𝑓 − 𝑣 +

𝑘

𝑢𝑘
2

2

where 𝐷 is defined as the first-order derivative matrix.

• 𝑣 𝑖+1 = 𝛾𝐷𝑇𝐷 + 2𝐼 −1 𝐷𝑇𝜌 𝑖 + 𝛾𝐷𝑇𝑥 𝑖 + 2 𝑓 − σ𝑘 𝑢𝑘
𝑖+1

8
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Optimization Solution using ADMM - 𝑥 𝑖+1 , 𝜌 𝑖+1

ℒ 𝑣, 𝑥, 𝜌 = 𝛽

𝑗=1

𝑁

𝜙 𝑥𝑗 ; 𝑏 − 𝜌, 𝑥 − 𝐷𝑣 +
𝛾

2
𝑥 − 𝐷𝑣 2

2 + 𝑓 − 𝑣 +

𝑘

𝑢𝑘
2

2

• 𝑥 𝑖+1 = argmin𝑥∈ℝ 𝛽σ𝑗=1
𝑁 𝜙 𝑥𝑗 ; 𝑏 − σ𝑗=1

𝑁 𝜌𝑗𝑥𝑗 +
𝛾

2
σ𝑗=1
𝑁 𝑥𝑗 − 𝐷𝑣 𝑗

2

• 𝑥𝑗
𝑖+1

= argmin𝑥𝑗∈ℝ 𝛽𝜙 𝑥𝑗 ; 𝑏 − 𝜌𝑗𝑥𝑗 +
𝛾

2
𝑥𝑗 − 𝐷𝑣 𝑗

2
, for 𝑗 = 1,… ,𝑁

• 𝑥𝑗
𝑖+1

= argmin𝑥𝑗∈ℝ 𝜇𝜙 𝑥𝑗 ; 𝑏 +
1

2
𝑥𝑗 − 𝐷𝑣 𝑗 −

𝜌𝑗

𝛾

2
, for 𝑗 = 1,… , 𝑁,

where 𝜇 =
𝛽

𝛾
.

They are strongly convex if and only if sufficient conditions [4]: 

𝑏 <
1

𝜇
⟹ 𝛾 > 𝑏𝛽 ⟹ 𝛾 = 𝜏𝑏𝛽, for 𝜏 ∈ ℝ, 𝜏 > 1

𝑥𝑗
𝑖+1

= min max
1

1 − 𝜇𝑏
−

𝜇 2𝑏
1 − 𝑏𝜇

ℎ
, 0 , 1 ℎ𝑗 , where ℎ𝑗 = 𝐷𝑣(𝑖+1)

𝑗
+
𝜌𝑗

𝑖

𝛾

• 𝜌 𝑖+1 = 𝜌(𝑖) − 𝛾 𝑥(𝑖+1) − 𝐷𝑣 𝑖+1
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−𝑏𝜇 + 1 , for 𝑥𝑗 < 2/𝑏

1 , for 𝑥𝑗 ≥ 2/𝑏

𝜙′′ 𝑡; 𝑏 = ൝
−𝑏, 𝑡 ∈ 0, 2/𝑏

0 , 𝑡 ∈ 2/𝑏 +∞
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Input parameters for JMD
𝐾: The total number of AM-FM modes to be decomposed.

• Large 𝐾: lead to duplicate modes.

• Small 𝐾: mode mixing problems.

𝛼: The bandwidth of the decomposed AM-FM modes.
• High 𝛼: incorrect noisy modes (narrow bandwidth).

• Low 𝛼: mode mixing issues (wide bandwidth).

𝛽: A regularization parameter affecting the extracted jump component.
• High 𝛽: fail to reconstruct the full jump component.

• Low 𝛽: include unwanted oscillatory artifacts. 

• 𝛽 ≈
1

number of expected jump
.

ത𝑏: The expected minimal jump height. (𝑏 = 2/ത𝑏2)
• Jumps with 𝐷𝑣 𝑗 > ത𝑏 are equally penalized.

𝜏: A scalar parameter used for initializing 𝛾.
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ℒ 𝑢𝑘 , 𝜔𝑘 , 𝑣, 𝑥, 𝜌

= 𝛼

𝑘=1

𝐾

𝜕𝑡 𝑢𝑘
+ 𝑡 𝑒−𝑗𝜔𝑘𝑡

2

2

+𝛽න
0

∞

𝜙 𝑥 𝑡 ; 𝑏 𝑑𝑡

− 𝜌 𝑡 , 𝑥 𝑡 − 𝜕𝑡𝑣 𝑡

+
𝛾

2
𝑥 𝑡 − 𝜕𝑡𝑣 𝑡 2

2

+ 𝑓 𝑡 − 

𝑘=1

𝐾

𝑢𝑘 𝑡 + 𝑣 𝑡

2

2



Experiments
Synthetic Signal
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𝑓 𝑡 = cos 2𝜋4𝑡 + cos 2𝜋80𝑡 + cos 2𝜋200𝑡 + 𝑣 𝑡 + 𝜂



Empirical evidence of numerical convergence
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Experiments
Electrocardiogram (ECG)-Derived Respiration (EDR)
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Experiments - Earth's Magnetic and Electric Field (EMF)

14



Multivariate Extension

• The model is given as follows:

𝐟 𝑡 = 

𝑘=1

𝐾

𝐮𝑘 𝑡 + 𝐯 𝑡 + 𝐧 𝑡

• 𝐟 𝑡 : A multivariate signal consisting of 𝐶 number of data channels 
𝐟 𝑡 = 𝑓1 𝑡 , … , 𝑓𝐶 𝑡 .

• 𝐮𝑘 𝑡 : The set of AM-FM decomposed modes.

• 𝐯 𝑡 : The multivariate jump component.

• 𝐧 𝑡 : The multivariate noise component.
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Multivariate Extension

• The goal of the multivariate extension of the JMD method is to 
extract the jump components 𝐯(t) in all channels and the AM-FM 
modes 𝐮𝑘(t) from input signal 𝐟(t).

𝐽1 =

𝑘



𝑐

𝜕𝑡 𝑢𝑘,𝑐
+ 𝑡 𝑒−𝑗𝜔𝑘𝑡

2

2

𝐽2 = න
0

∞

𝜙 𝜕𝑡𝑣𝑐 𝑡 ; 𝑏 𝑑𝑡

• The AM-FM modes will be aligned in frequency in the multivariate 
algorithm.
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Experiments - synthetic multivariate signal
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Experiments - Electroencephalogram (EEG)  signal
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Conclusions
• JMD is based on a variational optimization formulation solved using 

the alternating direction method of multipliers (ADMM). 

• A decomposition method, JMD, deal with the signal as composed of 
wide-band jumps and narrow-band AM-FM signals.

• A multivariate algorithm, multivariate JMD (MJMD), is also proposed.

• Real-life data, including EEG, ECG, and Earth’s electric field signals are
demonstrated the broad applicability of these approaches across 
different fields.
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