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First Derivative and First Differential



First Derivative

For a vector-valued function f(z) = (f,(x), ..., f,,(z))" : R* = R™,
its first derivative is the m x n Jacobian
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P The output f(z) is a column vector, while the input x” is a row
vector.



First Derivative

For a matrix-valued function F'(X') of a matrix X, one should impose a
one-dimensional ordering vec on both outputs and inputs. Then, matrix
calculus is vector calculus on vec F' and vec X:

_ Ovec F(X)

DF(X) = d(vec X)’ @

P> The vectorization operator vec stacks columns into a single
column vector.



First Differential

For a scalar function f of one variable, the first differential at x is de-
fined as the linear map

df(x)(u) = f'(x)u, 3)
where u is an arbitrary increment.

P> The first differential is a geometric linear map: change of f at x
due to an arbitrary perturbation u.

P Because dx(u) = u, we have df (x)(u) = f/(z)dz(u)
— short-hand notation: df(z) = f'(z)dx.



First Differential

For a vector-valued function f(z) : R™ — R™, its first differential is
df(x) = Df(z)dx (4)
P The derivative D f(z) is an m x n matrix, but the differential
df(z) is still an m x 1 object.

P While a derivative changes shape depending on the input
dimension, a differential has the same dimension as the
function itself

P For a matrix-valued function F'(X) of a matrix X, its first
differential is d vec F/(X) = DF(X)d vec X



Basic Computation Properties

» da=0
d(2') = (da)’
d(a'z) = o’ dx
dlxz +y) =dz+dy

P d(z'y) = (dz)'y +2'dy
> Letz = f(y),y = g(z), 2 = f(g(x))
P Chain Rule: 22 = 2= 24
P Cauchy Invariance
If dz = A(y)dy, dy = B(z)dz, then dz = A(y)B(z)dz.



Easy Examples for the First Differential

P d(2?) = 2zdx, d(sinz) = (cosz)dz

> d( sin(z? ) = eSin(”2>d(sin(m2)) = esin@?) cos(z?)d(z?) =
2xes(**) cos(22)da

> f(z) =2ty
P Method 1
a@ff = Qxl:rQ, g—f = 22. Thus,
df(z) = dml + 3 f ~dry = 2r 2odxy + r2dwy
> Method2

df(z) = d(x})zy + 23day = 20 29d2, + 23dT,



Easy Examples for the First Differential

» Method 1

dxy
T e IRy
Loy LT3 X1Lo dzg

» Method 2
_ (d(z}) —d(a3)
df(e) = < d(1951$2373)2
_ ( 2xdxry — 229dxy )
(vow3)dry + (2173)dTe + (T129)dT5

)



Why Differential Matters?

The aforementioned examples are quite simple. So, we can easily com-
pute the first derivative (Jacobian) and the first differential seems to be
just a byproduct.

However, how do we compute the first derivatives of non-trivial ex-
amples, such as f(X) = tr(X’AX), log| X’ X|, tr(X*) or F(X) =
AX1B?

An important methodology is to first compute the differential, ex-
press it as the linear form, and then identify the first derivative.



Table of Contents

First Identification Theorem



First Identification Theorem

af(x) = A()dz <> Df(z) = Alz) )
dvec F(X)=A(X)dvecX < DF(X)=A(X) (6)

P Df(z)dx =df(z) = (x)d:v (Df(z) — A(x))dx = 0 Vdx
This implies Df(x) — A(z) =

P DF(X)dvecX = dvec F(X) = A(X)dvec X Vdvec X
This implies DF(X) = A(X).
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Basic Computation Properties (Continued)
» dA=0,d(X') = (dX),d(aX) = adX,
d(X +Y)=dX +dY,d(XY) = (dX)Y + XdY
P If X is square, then d tr X = tr(dX).
P For a non-singular square matrix X, d|X| = | X|tr(X 'dX).

> dlog | X| = {5 = tr(X~1dX) for | X| >0

P For a non-singular X, dX ! = — X }(dX)X !

P Cauchy Invariance
IfZ=F(Y),Y=G(X),Z=F(G(X)),and if
dZ = A(Y)dY,dY = B(X)dX, thendZ = A(Y)B(X)dX.



Important Linear Algebra Tools

P tr(A) =tr(A")

P tr(A’B) = tr(BA’) for any two matrices A and B of the same
order

P tr(A’B) = (vec A)' (vec B).



Quadratic Forms

P f(z)=a"Ax
df(x) = (dz) Az + 2’ (dA)x + 2’ Adx = (Az) dx + 2" Adx
— Df(x)=a"(A"+A)

P f(X)=1tr(X'AX)
df(X) =tr(dX'AX) = tr((dX) AX) + tr(X'AdX)
=tr(X'(A" + A)dX)
=vec((A"+A)X) dvec X
Thus, Df(X) = vec((A" + A)X)’



Log Determinant

f(X) =log| X’ X]|, with X assumed to have full column rank

df(X) =tr((X’X) 1dX'X)
=tr((X'X) H(dX) X + X'dX))
— 2tr((X'X) 1 X dX)
=2vec(X(X' X)) dvec X

Thus, Df(X) = 2vec(X (X' X))



Power

f(X) =tr(Xk), k=1,2,-

= ktr(X"dX)
= kvec(X'* 1) dvec X

Thus, Df,(X) = kvec(X'*1)’

e Xk’fldX)



Important Linear Algebra Tools (Continued)

P Given A € R™*" and B € RP*4, the Kronecker product A ® B

apnB - ay,B
is the block matrix A ® B = : :
B - a. B

A1 mn

P vec(ABC) = (C" ® A)vec B



Inverse

F(X) = AX!'B, where X is non-singular.

dF(X) = A(dX 1B
= —AXNdX)X'B

To compute the Jacobian, we need to vectorize F'(X).

dvec F(X) = —vec(AX *(dX)X 'B)
=—((X"'B) ® (AX1))dvec X

Thus, DF(X) = —(X 'B) @ (AX 1)
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Second Derivative and Second Differential

For a scalar function f : R" — R, if df(x) = Vf(x)'dz, where
Vfi(z) = ag 2) | then the second derivative (Hessian matrix) is defined
through

dVF(x)=Hf(x)dz, (7)

where H f(z) = 6%’;5“3) = giam). Thus,

d*f(x) = d(V[f(z))dz = (dz) Hf(2)'dz = (dz) Hf(x)dz (8)

P The Hessian matrix is symmetric.

P The second differential is a quadratic form in dz.



Second Derivative and Second Differential

P For a scalar function f(X) of a matrix X, its second differential
and Hessian matrix satisfy

d?f(X) = (dvec X) Hf(X)(dvec X) )
P For a vector-valued function ' : R” — R™, its second

dz'H f,(x)dz
differential should be d? F(z) = ( : ) , where
dz'Hf,,(x)dz
f1, - [, are the components of F'. So there are m Hessian
matrices, one for each component.

P Likewise, if F/(X) € RP*9, then each entry F;;(X) has its own
Hessian matrix with respect to vec X.
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Second Identification Theorem

d?f(x) = (dz) B(z)dz < Hf(z) = — (10)

d?f(X) = (dvecX>/B(X)dveCX = Hf(X) =

P (dx) Hf(x)dx = d?f(z) = (dz)’ B(x)dx =
(dx)' (H f(z) — B(x))dx Vdzx
Does this imply H f(z) — B(z) = 0?
No! This implies the symmetric part of H f(z) — B(x) is zero
(I BE)HHI@)-BE) _ =y [ f(y) — BatBa)




Table of Contents

Important Problems (Second Differential Part)



Important Linear Algebra Tools (Continued)

» (AQB) =A"®B

P For A € R™*" vec A and vec A" contain the same entries in
different order. The commutation matrix K,,,, is the unique
mn X mn permutation matrix satisfying K ,,, vec A = vec A’

> K, =K., =K

nm

> K,.(A®B) = (B® A)K,

qn>

for A € R™*", B € RP*4.



Two Special Trace Forms

P d2f(X) = tr A(dX) BdX for X € R"*%, A € R1*9, B € R™*"

tr A(dX)'BdX = (dvec X)" vec(B(dX)A)
= (dvec X) (A’ ® B)dvec X
Thus, Hf(X) = (A’ @ B+ AQ B)
P d?f(X)=tr A(dX)BdX for X € R"*%, A € R"*", B € R1*"
tr A(dX)BdX = (dvec X) vec(B'(dX) A")

= (dvecX) (A® B')(dvec X)’
= (dvec X) (A® B')K,,,(dvec X)

Thus, Hf(X) = 3K, (A’ ® B+ B ® A)



Quadratic Forms

P f(z) = 2’ Az and we know that df(z) = (Az) dx + 2’ Adx
2 f(z) = (de) A'dz + (dz) Ade = (dz) (A’ + A)da
Thus, H f(x) = A" + A.

P f(X)=tr(X'AX) and we know that
df(X) =tr(X' (A" + A)dX)
d?f(X) = tr((dX) (A" + A)dX) = tr(I(dX) (A" + A)dX)
Thus, Hf(X) = I, ® (A" + A) by the first special trace form .



Log Determinant

f(X) =log|X’X|, with X assumed to have full column rank
We know that df(X) = 2tr((X'X) 1 X'dX)
d2f(X) =2tr((d(X' X)) X'dX) + 2tr((X' X)) 1 (dX")dX)

P The first term is
—2tr((X'X) Y X'dX + (dX)' X)(X'X) 1 X'dX). By using
the two special trace forms, its Hessian matrix is
—2K,,(C®C") —2(X'X)"' ® (X(X'X)'X’), where
C=X(X'X)"L

P The Hessian matrix of the second term is 2(X’'X)~! ® I,, by
using the first special trace form.

Thus,
Hf(X) =2X'X) "' ® (I, - X(X'X)'X') — 2K,,(C® C")



Power

[e(X) = tr(X%), k=1,2,-
We know that df,.(X) = ktr(X* 1dX)
d*f,(X) =0, and for k > 2,

d?f,.(X) = ktr((dX*1)dX)

k—2

= ktr (Z X"(dX)X’f—Q—idX)
=0

From this, the Hessian is Hf,(X) =0, and for k > 2,

Hf(X) ZK (X" @ XF 27+ X'F271 @ X?) by using the

second spe01a1 trace form.



Inverse

F(X) = AX !B, where X is non-singular.

We know that dF(X) = —AX }(dX)X 'B

Differentiating again gives d*F(X) = 2AX '(dX)X 1 (dX)X'B.
The Hessian matrix for each component F',,(X) is derived as
follows.

d?F,(X) = 2¢,AX"}(dX)X "1 (dX)X ' Be,
= 2tr O, (dX) X1 (dX),
where C,, = X 1 Be,e, AX 1.
82 / — —
Thus, HF,(X) = gresxpiesy = Ka(Cla @ X1+ X1 @ C,,)
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