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Subdifferential

The subdifferential of a convex function F : RN → (−∞,∞] at a
point x ∈ RN is defined by

∂F(x) = {v ∈ RN : F(z) ≥ F(x) + ⟨v, z − x⟩ for all z ∈ RN}

The elements of ∂F(x) are called subgradients of F at x

∂|x| =
{
{sgn(x)} if x ̸= 0

[−1, 1] if x = 0

A vector x is a minimum of a convex function F if and only if
0 ∈ ∂F(x)
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Fundamental Concepts
Objective : x♯ = argmin

x∈RN
∥x∥1 subject to Ax=y, A ∈ Rm×N and y ∈ Rm

Basis pursuit denoising : xλ = argmin
x∈RN

1
2∥Ax − y∥22 + λ∥x∥1

lim
λ→0+

xλ = x♯

Iteratively construct λn and xn such that λn → 0+ and xn = xλn

→ in this way, xn will converge to x♯

Let Fλn = 1
2∥Ax − y∥22 + λn∥x∥1

xn = argmin
x∈RN

Fλn(x) ⇔ 0 ∈ ∂Fλn(xn) = A∗(Axn − y) + λn∂∥xn∥1

▶ (A∗(Axn − y))ℓ = −λnsgn((xn)ℓ), if (xn)ℓ ̸= 0 - (1)
▶ |(A∗(Axn − y))ℓ| ≤ λn, if (xn)ℓ = 0 - (2)
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Algorithms

Let c(j) = A∗(Axj−1 − y)
Initialization :

1 x0 = 0 ⇒ λ0 = ∥A∗y∥∞
2 ℓ1 = argmax

ℓ∈[N]

|c(1)ℓ |, S1 = {ℓ1}

Step 1 :

1 compute d(1) ⇒ d(1)
ℓ1

=
sgn((A∗y)ℓ1 )

∥a
ℓ1∥22

=
−sgn(c(1)ℓ1

)

∥a
ℓ1∥22

, dℓ = 0, ℓ ̸∈ S1

2 x1 = x0 + γ1d(1) = γ1d(1)

3 λ1 = λ0 − γ1

Up to now, we have (A∗(Ax1 − y))ℓ = (λ0 − γ1)sgn(c(1)ℓ1
)
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Algorithms

Step 1 :
(A∗(Ax1 − y))ℓ = −(λ0 − γ1)sgn((x1)ℓ), ℓ ∈ S1 - (1)
|(A∗(Ax1 − y))ℓ| ≤ (λ0 − γ1), ℓ ̸∈ S1 - (2)
should be satisfied
(1) is satisfied

4 γ1 = min
ℓ ̸∈S1

{ λ0+c(1)ℓ

1−(A∗Ad(1))ℓ
,

λ0−c(1)ℓ

1+(A∗Ad(1))ℓ
} ⇒ to satisfy (2)

5 ℓ2 = argmin
ℓ ̸∈S1

{ λ0+c(1)ℓ

1−(A∗Ad(1))ℓ
,

λ0−c(1)ℓ

1+(A∗Ad(1))ℓ
}

6 S2 = {ℓ1, ℓ2}
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Algorithms

Step j=2,3,... :
1 compute d(j) ⇒ A∗

sjAsjd
(j)
sj = −sgn(c(j)sj ), dℓ = 0, ℓ ̸∈ Sj

2 xj = xj−1 + γjd(j)

3 λj = λj−1 − γj

Up to now, we have (A∗(Axj − y))ℓ = (λj−1 − γj)sgn(c(j)ℓ ), ℓ ∈ Sj

(A∗(Axj − y))ℓ = −(λj−1 − γj)sgn((xj)ℓ), ℓ ∈ Sj - (1)
|(A∗(Axj − y))ℓ| ≤ (λj−1 − γj), ℓ ̸∈ Sj - (2)
should be satisfied
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Algorithms

Step j=2,3,... :
4 γ

(j)
− = min

ℓ∈Sj,d(j)
ℓ ̸=0

{−(xj−1)ℓ/d(j)
ℓ } ⇒ to satisfy (1)

γ
(j)
+ = min

ℓ ̸∈Sj
{ λj−1+c(j)

ℓ

1−(A∗Ad(j))ℓ
,

λj−1−c(j)
ℓ

1+(A∗Ad(j))ℓ
} ⇒ to satisfy (2)

γ = min{γ(j)
− , γ

(j)
+ }

5 ℓ
(j)
− = argmin

ℓ∈Sj,d(j)
ℓ ̸=0

{−(xj−1)ℓ/d(j)
ℓ }

ℓ
(j)
+ = argmin

ℓ ̸∈Sj

{ λj−1+c(j)
ℓ

1−(A∗Ad(j))ℓ
,

λj−1−c(j)
ℓ

1+(A∗Ad(j))ℓ
}

6 if ℓ(j) = argmin{γ(j)
− , γ

(j)
+ } = ℓ

(j)
− ⇒ Sj+1 = Sj\{ℓ(j)− }

if ℓ(j) = argmin{γ(j)
− , γ

(j)
+ } = ℓ

(j)
+ ⇒ Sj+1 = Sj ∪ {ℓ(j)+ }
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Analysis

Assume the minimizer of the origin ℓ1-minimization problem is unique
and the minimizer ℓ(j) in each step is unique
⇒ The algorithm stops when λj = ∥c(j+1)∥∞ = 0, i.e., when the
residual vanishes, and it outputs x♯ = xj

It is observed empirically in sparse recovery problems that the
homotopy method merely removes elements from the active set
→ if we do not consider γ(j)− , then homotopy method reduces to the
LARS (least angle regression) algorithm
The homotopy and LARS methods are very efficient when the
solution is very sparse. However, they only apply to the real case
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Pseudo Inverse

A = UΣV∗ =
r∑

j=1
σj(A)ujv∗j , A ∈ Cm×N is rank r

A† = VΣ−1U∗ =
r∑

j=1
σ−1

j (A)vju∗j

A† is rank r
If A is invertible ⇒ A† = A−1

σmax(A†) = ∥A†∥2→2 = σ−1
r (A)

If A∗A ∈ Cn×n is invertible (m ≥ n) ⇒ A† = (A∗A)−1A∗

If AA∗ ∈ Cm×m is invertible (n ≥ m) ⇒ A† = A∗(AA∗)−1
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Least Squares Problem 1

Objective : minimize
x

∥Ax − y∥2 , A ∈ Cm×n, m ≥ n, full rank n
Method 1 :
Project y to range of A
⟨y − Ax,Ax⟩ = 0 ⇒ ⟨A∗y − A∗Ax, x⟩ = 0

⇒ A∗y = A∗Ax ∴ x = (A∗A)−1A∗y = A†y
Method 2 :
argmin

x
∥Ax − y∥2 = argmin

x
⟨A∗Ax, x⟩ − 2⟨Ax, y⟩

⇒ 2A∗Ax − 2A∗y = 0 ⇒ x = (A∗A)−1A∗y = A†y
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Least Squares Problem 2

Objective : minimize
x

∥x∥2 subject to Ax = y
Method :
x♯ = argmin

x
∥x∥22 + λT(Ax − y) ⇒ x♯ = −1

2A∗λ

∵ Ax♯ = y ∴ −1
2AA∗λ = y ⇒ λ = −2(AA∗)−1y ⇒ x♯ = A†y
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Objective : minimize
x∈CN

∥x∥1 subject to Ax=y, A ∈ Cm×N m ≤ N

Key : |t| = |t|2/|t| for t ̸= 0

→ naive idea : minimize
x

N∑
j=1

|xj|2|x♯j |−1 subject to Ax=y

⇒ advantage : we can minimize a quadractic function
disadvantage :

▶ x♯ is unknown
▶ x♯ is sparse ⇒ inverse will becomes infinity
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Mature objective function :

J(x,w, ϵ) = 1
2 [

N∑
j=1

|xj|2wj +
N∑

j=1
(ϵ2wj + w−1

j )]

⇒ substitute the role of x♯ with wj

→ When x♯ = 0, wj = |x♯j |−1 → ∞
⇒ we use ϵ2wj to regularize wj from being too large while also using
the regularization term w−1

j to prevent wj from being too small
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IRLS1 : xn+1 = argmin
z

J(z,wn, ϵn) subject to Az=y

⇒ xn+1 = argmin
z

1
2 [

N∑
j=1

|zj|2wn
j ] subject to Az=y

Let DWn = diag[wn
1,wn

2, · · · ,wn
n] and make a substitution x = D1/2

Wn z
⇒ D1/2

Wn xn+1 = argmin
x

∥x∥2 subject to AD−1/2
Wn x = y

⇒ xn+1 = D−1/2
Wn (AD−1/2

Wn )†y
= D−1

WnA∗(AD−1
WnA∗)−1y

= D−1
Wnv, where (AD−1

WnA∗)v = y
→ can use conjugate gradient method to solve
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IRLS3 : wn+1 = argmin
w>0

J(xn+1,w, ϵn+1)

= argmin
w>0

1
2 [

N∑
j=1

|xn+1
j |2wj +

N∑
j=1

ϵ2n+1wj + w−1
j ]

⇒ wn+1
j = 1√

|xn+1
j |2+ϵ2n+1

, j ∈ [N]

→ we find that ϵn+1 can effectively prevent wn+1
j from exploding;

however, we hope that ϵn+1 can tend to zero
IRLS2 : ϵn+1 := min{ϵn, γ(xn+1)∗s+1}

▶ ϵ is nonincreasing
▶ As x tends to s-sparse, ϵ can also decrease.
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Objective : min
x∈RN

F(Ax) + G(x)

≡ min
x∈RN,z∈Rm

F(z) + G(x) subject to Ax − z = 0

(A ∈ Cm×N;F : Cm → (−∞,∞],G : CN → (−∞,∞] are two convex
functions)
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Convex Conjugate

Given a function F : RN → (−∞,∞], the convex conjugate function
of F is the function F∗ : RN → (−∞,∞] defined by

F∗(y) := sup
x∈RN

{⟨x, y⟩ − F(x)}

The convex conjugate F∗ is always a convex function
By the definition of convex conjugate, we can get the Fenchel (or
Young, or Fenchel-Young) inequality

⟨x, y⟩ ≤ F(x) + F∗(y) ∀x, y ∈ RN

▶ If x ∈ ∂F∗(y) (equivalently, y ∈ ∂F(x)), then equality holds
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Proximal Mapping

PF(z) := argmin
x∈RN

F(x) + 1
2∥x − z∥22

→ the proximal mapping associated with F
x = PF(z) if and only if z ∈ x + ∂F(x) ⇒ PF = (Id + ∂F)−1

Moreau’s identity : PF(z) + PF∗(z) = z
PG(τ ; z) := PτG(z); PF∗(σ; z) := PσF∗(z)
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Optimization problems with a composite objective function

Primal problem : min
x∈RN

F(Ax) + G(x)

≡ min
x∈RN,z∈Rm

F(z) + G(x) subject to Ax − z = 0

Lagrange function : L(x, z, ξ) = F(z) + G(x) + ⟨ξ,Ax − z⟩
Lagrange dual function : H(ξ) = inf

x,z
L(x, z, ξ)

= −F∗(ξ)− G∗(−A∗ξ)

Dual problem : max
ξ∈Rm

(−F∗(ξ)− G∗(−A∗ξ))

By strong duality : it is equivalent to solving a saddle-point problem
min
x∈RN

max
ξ∈Rm

Re⟨Ax, ξ⟩+ G(x)− F∗(ξ)
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Fixed-Point Interpretation

Fix x = x♯ :
the saddle-point problem becomes
max
ξ∈Rm

Re⟨Ax♯, ξ⟩+ G(x♯)− F∗(ξ) = min
ξ∈Rm

−Re⟨Ax♯, ξ⟩+ G(x♯) + F∗(ξ)

⇒ ξ♯ is a minimizer iff 0 ∈ −Ax♯ + ∂F∗(ξ♯)

Fix ξ = ξ♯ :
the saddle-point problem becomes
min
x∈Rm

Re⟨Ax, ξ♯⟩+ G(x)− F∗(ξ♯)

⇒ x♯ is a minimizer iff 0 ∈ A∗ξ♯ + ∂G(x♯)
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Fixed-Point Interpretation

Fixed x = x♯ to iterate ξ :
0 ∈ −Ax♯ + ∂F∗(ξ♯)

⇒ σAx♯ ∈ σ∂F∗(ξ♯)

⇒ ξ♯ + σAx♯ ∈ ξ♯ + σ∂F∗(ξ♯)

⇒ ξn+1 := PF∗(σ; ξn + σAx̄n)

Fixed ξ = ξ♯ to iterate x :
0 ∈ A∗ξ♯ + ∂G(x♯)
⇒ −τA∗ξ♯ ∈ τ∂G(x♯)
⇒ x♯ − τA∗ξ♯ ∈ x♯ + τ∂G(x♯)
⇒ xn+1 := PG(τ ; xn − τA∗ξn+1)
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Algorithm Settings

Initialization : x0 = x̄0 = A∗y, ξ0 = 0

∥A∥2→2 = σmax(A) ∴ choose τ, σ such that τσ < σmax(A)−2

A practical stopping criterion can be based on the primal-dual gap
E(x, ξ) = F(Ax) + G(x) + G∗(−A∗ξ) + F∗(ξ) ≥ 0

i.e., stops when E(xn, ξn) ≤ η for a prescribed tolerance η > 0
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ℓ1-minimization problem

Objective : min
x∈CN

∥x∥1 subject to Ax=yF(z) = χ{y}(z) =
{
0, z = y
∞ otherwise

G(x) = ∥x∥1
F∗(ξ) = ⟨y, ξ⟩ ⇒ PF∗(σ, z) = z − σy
PG(τ, z) = Sτ (z), where Sτ (z) is the soft thresholding operator
operated entrywise on z

Sτ (zℓ) =
{

sgn(zℓ)(|zℓ − τ |) |zℓ| ≥ τ

0 otherwise
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ℓ1-minimization problem

The primal-dual algorithm :
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.

quadractically constrained ℓ1-minimization problem

Objective : min
x∈CN

∥x∥1 subject to ∥Ax − y∥2 ≤ ηF(z) =
{
0, ∥z − y∥2 ≤ η

∞ otherwise
G(x) = ∥x∥1

F∗(ξ) = Re⟨ξ, y⟩+ η∥ξ∥2

PF∗(σ, ξ) =

{
0 ∥ξ − σy∥2 ≤ ησ

(1− ησ
∥ξ−σy∥2 )(ξ − σy) otherwise
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quadractically constrained ℓ1-minimization problem

The primal-dual algorithm :
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ℓ1-regularized least squares problem

Objective : min
x∈CN

∥x∥1 + γ
2∥Ax − y∥22{

F(z) = γ
2∥z − y∥22

G(x) = ∥x∥1

F∗(ξ) = Re⟨y, ξ⟩+ ∥ξ∥22
2γ

PF∗(σ; ξ) = γ
γ+σ (ξ − σy)
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ℓ1-regularized least squares problem

The primal-dual algorithm :
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Objective

min
x∈RN

F(x) + G(Bx)

≡ min
x,y∈RN

F(x) + G(y) subject to y = Bx

F and G are both lower semicontinuous and convex
B∗B is invertible

Augmented Lagrangian of index τ > 0 :

Lτ (x, y, ξ) = F(x) + G(y) + 1
τ Re⟨ξ,Bx − y⟩+ 1

2τ ∥Bx − y∥22
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Iteration Rule

1 Fix y = y♯, ξ = ξ♯, minimize over x
⇒ 0 ∈ τ∂F(x) + B∗Bx + B∗(ξ♯ − y♯)
Let PB

F (τ ; y) = argmin
z

{τF(z) + 1
2∥Bz − y∥22}

⇒ xn = PB
F (τ ; yn − ξn)

2 Fix x = x♯, ξ = ξ♯, minimize over y
⇒ 0 ∈ τ∂G(y) + y − ξ♯ − Bx♯

⇒ yn+1 = PG(τ ;Bxn + ξn)

3 Fix x = x♯, y = y♯, minimize over ξ
⇒ 0 = Bx♯ − y♯

⇒ ξn+1 = ξn + Bxn − yn+1
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Basis Pursuit

Objective : argmin
x

∥x∥1 subject to Ax=yF(x) = χ{y}(z) =
{
0, Ax = y
∞ otherwise

G(x) = ∥x∥1 ⇒ B = Id
Iteration :

1 xn = (yn − ξn)− A∗(AA∗)−1(A(yn − ξn)− y)
2 yn+1 = Sτ (xn + ξn)

3 ξn+1 = ξn + xn − yn+1
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.

ℓ1-regularized least squares problem

Objective : minimize
x

1
2∥Ax − y∥22 + λ∥x∥1

F(x) = 1
2∥Ax − y∥22, G(x) = λ∥x∥1

Iteration :
1 xn = (A∗A + τ−1Id)−1(A∗y + τ−1(yn − ξn))

2 yn+1 = Sτλ(xn + ξn)

3 ξn+1 = ξn + xn − yn+1
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Objective

minimize
x

F(x)+G(x)

F is differentiable and convex

∇F is L-Lipschitz ⇒ ∥∇F(x)−∇F(y)∥2 ≤ L∥x − y∥2 ∀x, y

G is lower semicontinuous and convex
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Iteration Rule

x♯ = argmin
x

F(x)+G(x) ⇒ 0 ∈ ∇F(x♯) + ∂G(x♯)

To iterate x
⇒ x♯ − τ∇F(x♯) ∈ x♯ − τ∂G(x♯)
⇒ xn+1 := PG(τ ; xn − τ∇F(xn))

Forward step : zn = xn − τ∇F(xn) → gradient method
(from xn forward to zn)

Backward step : xn+1 = PG(τ ; zn) → proximal point algorithm
⇒ zn ∈ xn+1 + τ∂G(xn+1) → subgradient step
(from xn+1 backward to zn)

Convergence is guaranteed if τ < 2/L
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Accelerated Proximal Gradient Method

Initialization : x0 = z0, t0 = 1

Iteration :
1 xn+1 = PG(L−1; zn −∇F(zn))

2 tn+1 =
1+

√
4t2n+1

2 , λn = 1 + tn−1
tn+1

3 zn+1 = xn + λn(xn+1 − xn)
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ℓ1-regularized least squares problem

Objective : min
x

1
2∥Ax − y∥22 + λ∥x∥1

▶ F(x) = 1
2∥Ax − y∥22 ⇒ ∇F(x) = A∗(Ax − y)

→ ∥∇F(x)−∇F(y)∥2 = ∥A∗A(x − z)∥2 ≤ ∥A∗A∥2→2∥x − z∥2
∴ ∇F(x) is L-Lipschitz with L ≤ ∥A∗A∥2→2 = ∥A∥22→2

▶ G(x) = ∥x∥1

Forward-Backward Algorithm : xn+1 := Sλτ (xn − τA∗(Axn − y))
⇒ iterative shrinkage-thresholding algorithm (ISTA) or iterative
soft-thresholding
convergence is guaranteed if τ < 2/∥A∥22→2
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Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

1 xn+1 := Sλ∥A∥−2
2→2

(zn − A∗(Azn − y))

2 tn+1 =
1+
√

4t2n+1

2 , λn = 1 + tn−1
tn+1

3 zn+1 := xn + λn(xn+1 − xn)
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Objective

minimize
x

F(x) + G(x)

F and G are both convex, but not necessarily need to be differentiable
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Iteration Rule

x♯ = argmin
x

F(x)+G(x) ⇒ 0 ∈ ∂F(x♯) + ∂G(x♯)

Introduce another variable z to separately consider F and G
Let z♯ ∈ x♯ + τ∂F(x♯) → x = PF(τ ; z)
⇒ z♯ − x♯ ∈ τ∂F(x♯)
∴ 0 ∈ z♯ − x♯ + τ∂G(x♯)
⇒ 2x♯ − z♯ ∈ x♯ + τ∂G(x♯) → x = PF(τ ; z) = PG(τ ; 2PF(τ ; z)− z)
Iteration :

1 xn = PF(τ ; zn)

2 zn+1 = PG(τ ; 2xn − zn)− xn + zn
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Basis Pursuit

Objective : min
x

∥x∥1 subject to Ax = y

▶ F(x) =
{
0 Ax = y
∞ otherwise

⇒ PF(τ ; x) = argmin
z

{∥z − x∥2 subject to Az=y } = x + A†(y − Ax)
▶ G(x) = ∥x∥1

Iteration :
1 xn = zn + A†(y − Azn)

2 zn+1 = Sτ (2xn − zn)− xn + zn
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