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Synchrosqueezing Transform (FSST) 

The modified STFT

𝑆𝑇𝐹𝑇𝑠
𝑔
𝑡, 𝜔 = න𝑠 𝜏 𝑔 𝜏 − 𝑡 𝑒−𝑖𝜔 𝜏−𝑡 𝑑𝜏

For the mono-component signal model

𝑠 𝑡 = 𝐴 𝑡 𝑒𝑖𝜙 𝑡 , satisfy 𝐴′(𝑡) ≤ 휀, 𝜙′′ 𝑡 ≤ 휀

Instantaneous frequency (IF), (function of time on time-frequency plane), can be 
estimated by

ෝ𝜔 𝑡, 𝜂 = 𝜂 − ℑ
𝑆𝑇𝐹𝑇𝑠

𝑔′
𝑡, 𝜔

𝑖𝑆𝑇𝐹𝑇𝑠
𝑔
𝑡, 𝜔

= 𝜙′

Synchrosqueezing Transform (SST)

𝑆𝑆𝑇 𝑡, 𝜔 = න𝑆𝑇𝐹𝑇 𝑡, 𝜂 𝛿 𝜔 − ෝ𝜔 𝑡, 𝜂 𝑑𝜂
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Synchrosqueezing Transform based on 

STFT (FSST) 
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Compute STFT with two window 𝑔′, 𝑔

Calculate the IF equation ෝ𝜔

Synchrosqueezing (move energy to IF)



Goal 

 Signal is weak phase modulation.

 Since Short time Fourier transform  Short time fractional Fourier transform. 

General SST based on fractional Fourier transform. 
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FrFT and Short Time FrFT

 Fractional Fourier Transform(FrFT) 

FrFT𝛼 𝑢 = ℱ𝛼 𝑠(𝑡) = න𝑠 𝑡 𝐾𝛼 𝑡, 𝑢 𝑑𝑡

 Short-Time Fractional Fourier Transform(STFrFT) 

STFrFT𝑠,𝛼
𝑔

𝑡, 𝑢 = න𝑠 𝜏 𝑔 𝜏 − 𝑡 𝐾𝛼 𝜏, 𝑢 𝑑𝜏

where the kernel function is defined as

𝐾𝛼 𝜏, 𝑢 =
𝐵𝛼𝑒

𝑖
𝑡2

2 𝑐𝑜𝑡𝛼−𝑖𝑢𝑡𝑐𝑠𝑐𝛼 , 𝛼 ≠ 𝑘𝜋

𝛿 𝑢 − 𝑡 , 𝛼 = 2𝑘𝜋
𝛿 𝑢 + 𝑡 , 𝛼 = (2𝑘 + 1)𝜋

δ(·) is the Dirac Delta function, t and u denote time and fractional frequency, 

respectively.
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Fractional Synchrosqueezing Transform 

 For the mono-component signal model (by Taylor expansion)

𝑠 𝜏 = 𝐴 𝑡 𝑒
𝑖 𝜙 𝑡 +𝜙′ 𝜏−𝑡 +𝜙′′ 𝜏−𝑡

 IF can be estimated by

ෝ𝜔 𝑡, 𝜂 = ℜ 𝑢csc ො𝛼 −
STFrFT𝑠,ෝ𝛼

𝑔′
𝑡, 𝑢

𝑖STFrFT
𝑠,ෝ𝛼
𝑔

𝑡, 𝑢
= ℜ ω −

STFrFT𝑠,ෝ𝛼
𝑔′

𝑡, ω ∙ 𝑠𝑖𝑛 ො𝛼

𝑖STFrFT
𝑠,ෝ𝛼
𝑔

𝑡, ω ∙ 𝑠𝑖𝑛 ො𝛼
= 𝜙′

where optimal fractional order ො𝛼 = 𝑎𝑟𝑐𝑐𝑜𝑡 −𝜙′′ .

 Fractional Synchrosqueezing Transform (FrSST)

𝐹𝑟𝑆𝑆𝑇 𝑡, 𝜂 = න STFrFT𝑠,ෝ𝛼
𝑔′

𝑡, ω ∙ 𝑠𝑖𝑛 ො𝛼 𝛿 𝜂 − ෝ𝜔 𝑡, 𝜔 𝑑𝜔
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Fractional Synchrosqueezing Transform
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Compute STFrFT with two window 𝑔′, 𝑔

Calculate IF equation ෝ𝜔

Synchrosqueezing(move energy to IF)

Calculate optimal fractional order ො𝛼



Fractional Synchrosqueezing Transform 

 For the multi-component signal model 

𝑠 𝜏 = 

𝑘=1

𝐾

𝑠𝑘 = 𝐴𝑘 𝑡 𝑒𝑖𝜙𝑘 𝑡

 Short Time FrFT

STFrFT𝑠,𝛼
𝑔

𝑡, 𝑢 = 

𝑘=1

𝐾

STFrFT𝑠𝑘,𝛼
𝑔

𝑡, 𝑢 =

𝑙=1

𝐿

STFrFT𝑠𝑘𝑙 ,𝛼
𝑔

𝑡, 𝑢

same chirp rate 𝜙𝑘𝑙
′′

+ 

𝑘≠𝑘1,⋯,𝑘𝐿

STFrFT𝑠𝑘,𝛼
𝑔

𝑡, 𝑢

otherwise

 Optimal fractional order ො𝛼0 = 𝑎𝑟𝑐𝑐𝑜𝑡 −𝜙𝑘𝑙
′′ .

 Approximation

STFrFT𝑠,ෝ𝛼0
𝑔

𝑡, 𝑢 ≈

𝑙=1

𝐿

STFrFT𝑠𝑘𝑙 ,ෝ𝛼0
𝑔

𝑡, 𝑢
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Fractional Synchrosqueezing Transform

 For each chirp rate,  IF can be estimated by

ෝ𝜔 𝑡, ω; ො𝛼0 = ℜ ω−
σ𝑙=1
𝐿 STFrFT𝑠𝑘𝑙 ,ෝ𝛼0

𝑔′
𝑡, ω ∙ 𝑠𝑖𝑛ො𝛼0

𝑖 σ𝑙=1
𝐿 STFrFT𝑠𝑘𝑙 ,ෝ𝛼0

𝑔
𝑡, ω ∙ 𝑠𝑖𝑛 ො𝛼0

 IF can be estimated by summing up 

ෝ𝜔 𝑡, ω =

ෝ𝛼

ෝ𝜔 𝑡, ω; ො𝛼0 =

ෝ𝛼

ℜ ω−
STFrFT𝑠,ෝ𝛼

𝑔′
𝑡, ω ∙ 𝑠𝑖𝑛 ො𝛼

𝑖STFrFT𝑠,ෝ𝛼
𝑔

𝑡, ω ∙ 𝑠𝑖𝑛 ො𝛼

 Synchrosqueezing Transform

𝐹𝑟𝑆𝑆𝑇 𝑡, 𝜂 =

ෝ𝛼



𝑙=1

𝐿

𝐹𝑟𝑆𝑆𝑇𝑠𝑘𝑙
𝑡, 𝜂
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STFrFT 𝛼1 STFrFT 𝛼2

FrSST 𝛼1 FrSST 𝛼2 FrSST 𝛼1 + 𝛼2

Z. Zhao and G. Li, “Synchrosqueezing-based short-time fractional fourier

transform,” IEEE Transactions on Signal Processing, vol. 71, pp. 279–294, 2023.
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STFT SST

FrSST

Multi-SST

STFrFT2nd order SST

Z. Zhao and G. Li, “Synchrosqueezing-based short-time fractional fourier

transform,” IEEE Transactions on Signal Processing, vol. 71, pp. 279–294, 2023.



Conclusion

 General model to multicomponent signal with 2-order phase.

 General SST to FrSST based on STFrFT.
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